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Abstract

We obtain 2-results for linear exponential sums with rational additive twists of small
prime denominators weighted by Hecke eigenvalues of Maass cusp forms for the group
SL3(Z). In particular, our Q2-results match the expected conjectural upper bounds when the
denominator of the twist is sufficiently small compared to the length of the sum. Non-trivial
Q-results for sums over short segments are also obtained. Along the way we produce lower
bounds for mean squares of the exponential sums in question and also improve the best
known upper bound for these sums in some ranges of parameters.

2020 Mathematics Subject Classification: 11L07 (Primary); 11F30 (Secondary)

1. Introduction

Hecke eigenvalues of automorphic forms are mysterious objects of arithmetic impor-
tance and thus it is highly desirable to understand how these numbers a(m) are distributed.
Generally one expects significant randomness in their distribution and a manifestation of
this belief is that the convolution sums

Z a(m)b(m), (1-1)

x<m=<x+A

with A < x, should exhibit cancellation for various sequences {b(m)},,. There is an extensive
literature concerning estimates for such sums in the case of classical modular forms, see e.g.
[3, 8,9, 13, 14, 24, 26], for a wide variety of sequences {b(m)},,. However, such sums have
been less studied for higher rank forms. Especially interesting situation is the case where'
b(m) = e(ma) for some fixed « € R. These sums have long been connected to important
questions in analytic number theory, e.g. the shifted convolution problem [13, 27, 37], the
subconvexity problem for twisted L-functions [1, 38], and estimation of the second moment
of automorphic L-functions in the r-aspect [34]. Also, when A is small compared to x, the
resulting short sums are closely related to the classical problems of studying various error
terms, e.g. in the Dirichlet divisor problem or the Gauss circle problem, in short intervals.
In this paper we shall investigate the extent of cancellation in sums (1-1) when a(m) are

! Throughout the paper e(x) stands for ¢>**.
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chosen to be the Hecke eigenvalues2 A(m, 1) of a fixed Hecke-Maass cusp form for the
group SL3(Z) and b(m) are the exponential phases e(ma) with o € R.

The relationship between exponential sums weighted by Hecke eigenvalues of automor-
phic forms and classical number theoretic error terms is particularly clear in the case where
the twist « is close to a reduced fraction A/k with a small denominator k. Furthermore, in
this case the behaviour of such exponential sum is closely related to the behaviour of the sum
at the fraction and hence it makes studying rationally additively twisted linear exponential
sums, that is the setting where b(m) = e(mh/k) for a reduced fraction h/k, particularly inter-
esting. This is the set-up we restrict ourselves in the present work. Finally, on the technical
side, good estimates for short rationally additively twisted exponential sums also provide a
practical tool for reducing smoothing error (see e.g. [26, 39]), which is beneficial in variety
of settings where linear exponential sums arise.

For general linear twists the best known upper bound for long sums is

> AGm, De(ma) < 24+

m=<x

uniformly in o € R due to Miller [34] and sharper estimates are known when « is a rational
number with a small denominator [22]. For shorter sums very little is known in the higher
rank setting. The moment estimates in the GL, situation [5, 6, 25, 39], the square-root can-
cellation heuristics, and the shape of the truncated Voronoi identity for rationally additively
twisted sums related to SL3(Z) Maass cusp forms derived in [22] give rise to the conjectural
bounds

h
Z A(m, 1)e (%) < min (AI/Zxa,kl/2x1/3+8) ) (1-2)
x<m<x+A

Our aim in this paper is to investigate what limitations there are for the extent of cancellation
in rationally additively twisted sums attached to Maass cusp forms for the group SL3(Z) by
giving stronger evidence towards the conjectural bounds (1-2). This is achieved in some
ranges of parameters by establishing Q-results.

In this work we consider sums with a sharp cut-off 1 <m < x. Such sums occur naturally
in many contexts throughout analytic number theory. One might also be interested in closely
related sums with a smooth cut-off. These sums are technically easier to work with, but in
certain ways their behaviour differs from the sums we are studying. For instance, if w is a
non-negative smooth function supported on the interval [1/2, 5/2] that is identically one on
[1, 2], then a standard calculation using Mellin inversion formula and contour shifting shows

that
m —A
> AGm, Dw (;) Lax

for any integer A > 1. This differs considerably from the conjectural bound
Y Alm ) <& xTE
x<m<2x
for sums with a sharp cut-off, which is expected to be optimal.

2 Fourier coefficients of GL; Maass cusp forms are indexed by pairs of natural numbers and are typically
denoted by A(m, n). It is known that if the form is a Hecke eigenform and normalised so that A(1,1) =1,
then the eigenvalue under the mth Hecke operator is given by A(m, 1).
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The key tools used to study rationally additively twisted exponential sums related to auto-
morphic forms are the so-called Voronoi summation formulas. For example, classically (in
the rank one setting) rationally additively twisted sums can be analysed using truncated
Voronoi identities. These are reasonably sharp approximate formulations of full Voronoi
summation formulas, which are essentially what one gets if one formally replaces the smooth
cut-off function by a characteristic function of an interval in the Voronoi summation formula.
Naturally, this formal substitution is analytically challenging as the Voronoi summation for-
mulae typically require the test functions to be smooth enough. Nevertheless, in the classical
setting twisted truncated Voronoi identities have been derived previously by Jutila [24] for
the error term in the classical Dirichlet divisor problem and for sums involving Fourier
coefficients of holomorphic cusp forms, and by Meurman [33] for sums involving Fourier
coefficients of GL, Maass cusp forms. In higher rank a truncated Voronoi identity for the
generalised divisor function di(n) has been given in [16, (3-:23)], and a truncated Voronoi
identity for plain sums of coefficients of fairly general L-functions has been obtained
in [10].

Rationally additively twisted Voronoi summation formulae have been implemented for
GL3 by Miller and Schmid [35] using the framework of automorphic distributions and for
GL,, in [12] by more classical means. However, these types of formulas have limitations in
higher rank. Namely, the convergence problems indicated above concerning replacing the
smooth cut-off with a sharp cut-off get more difficult as the rank increases and this leads
to quite large error terms. For example, the truncated GL3 Voronoi identity in [22], cited in
a corrected form in the appendix below, has an error term which is actually larger than the
expected optimal upper bound for the corresponding sum.

The main feature in truncated Voronoi identities is the interplay between the length of the
sum on the dual side (the so-called truncated Voronoi series) and the size of the error term.
When considering sums with a sharp cut-off, in typical situations requiring the Voronoi
series to be short forces the error term to be larger and likewise smaller error term requires
longer Dirichlet polynomial on the dual side. The main drawback in the Voronoi identity of
[22] is that even under the Ramanujan—Petersson conjecture for GL3 Maass cusp forms the
error term gives the dominant contribution (unless the length of the Voronoi series is taken
to be large, which leads to other difficulties). This feature makes it hard to analyse expo-
nential sums beneficially using such summation formulas. Indeed, the truncated Voronoi
identities mentioned above are not suitable for good pointwise bounds and usually to eval-
uate moments precisely one needs the dual sum to be sufficiently short, in which case the
error term becomes too large. In the higher rank setting this highlights the significant tech-
nical challenges faced in proving upper bounds of the right order of magnitude or Q2-results
for the sum in (1-2).

To circumvent these issues we take an alternate approach, building upon the paper [19]
that studied a different question concerning obtaining upper bounds for the error term in the
Rankin-Selberg problem. Essentially we relate sums with a sharp cut-off to very particu-
larly smoothed sums (the so-called Riesz weighted sums), where the smoothing is tailored
specifically so that it is possible to connect sums with a sharp cut-off to these smoothed
sums with fairly simple arguments. For the latter sums very sharp Voronoi identities can be
derived. Because of this, these new sums can be studied efficiently and this in turn yields
information about the original exponential sum we are interested in.
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To be more precise, our approach relies on considering Riesz weighted exponential sums
3.
roughly given by

~ h 1 ’ mh u .
Aq (x; %> = EZ mng(m, 1) e(T) (x —m)“ — residue terms, (1-3)
where a > 0 is an integer. Here and throughout the paper the primed summation notation
means to take half the value at the endpoint in the case x is an integer. This is a very classical
form of smoothing. For sufficiently large order a, Voronoi identities can be derived for these
sums and they are better behaved than the Voronoi identities for sums with a sharp cut-off
we are actually interested in (which essentially corresponds to the case a = 0). Obtaining
these Voronoi identities in higher rank is of independent interest. It actually turns out that
for Riesz weighted sums the Voronoi series on the dual side converges for a > 2 and so for
these sums we do not need to truncate the Voronoi series unlike in the case a = 1 (or a = 0).
For technical reasons we actually consider primed sums

3 Alm, e (m—h>
m<x ’ k ’

The connection to ordinary sums is that

mh / mh .
ZA(m, De (7) = Z o Alm. De (7) +0, ("),

m=<x

where the error term arises when x is an integer. Here ¢ > 0 is the exponent towards the
Ramanujan—Petersson conjecture for SL3(Z) Maass cusp forms. It is widely expected that
v =0, but currently we only know that ¢ < 5/14, see [28, appendix 2].

One strategy to obtain Q-results is to prove lower bounds for the second moment

2X h 5 2X h
/ m ~
A(m, 1 — dx = A —
/‘stx o )e(k> f O(x k)
X X

As discussed above, these moments are typically evaluated with the help of truncated
Voronoi identities and this approach works well in the classical setting, but not so well
in higher rank. Crucially for us, we will be able to evaluate second moments of Za(x; h/k)
for a > 1 using the Voronoi identities we establish, at least on average over & (mod k). The
asymptotic evaluation of the moments of higher order Riesz means can be converted into
a lower bound for the second moment of ordinary exponential sums (1-4) by elementary
means explained in the following paragraph, which immediately implies an Q2-result for
these sums.
The key property of the Riesz weighted sums is that

'

/Z MY a7 s A ) (1-5)
au,k u= a+1 sk a+1 x’k-

b

* For an explicit expression for the residue terms, see (7-1) below.

’ dx + O, (Xk”s) (14
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This may be combined with the trivial identity

+H
~ h 1 ~ h
Ag L x; = =—an x; — | dt,
k H k

and from these it quickly follows that

x+H t
A ) —1/ A il /Z Y du | ar (1-6)
a+1 x’k _H a+1 7k a u’k u .

X X

An analogous identity for Riesz weighted sums attached to the Dirichlet series coefficients
of the Rankin—Selberg L-function was used in [19] to relate upper bounds for the error term
in the Rankin—Selberg problem to upper bounds for the error term in its first Riesz mean.
The novelty of the present work is to observe that (1-6), along with further arguments, may
be used to relate moments of various Riesz weighted sums of different orders.

Indeed, one may e.g. essentially deduce (see the proof of Theorem 10-2) the estimate

2X 2X 2 3X 2
/z ) A (! dx+H2/x )

1 x’k 2 X,k 0 x’k
X X

1
fae s |
X

for any 0 < H < X. The upshot is that, while we are unable to evaluate the mean square
of Zo(x' h/k) directly, we may use our Voronoi identities to evaluate the other two moments
asymptotlcally Then choosing H optimally leads to a lower bound for the second moment of
Ao(x h/k). One can also apply the identity (1-6) directly to relate different sums A a(x; h/k).

An example of this is given e.g. in the proof Proposition 9-4. When studying short sums we
need to work with even higher order Riesz weighted sums as for these sums we are unable
to directly evaluate the second moment of A 1+ A h/k) — A 1(x; h/k) precisely as the error
term in the Voronoi identity gives a larger contribution compared to expected size of the sum
in this situation.

To obtain Voronoi identities for the Riesz weighted exponential sums (1-3) in the case
a>2 we use standard arguments based on Perron’s formula and analysing the resulting
integral involving quotients of gamma functions. However, we simplify this analysis by
noting that these integrals are values of Meijer G-functions whose asymptotic behaviour is
known. Establishing such identity in the case a = 1 is more involved. The method used in
the case a > 2 runs into difficulties due to lack of absolute convergence in certain sums and
to circumvent this issue we need to implement some of the arguments in [25] to the rank two
setting and develop them further.

The problem of estimating moments of exponential sums alluded above is also a classi-
cal theme by its own right. Upper bounds for such moments have been obtained in many
different settings, see for example [18, 22, 40]. Moreover, in some cases even asymptotic
behaviour is known [21, 29] under additional hypothesis. While there are some results con-
cerning upper bounds in higher rank settings, as far as the author is aware of, no asymptotics
or lower bounds for these moments are known unconditionally in higher rank situations.
There are essentially two reasons that make the higher rank cases difficult. Firstly, as indi-
cated above, the dual sum in the truncated GL3 Voronoi identity has to be short enough so
that the diagonal contribution to the second moment is not too large. This can be arranged,
but unfortunately it forces the error term on the dual side to be too large in order to obtain

I
dx+ —x'97%
H
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good results. The second reason is the presence of Kloosterman sums that appear on the dual
side of Voronoi identities when the sums are rationally additively twisted. In higher rank it
is not even a priori clear that the expected main contribution in the second moment coming
from the diagonal terms is positive. Note that such situation does not arise in the rank one
setting where the exponential phases cancel each other. The strategy to overcome the first
issue has been described above. The problem with Kloosterman sums is resolved by averag-
ing over the numerators h € Z,;. In this way we will obtain lower bounds for the averaged
mean squares

2
dx

2x
/ mh
Z '/ 'ZXSMSHAA(m’ De (7)

heZ) X

in certain ranges of parameters involved (in particular for A =< X) when £ is a sufficiently
small prime (or k= 1). For simplicity we restrict ourselves to prime denominators in the
twists throughout the paper, but it is plausible that the arguments could be made to work for
more general k.

