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Abstract

We study weak solutions and minimizers u of the non-autonomous problems div A(x, Du) =
0 and min,, fQ F(x, Dv) dx with quasi-isotropic (p, q)-growth. We consider the case that u
is bounded, Holder continuous or lies in a Lebesgue space and establish a sharp connection
between assumptions on A or F and the corresponding norm of u. We prove a Sobolev—
Poincaré inequality, higher integrability and the Holder continuity of # and Du. Our proofs
are optimized and streamlined versions of earlier research that can more readily be further
extended to other settings. Connections between assumptions on A or F and assumptions on ¢
are known for the double phase energy F(x, &) = |£|P + a(x)|£]|9. We obtain slightly better
results even in this special case. Furthermore, we also cover perturbed variable exponent,
Orlicz variable exponent, degenerate double phase, Orlicz double phase, triple phase, double
variable exponent as well as variable exponent double phase energies and the results are new
in most of these special cases.

Mathematics Subject Classification 35B65 - 35A15 - 35J62 - 46E35 - 49N60

1 Introduction

We consider the divergence form, quasilinear elliptic equation
divA(x, Du) =0 in Q, (divA)

and the corresponding F-energy minimization

min/ F(x, Du) dx, (min F)
woJg
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where A and F have quasi-isotropic (p, g)-growth (see Definition 4.1). Since we allow A
and F to depend on x, these are non-autonomous problems. The strategy for dealing with
non-autonomous problems is often the reduction to and approximation with autonomous
problems, such as the p-power energy F (&) := |€|”, p € (1, 00), and the p-Laplace equation
with A(§) := |&|P~2&. The maximal regularity of weak solutions already to the p-Laplace
equation when p # 2 is Cl2 for some o € 0, 1) (e.g., [23, 29, 43, 46, 52]) and this is the
objective also in more general cases, including in this article. The approximation technique
is often used to deal with Marcellini’s [47] (p, q)-growth energies, |£|P < F(§) < |§19 + 1
and 1 < p < ¢, provided that % is close to 1, see, e.g., [9, 10, 21, 22, 48].

To explain the objective of the current paper we consider the double phase functional
F(x,&) = &P +a(x)|&]9 withl < p < ganda: Q — [0, Ly], which is a special case of
(p, q)-growth. This model was first studied by Zhikov [53, 54] in the 1980’s and has recently
enjoyed a resurgence after a series of papers by Baroni, Colombo and Mingione [6-8, 15-17].
They studied the relationship between the parameters p and ¢ and the Holder-exponent o
of a and established maximal regularity of the minimizer « in the following three cases of a
priori information:

(apl) u e WhP(Q)andg — p < Za
(ap2) u € L*®(Q)andg — p < o
(ap3) u e CO7(Q)andg — p < ﬁa

Furthermore, in the first two cases the inequality is sharp in the sense that there exist counter-
examples to regularity which fail the inequality arbitrarily little [5, 28]. The case of equality
in (ap3) is an open problem. Ok [50] added to these a fourth, likewise sharp, case:

(ap4) ueL* (Q)andg — p < ja

In view of the Sobolev embedding when s < n, s = n and s > n, this suggests the unifying,
albeit slightly stronger, assumption u € W'*(Q) and ¢ — p < %oc.

While the relationship between a priori information on # and the conditions for dou-
ble phase F are quite well understood, this is not the case for the wide range of recently
introduced double phase variants, which extend it or combine it with the variable exponent
case F(x, &) = |€|PY) [24, 51]. These variants include perturbed variable exponent, Orlicz
variable exponent, degenerate double phase, Orlicz double phase, triple phase, double vari-
able exponent and variable exponent double phase. See Corollary 1.1 for the corresponding
expressions F and Table 1 for examples of our assumptions in some of these cases. We refer
to [41] for references up to 2020 and [3, 4, 18, 20, 30, 32, 45, 49] for some more recent
advances on variants of the variable exponent and double phase models.

In most of the special cases, both lower and maximal regularity remain unstudied under
assumptions (ap2)—(ap4). Recently, Baasandorj and Byun [2] proved maximal regularity of
the Orlicz triple phase case in a massive paper. Rather than study each case individually,
we introduced an approach based on generalized Orlicz spaces in [41] and proved maximal
regularity for minimizers when F(x,&) = F(x, |£|) has so-called Uhlenbeck structure.
In [42] we extended the results to weak solutions and minimizers of problems with (p, ¢)-
growth without the Uhlenbeck restriction. In both articles we only considered the assumption
ue wheQ) corresponding to case (ap1). In this article we cover all the different assumptions
from cases (ap1)—(ap4), including as special cases all the double phase variants listed in the
previous paragraph.

