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Let 𝐹𝑛 denote the free group on 𝑛 generators. It is shown to be undecidable for two morphisms 
𝑔, ℎ∶ 𝐹𝑛 → 𝐹2 and a generator element 𝑎 of 𝐹2, whether or not there exists an element 𝑤 ∈ 𝐹𝑛

such that 𝑔(𝑤) = 𝑎 and ℎ(𝑤) = 1, where 1 is the identity element.

As is well known the Post Correspondence Problem is undecidable for free monoids, i.e., it is undecidable for pairs of morphisms 
𝑔, ℎ∶ 𝐴∗ →𝐵∗ whether or not there exists a nonempty word 𝑤 such that 𝑔(𝑤) = ℎ(𝑤); see Post [5]. In other words, it is undecidable 
if the equalizer

𝐸𝑞(𝑔,ℎ) = {𝑤 ∣ 𝑔(𝑤) = ℎ(𝑤)}

is nontrivial.

A more restricted version of the problem, where the images of the morphisms are fixed, is trivial for free monoids, i.e., one can 
easily check for two morphisms 𝑔, ℎ and fixed words 𝑥, 𝑦 whether or not there exists a word 𝑤 such that 𝑔(𝑤) = 𝑥 and ℎ(𝑤) = 𝑦. 
Indeed, the sets 𝑔−1(𝑥) and ℎ−1(𝑦) are regular, and so is their intersection. Moreover, the emptiness problem is decidable for regular 
languages.

For free groups this problem is more complicated, due to cancellations by the inverse elements. Indeed, we shall show that the 
restricted problem becomes undecidable for very simple elements 𝑥 = 𝑎 and 𝑦 = 1, where 𝑎 is a generator of the free group and 1 is 
the identity element.

Denote by 𝐹𝑛 the free group of the reduced words freely generated by the 𝑛 elements 𝐴𝑛 = {𝑎1, 𝑎2, … , 𝑎𝑛}. For a subset 𝑆 ⊆ 𝐹𝑛, 
let ⟨𝑆⟩ be the subgroup of 𝐹𝑛 generated by 𝑆 . Clearly, ⟨𝑆⟩ is a free subgroup of 𝐹𝑛. For this and other properties of free groups, we 
refer to the book by Lyndon and Schupp [2].

The following theorem is due to Miller [4] for 𝐹6, and Schupp [6] for 𝐹2. The result is based on the work of Mikhaı̆lova [3].

Theorem 1. It is undecidable for finite subsets 𝑆 ⊆ 𝐹2 × 𝐹2 whether or not ⟨𝑆⟩ = 𝐹2 × 𝐹2.

Now, ⟨𝑆⟩ = 𝐹2 × 𝐹2 if and only if (1, 𝑎𝑖) and (𝑎𝑖, 1) are in ⟨𝑆⟩ for both 𝑖 = 1, 2. Since there are only finitely many of these pairs, 
we have, by symmetry, the following corollary.

Corollary 1. It is undecidable for finite subsets 𝑆 ⊆ 𝐹2 × 𝐹2 and generators 𝑎 of 𝐹2 whether or not (𝑎, 1) ∈ ⟨𝑆⟩.
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Each finite subset 𝑆 ⊆ 𝐹2 × 𝐹2 can be identified by a pair of morphisms 𝑔, ℎ∶ 𝐹𝑛 → 𝐹2, where 𝑛 is the cardinality of 𝑆 , say 
𝑆 = {(𝑢1, 𝑣1), … , (𝑢𝑛, 𝑣𝑛)}, by letting

𝑔(𝑎𝑖) = 𝑢𝑖 and ℎ(𝑎𝑖) = 𝑣𝑖 for the generators 𝑎𝑖 ∈𝐴𝑛.

Corollary 2. It is undecidable for pairs of morphisms 𝑔, ℎ∶ 𝐹𝑛 → 𝐹2 whether or not ⟨(𝑔(𝑎), ℎ(𝑎)) ∣ 𝑎 ∈𝐴𝑛⟩ = 𝐹2 × 𝐹2, i.e., whether or not

{(𝑔(𝑤), ℎ(𝑤)) ∣𝑤 ∈ 𝐹𝑛} = 𝐹2 × 𝐹2.

Corollary 3. It is undecidable for pairs of morphisms 𝑔, ℎ∶ 𝐹𝑛 → 𝐹2 and a generator 𝑎 of 𝐹2 whether or not there exists an element 𝑤 ∈ 𝐹𝑛

such that 𝑔(𝑤) = 𝑎 and ℎ(𝑤) = 1.

The equalizer of two morphisms 𝑔, ℎ∶ 𝐹𝑛 → 𝐹𝑚 is defined by

𝐸𝑞(𝑔,ℎ) = {𝑤 ∣ 𝑔(𝑤) = ℎ(𝑤)}.

It is a free subgroup of 𝐹𝑛.

One of the main open questions for the equalizers of free groups was posed by Stallings [7]: if both 𝑔, ℎ∶ 𝐹𝑛 → 𝐹𝑚 are injective, 
does the generator set of 𝐸𝑞(𝑔, ℎ) have at most 𝑛 elements?

See Logan [1] for rank two free groups.

The original statement by Post [5] for word monoids was that there exists finitely generated free monoids for which the Corre-

spondence Problem undecidable. In a more general setting, we can consider arbitrary (finitely generated) monoids 𝑀 . Then the Post 
Correspondence Problem for 𝑀 , asks whether, for given pairs (𝑔, ℎ) of morphisms 𝑔, ℎ∶ 𝑀 →𝑀 , there exists an element 𝑥 ∈𝑀 such 
that 𝑔(𝑥) = ℎ(𝑥) with 𝑥 ≠ 1, the identity element of 𝑀 .

Problem. Characterize those monoids for which the Post Correspondence Problem is decidable.
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