2. The main results

Throughout the paper we use standard asymptotic notation. If f and g are complex-valued
functions defined on some set, say D, then we write f < g to signify that |f(x)| < C|g(x)|
for all x € D for some implicit constant C € R, . The notation O(g) denotes a quantity that
is < g, and f < g means that both f <« g and g < f. We write f = o(g) if g never vanishes in
D and f(x)/g(x) —> 0 as x —> oo. The notation f = Q2(g) means that f # o(g).

Our first main result shows the expected Q2-result for rationally additively twisted long
sums when the denominator of the twist is sufficiently small. As far as the author is aware
of, this is the first time Q-results have been obtained for rationally additively twisted sums
in a higher rank setting. Although it is not explicitly mentioned in what follows, we assume
throughout the paper that the underlying Maass cusp form is a Hecke eigenform and nor-
malised so that A(1, 1) = 1. Our results should generalise for arbitrary GL3 Maass cusp
forms, but we restrict ourselves to Hecke eigenforms to lighten the notation.

THEOREM 2-1. Let x € [1, oo[ be sufficiently large and let k prime so that k < x'/37% for
any sufficiently small fixed § > 0. Then

Z/mQA(m’ 1)e<m7h)‘ _Q (k1/2x1/3> ,

where the maximum is taken over all reduced residue classes modulo k.

max
heZ;

Notice that < k'/?x!/3%¢ is the conjectured upper bound in (1-2) for the range k < x'/3.
Thus the result of Theorem 2-1 is essentially optimal in the sense of conjecture (1-2).
This follows immediately from the following mean square result.

THEOREM 2-2. (see Theorem 10-2) Let X € [1, oo[ be sufficiently large and let k be a
prime so that k < X373 for any sufficiently small fixed § > 0. Then

3X L 5
3 /‘Z’ A(m, De (m—>‘ dess X532
m<x k

heZ; x
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As sketched in the introduction, the proof of the previous result relies on Voronoi identities
for both A 1(x; h/k) and Zz(x; h/k), but in Section 9 we shall also present an alternative proof
for Theorem 2-1 that sidesteps the use of a Voronoi identity for A (x; h/k).

The third main theorem establishes a non-trivial 2-result for short sums of certain lengths.

THEOREM 2-3. Let x€[1,00[ be sufficiently large, let k prime and suppose that
k3251248« A < kx®378 for any sufficiently small fixed § > 0. Then

/ n . .
Z X<m<x+AA(m’ D e(”%)) =Q (Ax /3 1/2> _

This is a direct consequence of the following mean square result.

max
heZ;

THEOREM 2-4 (see Theorem 13-1). Let X € [1, oo[ be sufficiently large and let k be a
prime so that kK>/>X'/7+0 « A < kX?37% for any sufficiently small fixed § > 0. Then

4X . )
DA ik 24173
/‘Zx<m<x+AA(m,l)e< - )‘ dr> A2/,

heZ; X

Notice that the result of Theorem 2-3 is of the right order of magnitude in the sense of the
conjectural bound (1-2), up to X%, when A =< kX2/3—%, However, for smaller A this Q-result
is farther away from the expected upper bound.

The restriction to prime denominators is made mainly for simplicity so we could han-
dle the sum over the divisors of k arising from the Voronoi identities for Riesz weighted
exponential sums efficiently. Since we are interested in Q2-results this is not such a serious
restriction. Note also that theorems above hold in the case kK = 1, which can be easily seen
by making simple cosmetic modifications to the proofs.

Likewise, we are unable to obtain Q2-results for an arbitrary numerator 4 coprime to k. The
averaging over the reduced residue classes modulo k has to be included in order to be able
to exract main terms when evaluating moments of the sums Za(x; h/k). It seems that this
cannot be achieved by our methods unless we perform such extra averaging. The presence
of this is not so serious as we are mainly interested in limitations for obtaining bounds (1-2).
We also point out that the primed sums can be replaced with ordinary sums if one assumes
that ©# < 1/6 (which is expected to be true, but currently we only know that  <5/14).

Finally, as a by-product of our analysis we improve the best known upper bound for
rationally additively twisted sums with a small denominator.

THEOREM 2.5. Let x € [1, 00|, and let h and k be coprime integers so that 1 <k < x'/3.
Then

Z A(m, 1) e(mTh) < K34 1/2+0 /24

m<x

Notice that this theorem does not require the assumption for the denominator k being
a prime. Theorem 2-5 improves the best previously known upper bound [22, corollary 3],
which gives for instance an upper bound <, k3/4x1/2+0/2+e | (9/8+30/4,1/4+30° /2430 /4+e
in the range 1 < k < x'/3 under the assumption © < 1/6.
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This paper is organised as follows. In Sections 4 and 6 we gather basic facts concerning
rationally additively twisted L-functions and linear exponential sums on GL3, respectively.
In Section 5 we introduce Meijer G-functions relevant for the present work and study their
asymptotic behaviour. Then we proceed to derive Voronoi identities for the Riesz weighted
sums Za(x; h/k) in the next two Sections 7 (for a > 2) and 8 (for a = 1). In Section 9 we
evaluate the mean square of Zz(x; h/k) and give the first proof for Theorem 2-1. In the next
section the mean square of Z1 (x; h/k) is evaluated and Theorem 2-2 (as well as Theorem 2-1)
is deduced as a consequence. Theorem 2-5 is proved in Section 11. The final two sections
are devoted to the proofs of Theorems 2-3 and 2-4.

3. Notation

The letter ¢ denotes a positive real number, whose value can be fixed to be arbitrarily
small, and whose value can be different in different instances in a proof. All implicit con-
stants are allowed to depend on ¢, on the implicit constants appearing in the assumptions
of theorem statements, and on anything that has been fixed. When necessary, we will use
subscripts <q,g,..., Oa,g,..., €tc. to indicate when implicit constants are allowed to depend on
quantities «, B, ...

As usual, complex variables are written in the form s = o + it with o and ¢ real, and we
write e(x) for >, The subscript in the integral f( ) Means that we integrate over the verti-

cal line M(s) = o. When h € Z and k € Z, are coprime, then / denotes an integer such that
hh =1 (mod k). We also write (-) for (1 + | - |?)!/2. The notation Z means the sum up

to x with the last term halved if x is an integer. Furthermore, Y, _.in = ccin —

m<x

Z/m<x—l' The notation d(n) denotes the ordinary divisor function. Let us furthermore
write

1 ifa=b (mod ¢)

La=p (o) =
a=b 0 0 otherwise.

Finally, for a positive integer k let us define the following averaging operator. Given a
function f: Z; — C, we set

I@X f00):= % 3 fe.

e xeZ;
where ¢ is Euler’s totient function, and Z,f denotes the reduces residue classes modulo &, or
a set of representatives of them.

4. Rationally additively twisted L-functions of GL3 Maass cusp forms

We shall derive our Voronoi identities from the additively twisted L-function of the Maass
cusp form in question. To this end, we quote some of its properties from section 3 of [12]. We
fix a Hecke—Maass cusp form for SL3(Z) with Fourier coefficients A(m1, my). Also, let us
choose coprime integers & and k with k positive, as well as an index j € {0, 1}. Then we have
the rationally additively twisted version of the corresponding Godement—Jacquet L-function

given by
h >, A(m, 1) mh mh
s, ) : (( )+< lye(__))
( Z] m k k

m=
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for s € C with 9(s) > 1. This has an entire analytic extension and satisfies the functional
equation

h , ~ h
L (s +], %> — 38l 3532 Gi(s +)) Lj(l —s—], z)

The I'-factors are clumped together into the factor Gj(s + ) given by

F(l—s+j+a)r<1—s+j+ﬂ) F(l—s+j+)/)
2 2 2
F(s+j—a)r<s+j—,3)r(s+j—y) ’
2 2 2

where in turn the complex constants ¢, § and y are the Langlands parameters of the under-
lying Maass cusp form. We know from [11, propositions 6.3.1 and 12-1-9] and [12, equation
(3-30)] that

Gj(S +]) =

a+p+y=0 and max{li)%(a)|,|9i(ﬂ)|,|§¥t(y)|}<5

Finally, the Dirichlet series on the right-hand side of the functional equation is given by

~ > A, — ok - k
o1 -rmsE) = DR (o) s )
dlk m=1

for N(s) < 0, and by an entire analytic continuation elsewhere. Here S(a, b; ¢) is the usual
Kloosterman sum.

From Stirling’s formula, the functional equation above, and the Phragmén-Lindelof
principle, we obtain the convexity estimate

h
L,-(s +J, %) & K3H8=0)140)/2 1y3(14+8-0)/2

in the strip —6 <o <1446 (see [22, p. 262]), where § € Ry is arbitrary and fixed.
Furthermore, it follows from this that, for each j € {0, 1} and every a € Z U {0}, as well
as for any coprime integers / and k with k positive,

h
Lz(—” +Ji z) e K205
In particular,

h h h
L (0 +J, ;) L I Lj(—l +J, ;) < K7, Lj(_2 +J, ;) L ke
@1

and

h
Lj(—S +J, %) N S
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When summing by parts we will repeatedly use the following consequences of the
Rankin-Selberg theory saying that

Y IAUm)| < d"Fx and ) AW, m)? < d¥Hx, 4-2)

m<x m<x

uniformly in d € Z, and x € [1, oo[ (see e.g. [23]).

5. On certain Meijer G-functions and their asymptotics

Applying Perron’s formula to the additively twisted L-function, shifting the line of inte-
gration to the left, and then applying the additively twisted functional equation leads to
integrals involving quotients of gamma functions. We could derive the asymptotics we need
in the same way as similar integrals were treated in earlier works, e.g [7, 17, 22, 30, 34].
However, here we prefer to follow the approach of [4], which observed that these types
of integrals are actually Meijer G-functions, and thus one obtains the relevant asymptotics
directly from the well-known asymptotic properties of the latter. Our main references for
Meijer G-functions are [31, 32].

Let «, B and y be the complex numbers as in the functional equation of the additively
twisted L-function, andlety € Z ,a € Z, and € {0, 1}. We define _Z, ;(y) to be the specific
Meijer G-function of interest to us as

/a,j(y)

I
=
= 30y, 2
TR It jta 1448 1+j+y cal ay jmey JoF Y
2 2 2 222 20T 22
1 5
=— [ 0wy,
2mi
€

where Q(s) denotes the I'-quotient

1+ ; .
p(lEite (LA (I r(-2-s)r Toa_ |
2 2 2 2 2 2
— — — i .
F<S+]Ta> F<S+]TIB) F(S+]Ty> r'a—s) F<§ —S)

The contour of integration € can be, say, a simple polygonal chain, which begins at oy — ico
with a vertical half-line with abscissa o satisfying o9 > 1/4 — a/6, ends at o9 + ico with
another vertical half-line with the same abscissa o, and having the property that all the poles
of the I'-factors in the numerator lie to the right of % [32, subsect. 5-3-1]. For definiteness,
we may select € to be the contour 6{(oy, o1, A) consisting of line segments connecting the
points og — i00, 09 — iA, 01 — i, 01 +iA, oo + iA and og + ioco, in this order, where the

second abscissa oy is a real number satisfying o1 < —a/2 and A is a positive real number
such that A is larger than the imaginary parts of «/2, /2 and y /2.

0(s) :=
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We will not repeat the above parameters and instead write the above expression as
Gg’g(y; ...) with the understanding that the parameters are exactly as above. The asymp-
totic we wish to use is a special case of the case (4) of [31, theorem 2, section 5-10]. In our
special case the result reads as follows.

LEMMA 5-1. Lety € Ry be larger than some arbitrary fixed positive real constant, and
let je{0,1} and a€Zy be fixed. Then the above function #, j(y) has the asymptotic
expansion

1
2+/3m

for some complex coefficients My, M1, Ma, for which My = 1, and which otherwise depend
ona, B, v, a, andj. In particular,

1 _ T . _
Suf) === N0 cos(651 4+ 3 (@) +007),
Proof. We apply the asymptotics (4) of [31, theorem 2, section 5-10] which says that the
Meijer G-function Gg:g(y; ... ) has the asymptotic expansion

; o¢]
/ jrl : — o —
Haj)~— ) exp<:l:6ly1/6 t5 @ +J)> Y06 37 g, 06,
T

£=0

Gog: - )~ A Hog(y ™) + A3 Hyg(ye ™),
as y —> 00. In the notation of [31, section 5-7], we have
oc=8-2=6 and v=8—-5—-0=3.