We build on the harmonic approximation approach from [8]. Our method is more stream-
lined and we are even able to improve the results in the double phase case slightly by
introducing the following version of (ap2), which is natural to expect based on the intuition
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of the Sobolev embedding, and a version of (ap3) with equality provided we have vanishing
Holder continuity:

(ap2)u € BMO(Q)andg — p < «
(ap3)u € VCOY (@) andg — p <

This article represents a substantial generalization and unification of prior theory. We expect
that our optimized methods can more readily be further extended to other settings.

In recent years, many papers consider bounded weak solutions or minimizers (i.e.
Case (ap2)), see for instance [2, 12, 16, 34]. The boundedness can be naturally obtained
from the maximum principle for bounded Dirichlet boundary value problems, and is thus a
fundamental assumption. The following special case of Corollary 5.14 showcases our results
for L°°. We emphasize that even many of these special case results are new and that our main
results, Theorems 5.3 and 5.11 and Corollary 5.14, also cover other a priori assumptions and
structures.

Corollary 1.1 (Bounded minimizers in special cases) Let | < p < min{q, r}, the variable
exponents p(x) and q(x) with p(x) < q(x) be Holder continuous and bounded away from 1
and oo, and a € C%% and b € C%% pe non-negative and bounded. Assume that F(x, &) =
f(x, |&E]) equals one of following functions with corresponding additional conditions hold:

Model f(x, 1) Additional condition
Perturbed double phase tP + a(x)t9 log(e + 1) g =2q—p

Triple phase tP +a(x)t? + b(x)t" ay=2q—p&ap>=>r—rp
Variable exponent double phase PO 4 g (x)rd) ag(x) = q(x) — p(x)

Then every minimizer u € WI’I(Q) N L*°(2) of (min F) satisfies u € Cllo’g () for some

loc

a € (0, 1) independent of ||lu|| L= ).

Remark 1.2 The previous corollary holds also with the weaker, but more difficult to check,
assumption u € Wlé’cl (2) N BM O(£2). Without the additional a priori information u €
BM O(£2), the additional conditions are

0> (g —p)ap > o —p). andaa(x) > ——(q(x) — p(x)).
p p p(x)

These are stronger assumptions when p < n as expected, since if p > n, then WIL’CP (2) C
BM 010 (£2), so the a priori assumption © € BM O(S2) actually contains no additional

information.

Remark 1.3 Our results also apply in the following cases with the same assumptions as in
Corollary 1.1.
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Model fx, 0)

Perturbed variable exponent 70 log(e + 1)

Orlicz variable exponent P()PX) or @(rP())
Double variable exponent PO 4 g ()
Degenerate double phase tP + a(x)tP log(e + 1)

However, in these cases the a priori information does not give any improvement in the result.
The reason is that for these energies, a calculation shows that (A1-n) holds if and only if the
(A1) condition holds, see Sect.3. In other words, for these cases we obtain a new proof of
results previously obtained in [42].

On the other hand, a priori information does matter for the Orlicz double phase ¢(t) +
a(x)y (t), where a € C%* and /¢ is almost increasing, but the conditions get a bit messy.
The main condition is that for each ¢ > 0 there exists 8 > 0 such that

—1/(14¢
A(r)w(r /(1+e)y -,
(p(r_l/(1+€)) ~
The detailed calculations are left to the interested reader, cf. [41, Corollary 8.4].

We study regularity of weak solutions or minimizers u with the additional information that
they belong to L, BMO, L™ or C*V and study sharp conditions on A or F corresponding
to restrictions on u. See Definition 3.1 for these sharp conditions and Example 3.2 for their
interpretation in the double phase case. The functions A :  x R" — R”" from (div A)
and F : Q x R" — R from (min F) have quasi-isotropic (p, ¢)-growth structure, given in
Definition 4.1. We briefly explain the strategy and structure of the paper.

In Sect. 3, we consider lower order regularity in cases of generalized Orlicz growth and
a priori information. We prove C%%-regularity for some o € (0, 1) and higher integrability
for quasiminimizers (Theorems 3.12 and 3.14). These are based on Sobolev—Poincaré type
inequalities with a priori information, which are obtained in Theorem 3.4 with Lemma 3.8.