We observe that our parameters satisfy the conditions (A) and (B) of [31, section 5-7] vac-
uously as in our case n =0, and they satisfy the condition (C) simply because 1 — 1/2 =
1/2 & 7Z. In the notation of [31, theorem 5, section 5-7], we have

l+j+a 14+j+B 14+j+y a 1 a j—o j—B j—v
g1 = — 4 - —=+1- 1— 1—
: ;. Tt SR R A T T
=5—a,
and
A=1+ L3
1 - 2 - 29
so that
o= (la-oyrE—a)=122
=—|=-(0-0 El — = .
o \2 A 6
The asymptotic behaviour of Hy g is thus given by
5/2 0
Has(y =370y~ 070 BT o (5 6iy1/6) 12006 3 g, 77 01,
\/6 £=0
as y —> 0o, for some complex constants My, M|, M>, . . .. In particular, My = 1. Finally, in

the notation of [31, section 5-9-2],
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0 (1) @mi)~" exp(in (0 1 +J_Ta —1 +J_Tﬂ —1 +’_Ty)> = @em)3 i,

and similarly,
A0 =(m) 3 i

The Meijer G-function appears from the integral in Perron’s formula. The following
lemma connects the two.

LEMMA 5-2. Letae€ Zy, let y e Ry, and let oy and o be real numbers such that oy >
1/4—a/6 and o1 < —a/2. Then
1 / Gi(s+j)y ds

2mi s(s+1)---(s+a)
“(200,201,2A)

Oy (

=—(-2)"" /a](Y)

Proof. Observing

sarsa+1
22 2 2 2

. - 1 ’
s+ ---(s+a) F(— —|—1)1" —f-l——
22
we see that
1 Gi(s+j)y ds . 1 s 2ds
2mi ss+1)-- (s—l—a) 2mi 2 2
“(200,201,2A) 6(200,201,2A)
=— (=27 _Zaj0"),
as desired.

In order to derive Voronoi identities with Riesz weights in the a =1 case, we wish to
differentiate the formula of case a = 2 termwise. The following lemma allows this.

LEMMA 5-3. Letae€ Zy, letj€{0, 1}, and let y e R. Then
d
g O Fani0h) = =25 S0 09,

Proof. Let o and o1 be real numbers such that og > 1/4 —a/6 and o1 < —a/2 — 1/2. Using
Lemma 5-2 twice we may compute

d /i oy d 1 Gj(s +)y** ds
“ . —— | —(=2 atl _ = / J
dy(y Sar1jy )) dy (=2) 2mi ss+1)---(s+a)(s+a+1)
€200,201,21)
/ Gi(s +j)y'**ds
s(s+1)-- (s+a)

=(=2)- (=D (=2 i 23" _Za 00,

¢(200,201,24)

which completes the proof.
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6. Some known estimates for long linear exponential sums

We shall need estimates for long linear exponential sums involving Fourier coefficients of
a GL3 Maass cusp form. The following is [34, theorem 1-1].

LEMMA 6-1. Letx €[1, oo[. Then

D Alm, 1) ema) <, x24T

m<x
uniformly in a € R.

On the other side of our Voronoi identities coefficients A(d, m), where d divides the
denominator of the twist, will also appear. Fortunately, it is easy to extend Miller’s estimate
for these coefficients with uniformity over d.

LEMMA 6-2. Letxe€[l,00[, d € Z+ and o € R. Then

Y Alm, d) e(ma) K d” e,

m<x
uniformly in both o and d.
Proof. As the underlying form is a normalised Hecke eigenform we have

Am )= w©A(1 d A(m 1)
m, = s e
o ¢) "\
£\(d,m)

for any m, d € Z., where p is the Mobius function. Using this, we may estimate

Y At dyemay=Y" Y (Z)A( )A(%,l) e(mex)

m<x m<x £|(d,m)

d
=) () A(l, Z) m;eA(m, 1) e(mla)

4

d\PTE  x\3/4+e
<<SZ<Z) <Z) <o dUHe e

Lld
completing the proof.

When « is a fraction with a small denominator, we have more precise estimates, which
depend on ¥. The following is [22, corollary 3].

LEMMA 6-3. Let x € [1, oo[, and let h and k be coprime integers such that 1 < k < x2/3.
Then

Z A(m, 1) e<m7h> Lo KV2HE 23 gy 30t

m<x
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If in addition 9 < 1/3 and k < x*/372%, then

Z A(m, 1) e(”%h) & KA XN /2ED 2 | 9/8430/4 (/A+302 /2430 [dte

m<x

In particular, if ¥ =0 and k K x2/ 3, then

h
3 AGm, 1) e(%) &, K314 12t

m<x

7. Additively twisted Voronoi identities for Riesz means: the case a > 2

In this section we study the modified Riesz weighted sums

~ ]’l 1 / mh 3 mh a
Aa,j(x; %> = mZ<xA(m, 1) <e<7> + (-1 e<—7>> (x —m)

(=D x4V  h
2 ! (@ —v)! Lf(_” +7 %)’

0<v<a

where x € [0, ool, j € {0, 1}, a € Z4 U {0}, and & and k are coprime integers with k positive.

Recall the key relation (see (1-5) above)

t
~ h ~ h ~ h
Agj M;% du=Aq11, l‘;% —Aat1y X;;

X

for the Riesz means that we shall use repeatedly. Our goal in this section is to derive Voronoi-

type identities for these sums when a > 2.

The classical Perron’s formula, which is e.g. [2, theorem 1-4-4], has the following gener-
alisation for Riesz means (see e.g. [36, chapter 5]), which is the starting point for proving

our Voronoi-type identities.

LEMMA 7-1. Let 0 € Ry, and let ¢c: Z4 —> C be a sequence such that the Dirichlet
series Y > | c(n)/n® converges absolutely. Then, for x € Ry, and for a non-negative integer

a, we have

1 / a1 >, ¢(n) xSt ds
— 2 cmx—n) —%/<217>s(s+1)...(s+a)’

n<x (o) =

where the integration is over the vertical line where the real part is 0. When a =0, the

integral should be understood as the limit of f

The main result of this section is the following proposition.

PROPOSITION 7-2. LetxeRy,je{0,1}, ae {2,3,...}, and let h and k be coprime integers

with k positive. Then

- h )
Aa,j<x; ;) =i g3 x (1) e

R (ot 2 5)

dlk m=1

https://doi.org/10.1017/S0305004125101813 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004125101813

Q-results for exponential sums related to Maass cusp forms for SL3(Z) 15

Proof. Let us first fix some § € ]0, 1/ 6[. Perron’s formula for Riesz means tells us that

- Aom 1 mh N mh a
2 X et (o) £ ()

1 Ls+i h Xt ds
=— il s+, — .
2mi T ) s+ - Gta)
(1+8)

Let .Z be the polygonal chain 6(—§8, —a — 8, 2A) connecting the points —§ — ioco, —§ —
2iA, —a— 6§ —2IiA, —a— 6§ +2iA, —§ +2iA and —§ + ioco, in this order, where A is a
fixed positive real number larger than the imaginary parts of «/2, /2 and y /2. We shift
the contour of integration from the vertical line 9i(s) = 1 + & to .Z. This is justified by the
convexity bound for Lij(s +j, h/k) and the assumption a > 2. This leads to residue terms

from the simple poles at the points —a, —a + 1, 0. Foreach v € {0, 1, . . . , a} we get a residue
term

(_l)v xa—v . L h

- Ll—v+j-).

Wa—vy! 7 Ik

Thus, we obtain

I h 1 /L +,h xX$tads

ilx, — )| =— 1) s T .

“SI\* )T T ) S+t a)
R4

Applying the additively twisted functional equation gives

~ h 1 . - h ta g

A N D — — =] k—3S+1 3S—3/2 G - L 1 e 7 _ .

“’f<x k) 2m'/’ d iCHDL\E =5 =00 ) S D s a)
<

Writing the L-function as a Dirichlet series and switching the order of summation and
integration yields

~ B i ap =\ A(d, m)
Aa,j(X;z):lijT /xazz i

— k . k
dlk m=1

1 /G(+_) 73 d® mx\’ ds
X — HR) .
2mi ) IET JE sG+1) - (s+a)
<

Invoking Lemma 5-2 finishes the proof.

Let us then study the Riesz means of order a € Z, U {0} defined as

Al 2) = D (Fao (6 2) + A (2
a X,k =3 a,0 x’k a,l x’k

1 / h
== 3 Am, 1) e(%) (x — m)®

m<x
1 (_l)vxa—v h h
“3 L vl (@ —)! (L°<_”’%>+L1(_”+l’%>)’

0<v<a
(7-1)
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where x € [0, oo[, and & and k are coprime integers with k positive. We observe at once that
these sums have the pleasant property that

/~ t'h ; ~ .h ~ .h
’k ! ’k ! ’k
0

Y L WG IR W) PR
=Rl ) 3o wr i) +ua(-@rp i)

This allows us to later relate Riesz means of different orders, and in particular to turn our
better control of higher order Riesz means to information about lower order Riesz means.
Of course, similar identities hold for Za, jwith j € {0, 1}.

The previous proposition, together with Lemma 5-1, immediately yields the following
corollary using Weil’s bound’ [S(a, b; k)| < d(k)k'/%(a, b, k)'/2.

COROLLARY 7-3. Letx € [1,00], let a > 2 be an integer, and let h and k be coprime integers
with 1 <k < x'/3. Then

A2
axak

(—1)® k® xQa+1)/3 Z 1 >\ A(d, m) Z_ia S(}_l n k) (i3 d?3 /3 x1/3>
— I ,om;, — |e\=e—
(zn)a-Hﬁ T d2a+1)/3 mla+2)/3 — d k

m=1
+0 (KPP ey 5217
We also record here the following upper bound.

COROLLARY 7-4. Let xe[l,00[, j€{0,1}, a€{2,3,...}, and let h and k be coprime
integers with 1 < k K x\/3. Then

~ h
Aa,j (x’ ;> < k(211+1)/2 d(k) x(2a+1)/3'
In particular,
~ h ~ h
Ay (x; E) LKAk and A J(x; %> <K' dkyx"3.

Proof. Estimating the infinite series in Proposition 7-2 by absolute values using the
asymptotics from Lemma 5-1 and Weil’s bound gives

A h LA, m)| (k' 213 /3 13N e

dlk m=1

< k[l+1/2 d(k)x20/3+1/3 Zdﬂ—5/6—2a/3 < ka+1/2 d(k) x2a/3+1/3’
d\k

as required.

4 Here (a, b, ¢) denotes the greatest common divisor of integers a, b, and c.
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8. Additively twisted Voronoi identities for Riesz means: the case a =1

In the process of deriving a truncated Voronoi identity for A\ (x; h/k) we need a reasonable
upper bound for A 1,j(x; h/k). After the Voronoi formula is derived, we will use it to deduce a
better upper bound, which can then be fed back to the argument used to derive the Voronoi
formula in the first place, leading to an improved error term in said formula.

LEMMA 8-1. Let x € [1,00], let j€{0, 1}, and let h and k be coprime integers so that
1 <k <x'3. Then

~ h
A1J<x; E) &, K/H 29124

Proof. We choose H=Fk/*x1/24 Then 1 <H<x, and using (1-6), Lemma 6-1 and
Corollary 7-4 gives

o) b [y | oo
(o) ) ] fra(et) oo

1
< ﬁ ks/zd(k) x5/3 +Hx3/4+8 L k5/4 x29/24+8’

as desired.

The proof of the case a =1 gives rise to sums of the kind treated in the above lemma,
but with coefficients A(m, d) instead of A(m, 1). The following lemma deals with this minor
complication.

LEMMA 8-2. Let x € [1,00], let j € {0, 1}, let h and k be coprime integers satisfying 1 <
k< x\/3, andletd € Zy be so that d|k. Then

ZA(m d) < ( > +(=1Ye ( :d>> (x — m) <, dOFE K514 29124+

m<x

Proof. We may compute using Mdbius inversion, Lemma 8-1, and (4-1),

> A(m.d) <e<m7hd) + (—1)/?(—%1» (x — m)

m<x
-y M(Z)A( ) ( 1) (e(m:d>+( 1)1e<—m—:d)>(x—m)
m<x £|(d,m)
d Lmhd Cmhd X
:%ME)A(I,E)Em;ZA(m,I)(( ; >+( 1Ye <_T>) (Z—m>
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d ~ x Khd k 3/2-‘1—8 x k 9/2-‘1‘8
= OAlL=)e A (2 == )+0.((= R N
2 m® ( e) ”(z k)+ (ﬁ) 0" @
0)d
d D+e X\ 29/244¢ k 3/2+¢ X k 9/2+¢
. = e (= - AR i ,
<« (3) e () ()

¢d

where we have used the fact that since k < x1/3, also k/¢ K (x/€)1/3, so that Lemma &-1 is
applicable. Finally, since k < x'/3, we have

K32 ¢ o gOIE o S/4 29 24
and the total contribution is <, d?1¢ k3/4 x29/24+¢

We will need to handle various sums involving both Fourier coefficients and Kloosterman
sums. Taking discrete Fourier transforms of the Kloosterman sums allows us to reduce things
back to exponential sums weighted by just the Fourier coefficients.

LEMMA 8-3. Let h e Z and k € Z be coprime, and define

k
S5k = %ZS(h,Z;k)e(—%)
=1

for every & € 7. Then, for any m, & € Z, we have

k
S(h,m; k)= " S(h.&: k) e<m7§)
£=1

and
Sh, £ k) < k' d(k),

as well as

k
> [Sh, & k)| < kd(k).
£=1

Proof. The first claim follows directly from the discrete Fourier inversion formula, and the
second follows directly from Weil’s bound. The third follows from the Cauchy—Schwarz
inequality, the discrete Parseval identity and Weil’s bound since

k x
> (St g k)| <KV Y [Shgs k)
£=1 £=1

\

k
— /2 %Z|S(h,£;k)|2
N 7 =1

< k]/2

% Tk (K12 d(l)* < k d(k).

https://doi.org/10.1017/S0305004125101813 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004125101813

Q-results for exponential sums related to Maass cusp forms for SL3(Z) 19

The argument used in the proof of Proposition 7-2 runs into difficulties in the case a =1
due to convergence issues, and so we need to proceed differently. Our next goal is to establish
the case a = 1 essentially by differentiating the formula for a =2 termwise. The requisite
convergence considerations give a practical truncated version of the summation formula as
a by-product.

PROPOSITION 8-4. Let x € [1,00], j € {0, 1}, and let h and k be positive integers with 1 <
k < x'/3. Then

R () (i) (25

dlk m=1

Here the infinite series converges both boundedly and uniformly when x is restricted to a
compact interval in R. Furthermore, if N € [1, co[, and N > k3, then

Yy A (S< S)“ 1)’S<h m )) /1J<L)+em

dik m<N
where the error is

&, JOIAHE 513 Ne—1/8,
Proof. Our starting point is the formula

- h .
Asj (x; E) =—i 72273 k2

R (o) os(iom) A 5).

dlk m=1

and our plan is to differentiate this identity. The derivative of the left-hand side is of course
simply Ay j(x; h/k). On the other hand, Lemma 5-3 tells us that

e (2 () (),

and using this it is straightforward to check that, formally, the derivative of the right-hand
side coincides with the right-hand side of the desired identity for A j(x; h/k). From the
analysis of the previous section it is clear that the above series for A, j(x; h/k) converges for
any x. Thus, by standard arguments, it only remains to prove that the series for Al e h/k)
converges boundedly and uniformly when x is restricted to a bounded interval.

We take arbitrary numbers a, b € [1, oo[ satisfying a < b and a > k3, and consider the

partial sum
Y(a,b) .,
A(d, Kk d*m
e (s ) s )) ()
dlk a<m<b "
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By Lemma 5-1, we have

6d4 X2 1 6inr d*PFmB X3 xi
il — )| == exp| £ +—d +j)>
/J< ) 2431 ; p( k 2

n 0((d2/3 m\/3 /3 k1>_]> .

We may estimate the contribution of the O-term in X(a, b) by

<, ka Z % (;l) <d2/3 ml/3 /3 k—l) &, K12 23 g3,

dlk a<m<b

We also write in each term of X(a, b)

(i ) oo ) 5550 ) ({259 v o(-28))

k
£=1

Combining all these observations gives

Y (a, b)

k/d
1
[ 1 xS ,b 0k5/2+€ 2/3 —1/3 ,
zmie< (—G—J))dg E ( > +(a,b)+ O( xa )

1

where

23 1/3 1/3
e o ) ()
a<m<p "

To simplify the formulae below, we shall write, for each £ € {0, 1}, and all x € [1, oo

) - Tt () e ) ot

m<x

We start the estimation of ¥ (a, b) by summing by parts getting
1 3423 1113 4113 £ 1=b
Yi(a,b)y= —e|l t— JApigl t; =
= o )]
b
& 1 2mid?®3 3 3423 413 173
_/AOJ"d<t,z _t_ziW el t— ) dr.
a

k

By Lemma 6-2, the substitution term is <, d?’+e g¢=1/4 as is the contribution from the

term involving 1/¢2, and it only remains to estimate the term involving r~>/3. We do this by
integration by parts to get
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b %- 27Tid2/3 xl/3 3 d2/3 t1/3 xl/3
/A()J,d(t, Z) 53 e(:l: X > dr

a

& 2wid?3 x1/3 3423 3 13 1=b
= A = +
1’“’( k) ITE e( - >]

b £ 107id23 53 472 g3 23 213 113 173
() (omEnA a2y E

a

By Lemma 8-2, the substitution terms and the term involving r~3/3 contribute

& d/3HOE (1/3 p1/4 fe=11724

whereas the contribution from the term involving r~7/3 is

Lo dHITOTE 34213 e 1/8,

Altogether, our estimate for X4 (a, b) reads

D, b) o dOHE qf VA - q23HOFE /3 1A qe=T1/24 L /340 ke =3/4 1 2/3 e 1/8.

Plugging this into our previous expression for X(a, b) gives

1 & k
S@h) <y ) S<h,§; ;l) ‘ Jx
dik ~ g=1

% (dﬁ+s GE VA L 2130 e (/3 g 1/4 pe=11/24 | g4/3+D+e 1 =3/4,2/3 aE*l/S)
4 K5/ 2e (213 =13

< K x (as—l/4 4 x1/3 /A e 11724 o =374 2/3 as—l/S)
1 K5/ 2e (213 =13

o KETE x gf VA O e (A3 =124 S/Ake (S/3 e 1/8 4 4S/24e \2/3 -1/3

and we are done with the first assertion. For the truncated formula we observe that

k2+8 xa8—1/4 e k5/4+8 x5/3 a8—1/8’

and that

K5/ 213 =13 o gS1AE (S5 a8,

as well as

JO/AHE A3 g =11/24 o [S/A+e (5/3 4e=1/8

since k < x1/3. Thus we have obtained
E(a, b) <<£ k5/4+£‘x5/3a£—1/8’

which immediately gives the truncated identity.
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From the above formula we get directly a better upper bound for A j(x; h/k) compared to
Lemma 8-1.

COROLLARY 8-5. Let x€[1,00], let j €{0, 1}, and let h and k be coprime integers with
1 <k<x'3. Then

~ h
A1J<x; %> L K2 AT
Furthermore, ifd € 7 and d | k, then also
hd
ZA(m d) ( < )+( 1)’6(—%)) (x —m) &K dVTEI3/% x1+e,
m<x

Proof. For the first estimate we employ the second identity of Proposition 8-4 with the
choice N = [x'%/3k=2], estimating all the terms by absolute values and using Lemma 5-1.
The second estimate is proved in exactly the same way as Lemma 8-2.

We can now feed this back into the estimation of X(a, b) in the proof of Proposition 8-4,
where we used the weaker estimate from Lemma 8-2 (which in turn was based on
Lemma 8-1). The resulting estimate for ¥ (a, b) is

D2, b) Ko dHE qF VA @2AOFE 12 /3 o235 y gA/3O e p=1/2 \2/3 fe=1/3

and the end result is
E(Cl, b) e k2+8xa€71/4 +k5/2+8 x4/3 a872/3 + k3/2+€ x5/3 a571/3 + k5/2+s x2/3 a71/3
e k2+axa671/4 +k3/2+e x5/3 0871/3'

Thus we have obtained the following.

COROLLARY 8:6. Let x € [1,00[, j€{0, 1}, let h and k be positive integers with 1 <k <K
x1/3, and let N € [1, oo[ with N >> k3. Then

~ h .
A1,j<x; E) =i 72 g3 ke

X Z Z A(;i;nm) (S(E,m; g) + (—1)/ S(E, — )) /1J(L) + error,

dlk m<N

where the error is

& K2TE X NETVA L g312He (53 Ne 173,

Proposition 8-4 and Corollary 8-6 yield the following result when combined with
averaging over j € {0, 1} and Lemma 5-1.

COROLLARY 8-7. Let x€[1,00[, j€{0, 1}, and let h and k be positive integers with 1 <
k< x'3. Then

~ h A(d m) 3 d2/3 m1/3 xl/3
W)= e T 1 R oo ) ()

dlk m=1
+ Os(k5/2+8 X2/3).
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Here the infinite series converges both boundedly and uniformly when x is restricted to a
compact interval in Ry. Furthermore, if N € [1, 0co[, and N < k=3 X3, then

~ h A(d m) k 3d*3 ml/3 X113
A1<x;z> 4n2[2 Z Z( i) S<h +m; ) (:I:—k )

dik " m<N

+o0, (k3/2+s x5/3+st—1/3) .

9. Pointwise Q-result for long sums on GL3

Let us first gather some auxiliary results which will be useful in what follows. We start
with results concerning Kloosterman sums.

LEMMA 9-1. Let k be a prime. Suppose also that m and n are integers. Then

ZS( )= 1 ifm#£0 (mod k)
CTEZY_ k41 ifm=0 (mod k)

acly
as well as
K—k—1 ifm=n#0 (mod k)
k—1 ifm=n=0 (mod k)
YX(m,n, k)= ZS(a,m;k)S(a,n;k): —1 ifm=0andn=#0 (mod k)
acZy —1 ifm#£0andn=0 (mod k)
—k—1 if0£m=#n#0 (mod k).

Proof. The first cases of both identities are treated in [20, chapter 4]. The rest are then
fairly straightforward to prove simply by expanding the Kloosterman sums in terms of their
definitions and taking advantage of the resulting geometric series.

We will use the first derivative test repeatedly and record one of its formulations here.
Results such as this are discussed for instance in [15, section 5-1].

LEMMA 9-2. Leta,b e R witha < b, let » € Ry, and let f be a real-valued continuously
differentiable function on la, b such that [f’(x)| > A for x € ]a, b|. Also, let g be a complex-
valued continuously differentiable function on the interval |a, b], and let G € Ry be such
that g(x) < G for x € [a, b). Then

b

b
G 1
/g(x) e(f(x) dx < n + 5 / |g/(x)| dx.

a

Now we are in a position to prove an asymptotic formula for the averaged mean square of
the long second order Riesz sums.
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THEOREM 9-3. Suppose that X € [1, oo[ and that k is a prime such that k < X'/379 for
any sufficiently small fixed § > 0. Then we have

i ("
2 X,k

where B(k) € Ry and B(k) < 1.

2
de=B(k) K X3 1 ok x4,

E

heZ)
kx

In particular, if x € [1, oo[ and k € Z is a prime so that k < x'/37% for any sufficiently
small fixed § > 0, then we have

max
heZy

Zz(x; %)' = Q(k5/2x5/3).

Proof. Note that the Q-result follows immediately from the moment result. For the first
statement, using Corollary 7-3 the second moment is

2
X, =
2\

2
k4 S Ad . k 3d2/3 1/3 .1/3
/ to/3 |0y~ A (d, m) S Bt ) of L2 m X
1927'[6 heZ A>3 m#/3 d k

2
dx

E

heZ
kX

dlk m=1
o
A(d, m)
N ]E 5/3
871’3«/_ heZX dilk:mX—: d3/3 m#/3
3 23 ml/3 413
x2S (h £ )e<i#>-0(k7/2x4/3)dx+0(k7x”/3).

+

Once we have proved that the first term on the right-hand side is =< &> X'3/3, it immediately
follows from the Cauchy—Schwarz inequality that the mixed term integral is

< VIS X133 I X173 « k8 Xx*,
as required. Also, since k < X1/3, we have k7 X11/3 « k6 x*.

In the first integral, we expand |Z |> as ¥ =. The diagonal terms, i.e. those terms where
d% mp = d% my and where the signs in sums ) _, are chosen to be equal, give the contribution

A(d1, my) A(da, ma)

1927 6222 Z 5/3 5/3 473473

Ak dylk m—=1 my=14 mym,
d?my=dam,

2X
k _ k
X E Z (h :i:ml,d )S(h,:l:mg;g)/xloﬂdx.
X

heZ;
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We will examine the contribution of the different pairs (d;, dy) separately at first. The terms
where d| = d> = 1 contribute

2X
oS A, m))? (K2 —k—1
i 1 + 1= x1973 dx 1)
96 - m k—1 J
by Lemma 9-1.
Similarly, the terms with d; = d» = k contribute
K Ak, m)|* T
m 10/3
96776 Z £10/3;,8/3 / dx (9-2)
X
and the terms where djd> = k contribute
2
K =\ AL, K2m)A(k, m) 0
% N /3 .
4876 R (Z K13/3m3/3 /x dx. ©-3)
m=1 X

Our aim is to show that these three terms sum up to B(k)k>X'3/3, where B(k) € R with
B(k) =< 1. The upper bound is straightforward to establish just by using the known estimates
for the Fourier coefficients (A(m, n) <, (mn)” ¢ and (4-2)), but the lower bound requires
some work. Towards this, observe first that by the arithmetic-geometric mean inequality, the
absolute value of (9-3) is bounded from above by

2X
|A(1 k m)| 10/3 Ak, m)|* 10/3
9671'6 Z k16/31,8/3 / dx + 967‘[6 Z k10/34,8/3 /x dx
X X

2X 2X
o IALm? [ K Ak, m))?
s /3 ’ 10/3
= 06,6 > 33 /x dx+ 5676 > 1073873 /x de. 04
m=1 X m=1 X

Notice that the latter term in (9-4) is exactly (9-2). Thus, using the identity 1,200 =1 —
1,n=0(k), @ simple computation shows that the sum of (9-1), (9-2) and (9-3) is bounded from

below by
2X
Kk =2k o AL, m)? 0
: ’ _ /3
Sort k=1 2 s 1’”E°<"))/x dx.
m=1 X

This is bounded from below by the required lower bound > k>X'3/3 just by dropping all the
terms except the one corresponding to m =1 (recall that A(1, 1) = 1) as each of the terms
involved is non-negative.