In Sect. 5 we prove the main results, maximal regularity of weak solutions and minimizers
for cases (ap2)—(ap4). We prove C**-regularity for every o € (0, 1) and C'-®-regularity for
some « € (0, 1) assuming a priori C 0.7 _information (Theorems 5.3 and 5.11). Other cases
follow as corollaries by the lower order regularity results. The crucial step of the proofs is
approximating the original problem (div A) and (min F') with a suitable autonomous prob-
lem and obtaining a comparison estimate between solutions to the original problem and the
autonomous problem. For the approximation we use tools from [42], but the comparison is
achieved quite differently from our earlier papers. In this paper, we use harmonic approxi-
mation in Lemma 4.13 generalizing the double phase case from [8]. The main innovations
are inventing assumptions and formulating results optimally to cover all special cases while
also being sharp, see comments before Theorem 5.3 for details.

We start in Sect. 2 by recalling notation, definitions and basic results on generalized Orlicz
spaces.

2 Preliminaries and notation

Throughout the paper we always assume that 2 is a bounded domain in R” with n > 2. For
xo € R" and r > 0, B, (xg) is the open ball with center x¢ and radius r. If its center is clear
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or irrelevant, we write B, = B, (xo). The characteristic function xg of E C R" is defined
as xyp(x) =lifx € Eand xg(x) =0ifx ¢ E.

Let f, g : E — R be measurable in £ C R”. We denote the integral average of f over
E with 0 < |E| < co by (f)g = fp fdx := ﬁfEfdx. The gradient of f is denoted
Df.If E C R, then f is said to be almost increasing with constant L > 1if f(s) < Lf(¢)
whenever s < ¢. If L = 1, f is increasing. Similarly, we define an almost decreasing or
decreasing function. We write f < g, f ~ g and f =~ g if there exists C > 1 such that
F) <Cg(y), C7'f(y) < g(y) < Cf(y)and f(C'y) < g(y) < f(Cy) forally € E,
respectively. We use ¢ as a generic constant whose value may change between appearances.

A modulus of continuity o : [0, 00) — [0, 0o) is concave and increasing with w(0) =
lim,_, o+ w(r) = 0. We define the Holder seminorm by

W), = lulyg = sup LTI L, = suplul, s cong.
X, yERQ, xF#y |X - y|y xeQ

Vanishing Holder continuity V%Y () means that u € C%7 () and lim,_, o+ [ul,, = 0.
The spaces C 0.y()(Q) and %192 (), as well as their vanishing versions, are defined similarly
with |x — y|¥“) and log(e + LY instead of |x — y|” in the denominator.

lx—yl
We refer to [33, Chapter 2] for the following definitions and properties.

Definition 2.1 We define some conditions for ¢ :  x [0, co] — [0, 00) and y € R related
to regularity with respect to the second variable, which are supposed to hold for all x € Q
and a constant L > 1 independent of x.

(alnc),, t — @(x,1)/t” is almost increasing on (0, co) with constant L.
(Inc), t + @(x,1)/t” is increasing on (0, 00).

(aDec),, t — @(x,t)/t” is almost decreasing on (0, o) with constant L.
(Dec), t — @(x,1)/t” is decreasing on (0, 00).

(A0) L7' < o(x, 1) < L.

We write (alnc) or (aDec) if (alnc),, or (aDec), holds for some y > 1.

We can rewrite (alnc),, or (aDec), with p, g > 0 and constant L > 1 as
@(x, ) < LAPo(x,1) and @(x, Ar) < LA9¢(x,t), respectively,

forall (x,7) € 2 x[0,00) and 0 < A < 1 < A. From these inequalities one sees that (alnc)
and (aDec) are equivalent to the V,- and A,-conditions, respectively. The definition of (A0)
above differs slightly from [33] but the two definitions are equivalent when ¢ satisfies (aDec).
If o(x, -) € C'((0, 00)), then for 0 < p < ¢,

< 1o (x, 1)
(x,1)

Suppose ¢, ¥ : [0, 00) — [0, 00) are increasing, ¢ satisﬁNes (alnc); and (aDec), and %
satisfies (aDec);. Then there exist a convex ¢ and a concave ¥ such that ¢ ~ ¢ and ¢ ~ ¢
[33, Lemma 2.2.1]. Therefore, by Jensen’s inequality for ¢ and v,

< <
¢ (7‘9 Ifldx> < ]igoﬂﬂ)dx and ]{2W(If|)dx <y (752 Ifldx>

for every f € LY(Q) with implicit constants depending on L from (alnc); and (aDec) or
(aDec); (via the constants from the equivalence relation).

¢ satisfies (Inc), and (Dec)y <= < g forallt € (0, 00).
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We next introduce classes of ®-functions and generalized Orlicz spaces following [33].
We are mainly interested in convex functions for minimization problems and related PDEs,
but the class @, (2) is very useful for approximating functionals.