The contribution coming from the terms d]Zm = d%n, where the signs in ), are chosen to
be distinct, can be estimated by using the first derivative test together with Weil’s bound as
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. |A(dy, m)A(da, _ k _ k
|A(d1, m)A(da, )| S(h,im;d—)S(h,:Fn;d—)
1 b

o0
<kt Z Z Z Z Z df/3d§/3m4/3n4/3

+ dilk dolk m=1 n=1
d%m:d%n

2X
6 d2 1/3
X ‘/xloﬂe(:l:%) dx

X

= AW, m)A(da, )|

<K+ kX10/3X2/3kZZZ Z 17/6 13/6 mS/3p4/3

dilk dalk m=1 n=1
dm d2n

< X*KS.

For the off-diagonal terms we restrict to the case where the signs in ), are chosen to
be the same as the case of distinct signs can be treated similarly with easier arguments. The
prior terms contribute, using again the first derivative test and Weil’s bound,

4 AdLm)| o~ A | (7 ko~ .k
<k ZZZZ 4/3d5/3 ,; —n4/3d;/3 S h,:f:m,d1 S h,:l:n,d2

+ dilk dolk m=1

dlzm;éd%n

2X
+3 d2 1/3 +3 d2 1/3
% /x10/3e( (mxdy) (nxdy) dx

k
X

|A(dy, m)| |A(d2, n)| X*k
<<k4 .
Z Z Z 4/3d5/3 ’12: n4/3d;/3 |df/3m1/3 _d§/3n1/3‘

dyk dalk m=1 =1
d%m;éd%n

_ k — k
Slth, £tm;,— S| h £n;, —
< " dl) ( " dz)

A2 m)] o~ A@r,m)| 1

<xi Yy Wenl s ~ -
/3 53 1 2/3 2/3

Ak dok nmt WP LT miBd ‘dl/ m!/3 —d2/ n1/3‘

d2m##dan

By symmetry it is enough to treat the terms in the m-sum with d%m < d%n (if this is not the
case, one would consider the terms with d%n < d%m in the n-sum). For these we split the
m-sum into two parts according to whether d%m < d%n/ 2 or d%n /2 < d%m < d%n. Note that
for d%m < d%n we have

1 1 1 n?/3

: < : : ©-5)
&1 B —dPm AL (din—dim)

Using (9-5) together with the pointwise bound A(ds, n) < (dan)” ¢ the terms with dfm <
d%n /2 contribute

|A(da, )] = |A(dy, m)| 1
<x%y > Z S :
/3 5/3 2/3 2/3

0k ok i1 13y o1 mY3d dl/ m!/3 —dz/ nl/3

d¥m<din/2
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00 o] Ve

|A(dy, m)| d,

< XUWOY DN X

/3 9 53 /3, 0

Ak dolk n=1 _ m=1 mn n3=0=edi"d) " (dyn
d2m<dn/2

o |A(dy, m)|
<o XO ’
d%m<d%n/2

— dlzm)

< X4,

where the last estimate follows from (4-2) using partial summation, and the estimate ¥ <
5/14.

Recall that § > 0 is sufficiently small, but fixed. For the terms with d%n /2 < d%m < d%n
we again use (9-5) and the pointwise estimate A(d, n) < (dn)? 14 to see that these terms
contribute

nv+20 > |A(dy, m)| 1
<X Z Z Z 4 § : : )
/3 =3 5/3 )

di |k dy)k n=1 n?/3+8 j— m4/3d1 |d5n — dim|

dn/2<dm<dan

Observe that for d%n > d%m we have

P2 1/6
W3 = /6112 s (1_;") W2
d
2

Combining this with the estimate, which holds as d%n/ 2< a’%m

5/14+26
2
a2 < (2d12m>

d;

shows that the terms with d%n /2 < dfm < d%n contribute

LD DD A ) 06
pATAT = 8/7—2sd‘19/7*45n1/2+5d§/7fﬂ+36(d%n_d%m)
dzn/2<d2m<d§n

Next, we exchange the order of m- and n-sums. After that we apply the Cauchy—Schwarz
inequality to the n-sum to see it is

o0

1
Z n1/2+8(d%n —d%m)

n=1

d%n/ZSd%m<d%n
1/2 1/2
1 % > |«
= 1425 Z 2, — 2257)2 ’
= n o (dyn —dym)
d2n/2<d¥m<dan d2nj2<dim<din
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where the last estimate is uniform in m, dy, and d;. Now using this in (9-6), partial summa-
tion and (4-2) show that the terms with dlzm > d%n/ 2 contribute < X*k°. This finishes the
proof.

Next we present the first proof for Theorem 2-1. The idea is to relate upper bounds of Riesz
weighted sums with different orders. We first connect the sizes of Z1 (x; h/k) and Zz(x; h/k).

PROPOSITION 9-4. Let k be a prime number. Let y € [1,2] and n € [1, 2] be such that y /]2 +

n/6 > 3/4 and
~ h
A4 (x; —> L xVkE"
k
for k < x'/37% with § > 0 sufficiently small and fixed. Then we have
A, (x. ﬁ) « /672742
9 k .

Furthermore, we have

for any prime k < x'/379.

Proof. For any H > 0 we have by (1-6)

n | x+H
Zz<x;%>:E /ZQ( )dt—— / /Al (u —) dudt. 9-7)

Substituting the Voronoi identity of Corollary 7-3 into the first term, we may estimate it by
the first derivative test as

1
H/Az( )dt<< XIBEI2 4 243, (9-8)

Now, if Zl (x, h/k) < xV k", then the second term on the right-hand side of (9-7) is < H x¥ k",
and choosing H = x"/6~v/2[7/4=1/2 immediately gives

i, (x; %) « X/6HV 127 A2

using (9-8) and the assumption y /2 + /6 > 3/4.

To prove the second statement, note that from Theorem 9-3, (9-8) and (9-7) it follows

A x'
2 > k

1
<L = B2 4 k12*3 £+ H max  max
H uelxx+H] heZ;

Q <x5/3k5/2> = max
heZ;

o (w5)
Al u, — .
k
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Thus for any H < x with x*3k = o(H) we have

i ()| = ().

max
heZy

from which the claim follows.

LEMMA 9-5. Letx € [1,00[, H € [1,x], and k < x'/37% pe a prime with § > 0 sufficiently
small and fixed. Then

x+H

1 ~ h
— | A=) de< H Y XOBKO2,
7} / 1 < k) < X

X

Proof. We have

R o) 2 (e2).

and by Corollary 7-4, this is « H~! x/3k>/2, where there is no ¢ in the exponent of k as the
denominator is a prime.

Proposition 9-4 together with the first part of the following result proves Theorem 2-1, a
result which is formulated as the latter part.

THEOREM 9:6. Leta €10, 1] and B €10, 1] be such that 3a + 8 > 3/2, o > ¥, and

Z A(m, De ( ) <L X*kP 9-9)

m<x

for x € [1, 0o[. Suppose that k is a prime so that k < x'37% for any sufficiently small fixed
8> 0. Then

Zl (x; %) < x5/6+a/2k5/4+/3/2‘

Furthermore, when x — 00, we have

Z’m AGm, 1)e( :)‘ = Q(x!3k172)

max
heZf

for any prime k < x'/3793.

Proof. By (1-6) we have

i | x+H
A (x;%):ﬁ/zl( )dt—— / /Ao(u —) du dt. (9-10)
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For the first term, we already know by Lemma 9-5 that

x+H

1 ~ h
— ;- | dt < H 'V X5P102,
H / 1< k) < X

X

On the other hand, recalling that (by (4-1))

Z A(m, 1) e(mTh) =4 (x; %) + 037 + 0P 9-11)

m<x

it follows from (9-9) and the assumptions on « and g that we certainly have Zo(x; h/k) <
x*kP and so

x+H t

1 ~ h
g / /Ao (u,%> dudr < H x“kP.

X X

Choosing H = x>/6=/2[3/4=B/2 gives

Zl <x; %) <<x5/6+a/2k5/4+,3/2.

To prove the second statement, note that from Proposition 9-4 and (9-10) it follows that

5 (o
u, — ||.
O\ %

Q(xk3/2) = max
heZkX

~ h 1
Alx= )<« =xPK?+H max max
k H uelxx+H] heZ:

Thus for any H < x with x*3k = o(H) we have

~ (. hY] _ —1.,3/2
A0<x,z)’_Q(H xk )

from which the claim follows as the residue term in Zo(x; h/k) has size O(k3/>+¢) by (4-1).

max
heZy

COROLLARY 9-7. The exponent pairs (a,f)=(1,0), (a,B)=3B/4+¢,0), (a,B)=
(1/3+¢e,1/2) and (o, B) = (1/2 + €,3/4), each of which either holds or holds under some
assumptions, in the previous estimate lead to

~ h
A (x; §> <A OIS o 32 g o (1312464138

respectively. Here the choice (a, )= (1,0) is admissible by the Rankin—Selberg theory,
the second one by Lemma 6-1, the third under the conjectural bounds (1-2), and the final
possibility by Theorem 2-5 (assuming v = 0).
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10. Second moments of long sums

Using the truncated Voronoi identity for A h /k) we deduce the following mean square
result.

THEOREM 10-1. Let x € [1, oo[ and suppose that k is a prime so that k < X'/37 for any
sufficiently small fixed § > 0. Then we have

A (]
lx’k

where C(k) € Ry with C(k) < 1.

2
dx = C(h) - X313 + 0, (k4 X8/3+8) ,

E

heZ}
kX

Proof. We apply Corollary 8-7 with the choice N = [k =3X? ] to get
A (w2
1 x? k

2
k? Add, m) nof~ k 3423 m'3 x5
48 n4 2 ZX/ Z Z Z l)S(h, +m; 2) e(if>

dlk m<N

n2[3t]E/ ZZA(dm)

X
heZ dlk m=<N

2
dx

E

heZ
kX

. k 3d2/3 1/3 ,1/3
x Y (F i)S(h, m; 5) e<i#) SO X33 dx + 0, (65 X7/3+2%),
+

Once we have proved that the first term on the right-hand side is =< k> X3, it immediately
follows from the Cauchy—Schwarz inequality that the mixed term integral is

Ko VIE X3 VIS XT/3+28 ., k4 X813+

Also, as k < X'/379 we have KOX7/3+2¢ «, k*X8/3%¢  as required.
In the first integral, we expand |£|?> as ¥ %. The diagonal terms, i.e. those terms where
d% m= d% n and where the signs in sums ) _, are chosen to be equal, give the contribution

A(dl, m) A(dz, n)
— LYYy A Ay
dy|k dp|lk m<N n<N didymn
d]2m=d§n

k k
X ]E Z (h +m; —>S(h :I:n;—)/xzdx.
heZ d dp J
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We will examine the contribution of the different pairs (d;, dy) separately at first. The terms
where d| = d> = 1 contribute

2X

K AL, m)|? (k> —k—1 5

Gy Z 2 r—1 Lins£0 (k) + 1im=0 k) x~dx (10-1)
X

m<N

by Lemma 9-1.
Similarly, the terms with di = d> = k contribute

Ak, m)|? T
m
247'[4 Z< K2m? / & (102

X

and the terms where dd> = k contribute

2 2
3 k % Z AL, K>m)A(k, m) / . (10-3)

1274 O Bm
mfN/k2

Our aim is to show that these three terms (10-1), (10-2) and (10-3), sum up to
C(K3X3, where C(k) e R with C(k)=< 1. The argument is similar as in the proof of
Theorem 9-3.

The upper bound of the right order of magnitude follows easily from the averaged esti-
mates for the Fourier coefficients (4-2). For the lower bound, observe first that by using
the arithmetic-geometric mean inequality the absolute value of (10-3) is bounded from
above by

K? AL, m)[* i k? |A(k, m)|? T
’ 2 > 2
E dx + E _— dx
2474 k*m? / g 2474 ,  k2m? / o

m=<N /K> X m<N/k X
2 AL ) AGm)? [
7m 2 m
<5i > -~ / de+ g Z P / dx. (10-4)
m=N X X

Notice that the latter term in (10-4) is exactly (10-2). Hence the sum of (10-1), (10-2) and
(10-3) is bounded from below by

2X
K kK —2k |A(1, m)|? )
2474 k—1 Z m2 (1= Tn=ogo) [ 2 dv.
m<N X

This gives the lower bound > k*X? as in the proof of Theorem 9-3.
The contribution arising from the terms d%m = d%n where the signs in the sum ), are
chosen to be distinct is by the first derivative test and Weil’s bound given by
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|A(d;, m)A(da, n)| n)l k _ k

<Y DD By dem; — ) S (7, 5 —

Y dilk dyfk m<N n<N didymn di d»
dlzm:d%n

2X
+6(dimx)!/3
«f z(hme) i

X

2
2 2 v2/3 |A(1, m)| 8/3 4
Lk kX Xk E —m7/3 <L X%k

m<N

as in the proof of Theorem 9-3.
Next we study the off-diagonal contribution in the same sum, which is given, up to a
constant, by

2 A(m, dl)A(n d>) _ ﬁ _ i
BY D22 00— s E5<h,im,dl>5(h,in,d)

X
+ £ dilk dalk m<N n<N heZ 5

d%m;éd%n
2X
5 3(mxdD)3 3(nxd3)'/3
x | x“e | £ F dx.
k k
X

We restrict to the case where the signsin ) _, are chosen to be the same as the case of distinct
signs can be treated similarly with easier arguments. The prior terms contribute, using again
the first derivative test and Weil’s bound,

|A(m, d)A(n, d>)| X8/3k

<K : ‘

% ; EN% I A e
d2m#d3n

By symmetry it is enough to treat the terms in the m-sum with d%m < d%n. For these we split
the m-sum into two parts according to whether d%m < d%n /2 or d%n /2 < d%m < d%n. Note
that in any case we have

! ! < i (10-5)
a1 2P — Pl dY O\ dn — |

Using this, the terms with d%m < d%n /2 contribute

|A(d1, m)| A(da,n)|  n*?
cxppy Yy il -
3 2 1/6 2 2
difk dalk m=N 2 nd)® ldn—dim
dfm<d%n/2
A(d, A(d,
< X834 Z Z Z |A( 13/’;1)| Z | 1§/§ :l)l <, XSI3ERA,
dilk dalk m<N nan  dyn /
dim<d3n/2

In the last step we have used partial summation together with the averaged bounds (4-2) and
the fact that & <5/14.
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For the terms with d%n /2 < d%m < d%n we note that

1/2
d2

m>m/2 [ 2" _
2d%

Combining this with (10-5) shows that the terms with d5n/2 < d2m < dan contribute

|A(dy, m)A(da, n)| 1

<<X8/3’<4ZZZ Z 12 77/6 | 12 2 1

dik dalk m<N n<N m1/2”5/6d1/ dz/ |dyn — dim|
din/2<d?m<dan

Applying the Cauchy—Schwarz inequality shows that this is bounded by

1/2
1 [A(m, d)A(n, do)|?
4+8/3 -
<KX szl/2d7/6 Z Z mnd/3
dilk dalk %1 2 m<N n<N
d2nj2<d¥m<din
1/2
D 106)
m<N n<N (21’1— 1m)
d%n/st%m<d%n

<, KAXB/3+e Z Z %

1/2—0
dlk dok d,
& KAXB/3te

Above we have used partial summation together with (4-2) and the observation that the final
double sum in (10-6) is uniformly bounded with respect to d; and d;. This finishes the proof.

As a consequence of the above theorem we obtain lower bounds for certain averaged mean
squares. Theorem 2.2 follows immediately from the latter bound by (1-4).

THEOREM 10-2. Suppose that k is a prime so that k <« X/3~8 for any sufficiently small
fixed § > 0. Then the lower bounds

2X A 5 3X
]E Zl (x; —)' dx>>X3k3 and E
hezi d k

- AN
Ao <x; —>‘ dx > Xk
hezi k

hold for sufficiently large X.

Proof. The first bound is immediate from the previous theorem. For the latter bound, the
main observation is that we can bound the mean square of Zl (x; h/k) from above in terms of
mean squares of Zz(x; h/k) and Zo(x; h/k). Knowing a lower bound for the averaged mean
square of A 1(x; h/k) and an upper bound for the averaged mean square of Zg(x; h/k) then
leads to the desired conclusion.
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Indeed, for any 0 < H < X to be chosen later, we compute

~ YK
]E A1 (x; —) dx
heZ} k
X
. 2X| x+H A 2
- ]E/ /Zl<;—>dt dx
H heZ: k
X X
| 2X| x+H A t A 2
=—]E//Zl t, — —/Zou;— du | dff dx
H? heZ)? k k
X X X
2X| x+H X 2 2X| x+H ¢
<L E / <t—>dt ot — E //A0<u —)dudt dx.
Ifzhezx k 172heZX
X X
(10-7)
By simply integrating, the first term on the previous line is clearly
+H
E % (e M\ dx
— A — . 10-8
< H2 ez 2 (x k) (10-8)

Using the upper bound Zz(x; h/k) < x>3k>/? from Corollary 7-4 we see that (10-8) is

o)

The latter term in (10-7) can be estimated as follows. First note that

x+H t I x+H I x+H I
/ /Zo (u; E) dudt = / Zo <u; E) (u—x)du < H / Zo <u; Z)‘ du.
X X X X

Using this together with the Cauchy—Schwarz inequality yields
2X| x+H i 2

2X / x+H
~ [ h
///Ao u— du d dx<<]E Ao (uw:2) | du | ax
heZX hez g k
X

2X+H x+H "
Ao (!
0 ( k)

«<H E /
X
~ AN
A —
O(X k)

Iz<
dx
A .h
0 ’k

<<— E

heZX

1
dx + —x103p>,
7

2
du dx

2X+H

<H K
heZZ

3X

«<H K
heZZ ¥

dx.
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Thus we have shown that

i (x
l'x’k

<<— E

heZX
X

2
dx

E

heZ)
kX

o) e 2

o Ly
heZ; ¥ H

Fo (1)
O’k

As the second moment of Zz(x; h/k) averaged over 4 modulo k is =< X 3315 when k «
X'/37% by Theorem 9-3, this implies

~ AVE X13/3 5 h !
E Al (.x, _) dx<< +H2 ]E ( ’_> dx_;’_ X10/3k5
heZy k hez k
X X
X13/3k5 3X I\ 2
< +1* & ( ,k) dx, (10:9)

heZ}
X

where the last estimate holds as H < X.
Next we shall optimise the choice of the parameter H. Actually, before that we need a
preliminary lower bound for the moment

X

1 (0
X, —
O\ %

we are interested in. This is to guarantee that our optimal choice for H satisfies the constraint
H<X.
We make the initial choice H = X in (10-9). This gives

- AVE
A e
°<x k)

by Theorem 10-1 as k< X!/37%. We now make the final optimal choice for H by
choosing

2
dx

E

heZ*
kx

E

heZ*
kX

dx > Xk (10-10)

x13/1245/4

—
J o s )
heZk X

This satisfies the constraint H < X for sufficiently large X as by (10-10) and k <« X'/37% we
have

X13/125/4

_ v5/6,1)2 1-5/2
X1/413/4 =Xk <X :

H<K
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Using this choice for H in (10-9) gives

5 (.
X, —
O\t %

as, by the previous theorem, the mean-square of A 1(x; h/k) averaged over h modulo k is
= X3k3 when k <« X'/37%, Hence, the second bound is also established.

2
dx > X3k

E

heZ®
kx

11. An improved pointwise bound for long sums with rational twists

In this section we improve the best known upper bound for rationally additively twisted
sums with sufficiently small denominators.

THEOREM 11-1. Let x € [1, oo[, and let h and k be coprime integers with 1 <k K %173,
Then

> A@m, 1) e<m7h> «, K34 120 e,

m<x

Proof. By the estimate (9-11) it is enough to prove the desired bound for Ao(x; h/k). Let
H € [1, oo satisfy H <« x, which will be chosen at the end. Estimating a short exponential
sum by absolute values yields

x+H x+H
/Z e 1Y dr— Ao (x —/ Tole: 1) = Fo dt <, H? x" ¢
0 > k 0 -xs k - 0 > k 0 x’ k & X ’
X X
so that
x+H

~ h ~ h
HA()()C; %) = / Ag (t; %> dr+ O(H2 xﬂ+8).
x

We know from Corollary 8-5 that

~ h

Al (x, E) < k3/2 xl-‘t—é“
This bound gives

I | x+H "
Ao(x =) == Aol =) dr+oH X"+
0( k) H/ o(t k) +OMHx"T)

X
1 [~ h ~ h
= i (A] <x+H; E) —Aq (x; %)> + 0(Hxl9+8)
L 1 K32 x4 H e
H
Choosing H = k3/4 x(1=9)/2 yields
Ao (x; %) &, K34 X120/

as desired.
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12. Short second moment for Riesz weighted sums

The goal of this section is to compute the short second moment of Riesz weighted sums
for a =2 and a = 3. Let us start by listing some consequences of the first derivative test.
LEMMA 12-1. Let B, U, T €[0,X] and k,m,n,dy,dr € Z. Then

=

o 3(d;Pml e TV Pl (e 1))
/ (dat2)s | o
X

k

dx

X(4a+4)/3k
< .
w13 4 d3Pnl /3

LEMMA 12-2. Let E,U, T €[0,X] and k,m,n,dy,d» € Z with U< T and dim < d3n.
Then

=]

X 3(d;Pml o4 TV — &Pl (e )12
/ a3 [ o
X

k

dx

x(@atd)/3),

< .
Pt~ )3

LEMMA 12-3. Let E, T €10, X] and k,m,n,d, d, € Z withdim < dsn, dy > d», as well
as d%m < X/6T. Then

@a+2)/3 | &
X e k

X+& 3<df/3m1/3 L1/3 _ d§/3n1/3 (x+ T)1/3)
/ dx
b'e

xa+d)/3 | ,2/3 d—2/3
< z

(12-1)
n—m
The first two lemmas are straightforward to prove, but the third one requires some
explanation. The derivative of the phase function is, up to a sign, given by

df/3m1/3 d§/3n1/3 B df/3m1/3 (x + T)2/3 _ d§/3n1/3 $2/3

2Bk (x+T)23k (x+T)2/3 23k

The denominator is of course =< X*/3k, and the numerator is, by using the identity x> — y> =
(x =) +xy +y?), given by

(d%m — d%n) X2 42x Td%m + d%m T2

2 2
(df/3m1/3 (x+ T)2/3) +dPm\ B &Pl B2 (x+ 1) + (d§/3n1/3 x2/3)

In the numerator, the denominator is given by =< dg/ 392/3 x*/3 and the numerator is
= (d%n - d%m) X2,

Now (12-1) follows immediately from Lemma 9-2.
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Let us then proceed to the proof of the short mean square result for Riesz weighted
exponential sums related to Hecke—Maass cusp forms.

THEOREM 12-4. Let Xe([l,o0[, kK be a prime, and let A, E€|[l,X] satisfy5
X'12H813/2 « A < X230k, and X*TI3 < B A? for any sufficiently small fixed § > 0.

Then, for X large enough,
B (xrat) -7, (w2
x+A; ) = s
2 k) P\ Tk

~ W~ ( h\|?
Aj x+A;% — A3 X;%

de=< 8 A2 X105,
Proof. We shall actually prove a more general result concerning Za(x; h/k) for any integer
a > 2 satisfying a=0 (mod 3) ora=2 (mod 3). Our starting point is the formula

~ R\ = R\ (=D% +a -~ A(d, m) — .k
Aa (x+A’E>_A” (x’ %>_(2n)a+1f2 sz(a+2)/3d(2a+l)/3s h, £m;

dlk m
2 1/3 2.51/3
y <(x+ )G+ e<:|:3(md (x+ Al ) _ Gatny3 e<i 3(md*x)"/ ))

k k
+0 (Xza/3 k(2a+3)/2> ,

X+E
E |
heZ;

X

2
dx = 8 A% X%

and

E

heZ*
kx

which follows from Corollary 7-3. Note that d(k) does not appear in the error term as we
assume k to be a prime.

Exchanging here the factor (x 4+ A)24tD/3 o xCa+D/3 costs « A X423} 2a+1)/2,
which is « X24/3k(2¢+3)/2 provided that A < kX?/379. Thus,

~ h ~ h
Ay x+A;E — Ay, x;;

( l)ax(2a+l)/3ka

A(d, m) —  k
T @ )a+1f Z sz(a+2)/3d(2a+1)/3s(h’ +m; ;,)

dlk m=1

" (e (j:3(md2(x + A))1/3> B e<:i: 3(md*x)'/3 )) Lo <X2a/3k(2a+3)/2) '

k k

Now the second moment may be expanded as

(s 2) =7, (62
a X ,k a ’k
k2a

= (2n)2a+2 .3

X+E 2

dx

E

heZ*
kX

> Observe that the first condition implies k < X372,
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= 2

+
u . A(d, m)
« / (4a+2)/3 Z s Z Z m<a+2)/3d(2a+1)/3s<h +m; ) (e(...)—e(...)
X

X
hely | "% dlk m=1

=
[

+
(D% L2at1)/3 N *a A(d, m) k
T Qagatl /3 / Z > Z m@+D/32a+1)/3 hlgx S | B ms - 4
X

dlk m

x (e(...) —e(...) - O(X**Pk2atI2) dx + O(B X2 H3). (12:2)

Once we have proved that the first term is < & A2 X(44=2/3}24=1 then the middle term is
by the Cauchy—Schwarz inequality

< VB A2 XUa-D32a-1\/ g x4al3j2at3 7 A x@aD/3 et (12:3)

Thus, we can focus on the first term on the right-hand side of (12-2). In the course of exam-
ining this term various subterms arise. We will derive an upper bound for each of them and
at the end of the proof show that these terms contribute less than the main term that will turn
out to be < B A? x(4a=2)/3 p2a—1,

For 1 € {0, A} we write

[ee] 2 1/3

. A(d, m) 3(md=(x + 1)) — k
+._ :
LI m(a+2)/3d(2a+l)/3e( A S\ hm; -

dlk m=1

and

% 2 1/3
- A(d, m) 3(md=(x + 1)) — k
s, =1 a Z Z m(a+2)/3d(2“+1)/3€(_ . S| h, —m; )

dlk m=1
so that, up to a constant, the integral under study takes the shape

2

+

Add,
/ dords | 157 ey Z m(a+2)§3d2+1)/35 (h £m; )M )mel ) dn
X

X
heZy 1% ik m=1

&3]

=

+
=W/"WMBEK ~s)+ (35 e
heZ)
X

=
[

L@at2)/3 E
heZ;

A_SO| dx

X\H'

=
@)

+
T 2120 /<%wgd¢a—ﬁﬂﬂwaw, (124
X
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where we sum over both choices of the sign 4. Furthermore, we split each of the sums sic
into parts

+< . + .
50 = zi“z Z ... and 57 = zi“z Z

dlk m<Ny dlk m>Ny

where we set Ny := X/6A.
Now the first integral on the right-hand side of (12-4) is

[

2
3S (ﬂfﬂ dx (12:5)

SA T

+
k2a / (4a+2)/3
je heZk

X+E
n kz / (4a+2)/3 S§,> S(;_L > dx
heZ;
X
X+E
2a¢q (4a+2)/3 < _ B (A E
+ 2k / heZX Sp 5o AN sy )dx.
X

Of the three new integrals we treat the last one first. It is given by
X+E
21290 Z / x(4a+2)/3 S _ s(ﬂ)z,g) (Si’> _ sa_L >) dx

X+E

=k Z _/ (4%2)/3( i S (j)E ) (Si’> - S(j)c’>) + (si’< - S(j)t’g) (SX’> —S§’>)>dx
A (di,m) — k
2a .
<k ZZ Z (a+2)/3d(2a+1)/3s (h +m; d )

1

+ d |k m<Ny
A (da, n) (dr, n) (— k >
N D) Dt Y
(2a+1)/3
dpk n>Np n(a+2)/3d at+b/ d>
X+E 34 A)/3 <m1/3d2/3 _n1/3d2/3>
y / (a3 |, ! 2
q:
k
X
3 <(x+ A3 m1/3df/3 —x1/3n1/3d§/3>
3 <x1/3m1/3d12/3 (x+ A3 1/3d2/3>
2/3 2/3
3x1/3 <m1/3d1/ _n1/3d2/ )
+e :F dx.

k
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As n>m and k is a prime, the diagonal contribution from dlzm = d%n can only arise when
di =k and d> = 1 in the integrals corresponding to the first and fourth exponential term on
the right-hand side of the previous display. This in particular means that Ng < n = k*>m and
so we have m > Ny /k? in the diagonal terms corresponding to the first and fourth exponential
term. Hence, their total contribution is, for any sufficiently small fixed ¢ > 0,

4.1 8m)

2 A (k, m)| 1/2 = y(dat2)/3

<k Z m@+2)/3Qa+1)/3 2@t/ kTEX
No/k%<m=<Ny ( m)
1

39+2a/3—7/6 o y(4a+2)/3

<Le k eXx Z mQa+4)/3-20—2¢
No/k2<m=<Ny
,2 3,
<, K30+2a/3-7/6 g x(da+2)/3 Iﬁ 3 1
e & K2 m(2a+2)/3-20 3¢
No/k?<m=<Ngy

&, K3V H2a/3+1/6+26 \2/3+e gyha/3—e (12:6)

where we have applied the pointwise bound |A (m, n)| < (mn)”*+¢ in the second step and in
the final step we recall the definition of Nog = X/6A.

The diagonal contribution in the integrals corresponding to the two other exponentials are
estimated similarly, noting that by the first derivative test

+E
IE
X
We may estimate the off-diagonal terms with d%m #* d%n by Lemma 12-2 or Lemma 12-3

depending on the term in question. By symmetry it is enough to consider the terms with
d%m < d%n. As a model case, we consider the sum

A (di, m) A1) -~ X

2a k

LY L s (h = )Z 2 s e (”’ o dz)
1

1/3 32/3 1/3 1/3
at2)/3, :F3m BdB ((x+ A)'3 —x113) b« XWGatD/3 i
k Aml/342/3°

+ dijkm<Ny M d> |k n>Ny
X+E 3 <x1/3m1/3df/3 (x+ A)/3 1/3d2/3)
/ (“at2)/3,, dr.
k
X

For simplicity, we further restrict to terms with d; =k, do =1 (in which case n = d%n >
d%m = k%m) as the other terms are easier to deal with.

Note that when Ny/k* < m < Ny we may argue as in the diagonal case to see that these
terms are by Weil’s bound

2a+1/2 Ak, m)| AL, m| x(a+2)/3 5
<k Z m@+2)/3Qa+1)/3 Z nat2)/3 =
No/k*<m=<No n>No

—a/3+1/3
4a/341/640 y(dat2)/3 mn—a/3+1/3 [ No
<k X EN, ( 2 >
< R 1/2H0 xQatd) 3 g A (2a-2)/3 (12.7)

https://doi.org/10.1017/S0305004125101813 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004125101813

Q-results for exponential sums related to Maass cusp forms for SL3(Z) 43

For the terms with m < Ny/k* we use Lemma 12-3 and Weil’s bound to estimate the sum
in question as

« K212 Z |A(k, m)]| Z |A(1, )| X@atD/3 p2/3)

m@+2)/3Q2a+1)/3 n@td/3 | — |
m<No /K
4a/347/6y(4a+4)/3 Ak, m)| Ad,ml 1 .
<k X Z m(a+2)/3 Z na/3 “m| (12-:8)
m<Ny/k? n>Ny

To the inner sum we apply the Cauchy—Schwarz inequality and partial summation (together
with the estimate (4-2)) to see that

) 1/2 1/2
|A(1, n)| 1 |A(1, n)| 1
. < - -
Dy el e =l [ D7 2 TR
n>Ny nd/ |n m| n>Ny n “/ n>Ny (I’l m)
<« N()_a/3+1/2’

where the last estimate holds uniformly in m < Np. Using this in (12-8) gives a contribution

e ma+2)/3
m=Ng

&, K3+ [6+20+e ya+11/6 pa/3-1/2 (12.9)

Ak, m)|2 X —a/3+1/2
(4a0/3+7 /6y (a+ )3 | X
« ¥ x

where we have in addition used partial summation together with (4-2).

Note also that the second integral on the right-hand side of (12-4) can be treated using
even simpler arguments. Indeed, applying Lemma 12-1 to bound the exponential integrals,
and estimating then trivially using the Weil bound shows that these terms contribute

o0 o0
|A(dy, m)| |A(dz, n)| 1
<y >0 :
(2a+1)/3 (2a+1)/3
0k oy maDBA ko natBa d1dy

X(4a+4)/3k
X
d%/3m1/3 + d§/3n1/3
< X(4a+4)/3k211+2‘ (12-10)

Let us next treat the middle term in (12-5). Using the triangle inequality it is clearly
enough to estimate the integrals

m

+
/ (4a+2)/3 j:>| .

We expand the square to see that the integral is bounded from above by the expression

2a |A (d1, m) A (da, n)] -k _ .,k
Y S (a+2)/3n(a+2)/3d(2“+1)/3d(2“+1)/3S hom; o ) S B £

dilk dalk m>Ny n>Ny ™ 2
Xre 34113 (m1/3a’f/3 —n1/3d§/3>
X f KBB4 . dx.
X
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We treat the diagonal and off-diagonal terms separately. Let us first concentrate on the
diagonal, which correspond to the terms where d%ml = d%mg. These contribute

2a+1 |A(1, m)l = y(4a+2)/3
<k Z ‘ma+4)/3 (EX
m>Ng

<« Katl g x4a+2)/3 —(2a+1)/3
« katlg xQath/3 A(2a+l)/3 (1211
by partial summation coupled with (4-2).
Similarly, the off-diagonal terms contribute, using Lemma 12-2 and Weil’s bound,
X(4a+4)/3 k

120+ |A(dla”l)| |A(d23”)|

< 2ot Z Z Z + Z + ’

(2a+1)/3 (2a+1) 372 3 2/3
di |k dylk m>Ny (@ 2)/3d1 ¢ / n>m n(a 2)/3d2 ¢ / |d / dZ/ l’ll/3|

By symmetry it is enough to treat the terms in the m-sum with d%m < d%n. For these we
split the m-sum into two parts according to whether dfm < d%n/ 2 or d%n /2 < d%m < d%n.
Let n > 0 be arbitrarily small, but fixed. Note that for d%n /2 < dfm we have, using (9-5) and
the pointwise bound A(m, d) K< (md)? ", that

|A(d2, )] ‘ 1
m(a+2)/3d§2“+1)/3n(a+2)/3d§2“+1)/3 | d§/3n1 /3 d%ﬁml A3

nl?-l-n

< .
m(a+2)/3d§2a+l)/3n(a+2)/3d§a/3—1—19—?7|d%n_d%m|

(12-12)
Observe that

5\ 1/6
/3 = p1/6,0/3-1/6 5, (‘h_;”) ,4/3-1/6
d;

Using this together with an easy estimate
<d2 ) (d%m ) .
n’ < <\—-
2 = 2
d dy

1
< .
ma/3+10/21d%“ﬂ—1/21na/371/67nd§a/3_13/21—19—77|d%n _ d%ml

gives that (12-12) is

This means that the terms with d%n /2 < d%m < d%n contribute

< k2a+2x(4a+4)/3

DI

di |k dylk n>Ny

) |A(d1, m)|
o ma/3+10/21dfa/3—1/2]na/3—1/6—nd§a/3—13/21—ﬁ—ﬂ(dgn _ dfm)
d3n/2<d¥m<dan
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« K2at2y@ata)/3

DHIPD

dilk dplk n>Ny

2.\ 2
Z dlm |A(dy, m)]
m=No d% ma/3+10/21d%a/3—1/21na/3—1/6+nd§a/3—13/21—19—'7(d%n _ d%m)’
where in the last step we have multiplied both the numerator and denominator by n?",
used the estimate n < d%m /dZ, and finally dropped the constraint d%n/Z < d%m < d%n in the
m-sum. Next, observe that for a fixed m the n-sum can be bounded by the Cauchy—Schwarz
inequality as
1/2 1/2

1 1 1
< - -
Z na/3’1/6+”(d%n — d%m) - Z n2a/3—1/3+2y Z (d%n _ dfm)z <1,

n>Ny n>Ny n>Ny

where the final bound is uniform in m, d;, and d5.
Combining everything we have shown that in total the terms with d%n/2 < d%m < d%n
contribute, using partial summation together with (4-2),

1
2a+2 vy (4a+4)/3
<k X
ZZ Z o 2a/3—1/21—4n—9 2a/3—13/21—9+3n
LTk dalk meN, M0/ g d,

< k2a+2X(4a+4)/3 , (12-13)

where the inner triple sum is < 1 by the estimate ¢+ <5/14.
For the terms with d3m < d3n/2 we note that by (12-12) one has
A2, m)| _ 1
m(a+2)/3d§2a+1)/ 3n(a+2)/3d52“+1)/3 | d§/3n1/3 _ df/3m1/3|
Ve

n
<Le
m(a+2>/3d§2a+1)/3n<a+z)/3 d;a/3—1—l9—s (n — dm)
1
<e 2a+1)/3 2a17)/6—9—¢
m@+2)/3 di a+ /3, (a+5)/3—0—¢ dé a+7)/ e

Hence, the terms with dlzm < d%n /2 contribute

|A(d1,’”)|

e L2a+2x(4a+4)/3§ :2 : § : § : ,

l(2a+1)/3 l(2a+7)/6—z9—e
dilk drlk n>Ng m>Ny mi@ 2/3 1 (@ Df3-0-¢ 2

which is again

using partial summation and (4-2).
Now only one integral remains, namely

X+E
2
+<  £<
kzaz / a3 ]/ g \_so\’ dx,
heZ®
Ty X

https://doi.org/10.1017/S0305004125101813 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004125101813

46 JESSE JAASAARI

where we have for simplicity dropped the constant (27)~(%*2/3 in front. When we
again multiply out |£|?> = ¥ =, we obtain from the off-diagonal terms by Lemma 12-2 or
Lemma 12-3 depending on the term in question, and Weil’s bound a contribution

x(at4)/3

|A(dy, m)| - |A(d>, n)|
<<k2a+2§:§:§: z: .
2a/34+5/6 ;2a/3+5 6 2/3 2/3

T B iy memy M @ADL GRAIO 3By /3 g3 /3|

Estimating this is completely analogous to the computation above and leads to an upper
bound

« XWatd)/3 2042, (12-15)

To evaluate the diagonal contribution we set Ni := £ X2k> A3 with a constant £ so small
that

ml/S ((x+A)1/3 _x1/3) _ 1
k S

say, for each m < Nj. Clearly Ny < Ny for X sufficiently large, as A > X1/2+k3/2,
By estimating trivially, the higher frequencies m > Nj in the diagonal terms contribute

2
<kt % g x4a+2)/3
m

Ni<m<Ny
< kza+1N1—2a/3—1/3 EX(411+2)/3 < E A2a+1. (12-16)

In the remaining smaller frequency diagonal terms, we see that these terms are given
by

A(dy, m)A(da, n)
Y000 2
2at D)3 at D)3
T dk dakomeny nany  ME@TDSn@DB3d; dy
d%m:d%n

— k — k
« K s (h, :I:m;—) S (h, +n; —>
heZ) di d>

X+E 2
3mlB3q*3 M3 13
x/x<4”+2>/3 e(:i: ! ((Hk_ ) ") —1| dx. (12:17)
X
Using Lemma 9-1 we note that this equals S| 4+ S + S3 + S4, where
. 12 AL, m)|?
Spi=k ( _1)2 Z Qa3
+ m<Ni
mz0 (k)
+E 2
1/3 13 _ 173
y fx(4“+2)/3e<i3m ((x"‘f) X ))_1 dr
X
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2
12 |A(k, m)|
S2:=k Z Z mQatd)/3(4a+2)/3
+ m<MN
X+E 2
1/33,2/3 1/3 _ 173
« / (Mat2)/3 e<i3m k ((X:A) X ))_1 &
X
A1, K2m)A(k, m)
— 2a ’
Syi= 2K ) (K2m)@+ D)3 p(a+2)/3}2a+1)/3
m<N /k?
X+8 2
1/32/3 1/3 _ 173
“ / (da+2)/3 e<i3m/k/ (c+ )V —x/))_l &
k
X
. 12a a-+ _
Sp= Ry Y / e <:|: . 1 de
+ m=<N; X
m=0 (k)
Our next objective is to show that
St 4 Sz + S5 + Sy < BAZxWa—D/3 a1, (12-18)

The upper bound follows simply by estimating trivially using known average growth
properties of the Fourier coefficients. Towards the lower bound, note that by the arithmetic-
geometric mean inequality we have

|AL, K2m)A(k, m)| |A(L, K2m)|? |A(k, m)|?
’ (kzm)(a+2)/3m(a+2)/3k(2a+1)/3 - (kZm)(2a+4)/3 k(4a+2)/3m(2a+4)/3

and so
212
2 AL, k°m)|
1531 =& Z > (I2m)@a+DH]/3
* <N /K2
X+E 2
1/3,2/3 13 _ 173
y /x(4a+2)/3e<:|:3m k ((XJ]:A) x ))_1 &
X
2 |A(k, m)[*
Tk Z Z KGa12)/3 y2a+4)/3
m<N
X+E 2
1/3,2/3 13 _ 1/3
y /x(4a+2)/3e<:|:3m k ((XWI:A) x ))_1 d
X
=< 84| +152[.
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From this it follows that

2at] AL, m)|?
S1+S+S3+S4>k Z Z m(l_lmz()(k))
+ m=<N; m
X+E 2
1/3 1/3 _ ,1/3
X / Ldat2)/3 |, <i3m ((x+?) * )> —1| dx
X

Using the non-negativity of the terms involved and dropping all but the first term in the sum,

this is
3 (G4 )P =473
e (i (AP =)

=
o

X+
2k2a+lz / ((a+2)/3
= X

Using the estimate |e(«) — 1| < ||, which holds for small |¢| (recall that A < X2/3-3k), we
can bound this from below by

2
dx.

k

2
X*3k

- = AZ X(4a72)/3 kZafl

~

We conclude that the expression (12-17) is < & A2 x(¥a=2)/3 j2a—1
Combining estimates (12-2)—(12-18) we have shown that

~ h ~ h
Ay X+A;E — A ;Z

where S = B A2 x(4a=2)/3 j2a—1 49

2
dx=S5+ O(E),

X+E
E

heZ*
¢

E = BX4/3120+3 | g Axa—1)/3;2a+1 | 13042a/3+1/6+42¢ A2/3+e myda/3—e
| g2atP—1/25Qatd)/3 g AQa=D)/3 4 1Aa/3+T/6+0+e ya+11/6 pa/3-1/2

Now we note that E = o(S) by considering the terms in E individually. Below we list which
assumptions are needed to bound each of the terms. These claims can be easily verified by
straightforward computations:
(i) EX4/3k2a+3 = o(S) holds as A > X1/2H9k3/2 and k < X1/373;
(i) EAXUI=D2a+ = 5(8) holds as A 3> X!/2Tk3/2 and k <« X1/37¢;
(iii) k30+2a/3+1/6+2e A2/3+egxda/3=¢ — o(S) holds as A > X'/2+3k3/2 and 9 < 5/14;

(iv) k2at?=1/2xQa+/35 ACa=2)/3 — 5(S) holds as A < X233k, k<« X'/3% and v <
1/2 (when a >4) and as A > XV/?210§3/2 k « X'/37% and ¥ < 1/2 (when a < 4);
(v) k4a/3+7/6420+ega+11/6 Aa/3=1/2 _ () holds as EA2 > X2Hk3, A < X, and & <
5/14;
(vi) X@atH/3k2a+2 — o(S) holds as X219k « EA?;
(vii) k2atlgx@atD/3 AQa+D/3 — 5(S) holds as A > X1/2+3k3/2 and k <« X1/379;
(viii) EA2¢+! = o(S) holds as A <« X*/37%k.
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These yield the claimed estimate

c~ h N h
Aa X—I—A,; _Aa x;%

The statements of the theorem follow by specialising to the cases a =2 and a = 3.

2
dxv E AZ X(4L172)/3 kZafl

E

heZ
kox

13. Q-result for short sums of Fourier coefficients

Choosing E = X (which clearly satisfies the required assumptions) in Theorem 12-4 leads

to the bounds
2X )
]E ~ h ~ h 2 313
A x4+ A=) —Ar | x; = dx < A“ Xk (13-1)
heZ: k k
X
and
]E ~ h < r\[? 2 v13/3,5

heZ*
kx

in the range k3/2X'/2%% « A « X*/3~3k. Using similar ideas as before, these can be used
to deduce lower bounds for twisted short sums of the Hecke eigenvalues on average when
one also averages over the numerator of the exponential twist, which will in turn yield an
Q-result for short sums.

THEOREM 13-1. Let X € [1, 00|, let k be a prime and suppose that k>/> X'/710 « A «
kX?/3=% for any sufficiently small fixed § > 0. Then, for sufficiently large X, we have

A (v a7 (M)
olX ’k 0 x,k

Notice that this result immediately implies Theorem 2-4 (and consequently Theorem 2-3)
as the residue terms in the sums Ag(x; i/k) cancel each other.

E

heZ
kX

dx>> A2 X3t

Proof We begin by provmg a lower bound for the mean square of a short first order Riesz
sum Al(x—l— A; h/k) Al(x h/k). As in the proof of Theorem 10-2, this time using the
pointwise bound A3 (x; h/k) < k7/2x7/? from Corollary 7-4, we have for any 0 < H < X that

2

E

A ( +A h) A < h) dx
21X Ml Bas W I
heZ? k k
h - 2
<<— E (x+A;—)—A3 (x, > dx
he Zk k k
Y h n\|? 1
+ H? E (x—l—A;—)—Zl (x;—) dx + —k'x14/3
heZ} k k H
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LA™Y A (k]
x 7k lx’k

where the last estimate follows from (13-2).

1 2 1
«— N xBB 2 [E + —KTX13) (133)
H? hez g H

Next we shall optimise the choice of the parameter H. Actually, before that we need a
preliminary lower bound for the moment

~ h ~ h
Al X+A;E —A X;E

we are interested in. This is to guarantee that our optimal choice for H satisfies the constraint
H <« A*X~'3k=2 (and in particular H < X when X is large enough). This is needed so that
H71X14/3k7 & H72A2X13/3k5'

We make the initial choice H = A2X~1/3k—2 (which satisfies the constraint H < X for
sufficiently large X by the assumption A < X*/3~%k) in (13-3). This gives

A (x4 a ) =4 (w1
X % lxak

using (13-1) as A > k3/2X1/2+3_We now make the final choice for H by choosing
AL/2x13/125/4

j )Al (x+A,k) A ( Z)‘z dx

2
dx

E

heZ*
kx

2

E

heZ*
kx

dx > A2k x1/3 (13-4)

H_

heZX

This satisfies the constraint H < A2X~1/3k=2 thanks to (13-4) and the assumption A >
X!/248)3/2  Using this choice in (13-3) gives

~ h ~ h
Aq x+A;% — A x;%

by (13-1), giving a lower bound for the short first order Riesz sum.

We now turn into estimating the sum appearing in the statement of the theorem. Again,
argulng as in the proof of Theorem 10-2 and using (13-1) together with the bound
Az(x h/k) < x3k/? gives

3
~ h ~ h
E Al <x+ A; —) —A <x; —)
helZy k k
X
2X
< // FIUNELA T (e
thezx k) 7\ Tk
X

3X/2

A +Ah A h
X e ;=
0 g 0 X,k
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E

2 2v371.3
A Xk
dx <
heZZX

AX13/65/2

2
dx

2
dx

+1* E

2
1
dx+ —x'97%
hezi d H
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4X
1 2v313 2 e h e h
K5 A XK +H E [ A ) = Ao (v

2
1
de+ —=Xx"93k  (13.6)
hez d H

forany 0 < H < X.
Next we shall optimise the choice of the parameter H. Actually, before that we need a
preliminary lower bound for the moment

o SN Wy o
X ;= | — x; —
0 k o\t

we are interested in. This is to guarantee that our optimal choice for H satisfies the con-
straint H <« A?X~1/3k=2 (and in particular H < X when X is large enough in view of the
assumption A < kX?/37%). This is needed so that H~'X'0/3k> « H2A2X313.

We make the initial choice H = A2X~!/3k=2 (which again satisfies the constraint H < X
for sufficiently large X) in (13-6). This gives

~ h ~ h
Ao .x+-A;%- —Ap X;;

using (13-5) as A > X'/?t9k3/2. We now make the final optimal choice for H by
choosing

4x )
I dx

heZ*
kX

4x 5
1D de> A2X735 (13-7)

heZ*
kx

AL/2x3/43/4

4x, - 2 '
4 K i ‘Ao (x—I—A;%)—AO (x,%)‘ dx
heZy x

H=

This satisfies the constraint H < A2X~1/3k=2 thanks to (13-7) and the assumption A >
X/248k3/2  Using this choice in (13-6) gives

3X
~ N o~ ( K\
kA2 xR« K A1<x+A;—)—A1(x;—) dx
heZy k k
X
T h m\|?
<LK X32A E/Zo<x+A;—)—Zo(x;—) dx,
heZ; k k
X
and hence
E I NN NS AR N 1/3 1 —1
AO X+A,Z —Ao x,; dx W =A"X k™.

heZZ<X
This completes the proof.

Appendix: corrections to [22]

In [22] there was a wrong factor d instead of the correct factor d 173 in Theorem 1. This
was corrected in [23], which also described how the proofs of Theorem 2 and Corollary 3
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need to be modified in order to obtain the same conclusions. Alas, the computation of the
asymptotics for the Meijer G-function revealed another mistake in the proof of Theorem 1
of [22]. Namely, when j = 1, the I"-quotient expression used to approximate the I"-quotient
coming from the functional equation of the twisted L-function of the underlying Maass
cusp form is correct only in the upper half-plane; in the lower half-plane the factor # should
read (—i), thereby changing Theorem 1, though fortunately not really affecting the proofs of
Theorem 2 and Corollary 3 apart from obvious cosmetic changes. The corrected formulation
of [22, theorem 1] reads as follows.

THEOREM A-1. Let x, N € [2, oo[ with N < x, and let h and k be coprime integers with
1 <k < xandk < (Nx)'/3, the latter having a sufficiently small implicit constant depending
on the underlying Maass cusp form. Then we have

Z A(m, 1) e(%)

m<x

/3 Z Z Ad, m)z (h - 5) e(j:3d2/3m1/3x1/3>
271\/_ ’ d k

dlk d2m<Nk
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