Definition 2.2 Let ¢ : Q x [0, 00] — [0, 00). Assume x — @(x, | f(x)|) is measurable
for every measurable function f on 2, r — ¢(x, ) is increasing for every x € €, and
¢(x,0) =lim;_, o+ ¢(x, 1) = 0 and lim;_, o, ¢(x, 1) = oo for every x € Q. Then ¢ is called
a

(1) ®-function, denoted ¢ € &, (), if it satisfies (alnc)y;
(2) convex ®-function, denoted ¢ € (), if t — @(x,t) is left-continuous and convex
for every x € Q.

If ¢ is independent of x and ¢(x, 1) := @(¢) satisfies ¢ € Py () or ¢ € O(£2), we write
¢ e dyorgpe d..

Note that ®.(2) C P (£2) since convexity implies (Inc);. For ¢, ¥ € ®,(£2) the relation
=~ is weaker than =, but they are equivalent if ¢ and i satisfy (aDec). We write

+ — .
t) ;== su x,t) and t) := inf X, 1).
@g, (1) xeBr%Qsa( ) @p, (1) xemg(ﬂ( )

The (left-continuous) inverse function with respect to ¢ is defined by
gofl(x, t):=inf{t 2 0: ¢k, 1) >t}

If ¢ is strictly increasing and continuous in ¢, then this is just the normal inverse. We define
the conjugate function of ¢ € ®,(2) by

©*(x,1) ;= sup (st — @(x, s)).
520

The definition directly implies Young’s inequality
ts < o(x,t) +¢*(x,s) forall s, >0.

If ¢ satisfies (alnc), or (aDec), for some p,q > 1, then ¢* satisfies (aDec) p or (alnc)y/,
respectively; the prime denotes the Holder conjugate, p’ = %. We also note that (¢™)* = ¢
if ¢ € .(2) by [24, Theorem 2.2.6].

If 9 € ®.(R), then there exists an increasing and right-continuous ¢’ : Q x [0, 00) —
[0, c0) such that

t
Px, 1) = / ¢ (x,s)ds.
0
We collect some results about this (right-)derivative ¢’.

Proposition 2.3 (Proposition 3.6, [41]) Let y > 0 and ¢ € ®.(L2).

(1) If ¢’ satisfies (Inc),,, (Dec),, (alnc), or (aDec),, then ¢ satisfies (Inc), 1, (Dec)y, 1,
(alnc)y 11 or (aDec), 11, respectively, with the same constant L > 1.

(2) If ¢ satisfies (aDec),, then 2V T1L)~ltg/ (x, 1) < p(x, 1) < 1/ (x, 1).

(3) If ¢’ satisfies (AO) and (aDec), with constant L > 1, then ¢ also satisfies (AQ), with
constant depending on L and .

(4) ¢*(x,¢'(x, 1)) < tg'(x,1).
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Let L°(£2) be the set of the measurable functions on §2. For ¢ € @y (), the generalized
Orlicz space (also known as the Musielak—Orlicz space) is defined as

L) = {f e LY@ : | flle( < o0},
with the (Luxemburg) norm

I fllLe(e) = inf [A >0: QW(§> < 1}, where 0, (f) := /Q(p(x, | f)dx.

We denote by W'#(Q) the set of functions f € W1(Q) with || flly1e(q) = I fllLe +
|| |Df| ”Lw(sz) < oo. Note thatif ¢ satisfies (aDec), then f € L?(L)ifand onlyif o, (f) < oo,

and if ¢ satisfies (A0), (alnc) and (aDec), then L¥(€2) and W!¢ () are reflexive Banach
spaces. We denote by WO1 ? () the closure of CSO(Q) in W1# (). For more information
about generalized Orlicz and Orlicz—Sobolev spaces, we refer to the monographs [14, 33]
and also [24, Chapter 2].

3 Lower regularity with a priori assumptions
Continuity assumptions

The condition (A1), introduced in [39] (see also [44]), is a “almost continuity” assumption,
which allows the function to jump, but not too much. It implies the Holder continuity of
solutions and (quasi)minimizers [11, 36, 37]. For higher regularity, we introduced in [41]
a “vanishing (A1)” condition, denoted (VA1), and a weak vanishing version, (wVA1) and
generalized them to the quasi-isotropic situation in [42]. The anisotropic condition was further
studied in [13, 40]. These previous studies applied to the “natural” energy assumption u €
Wb (), called Case (apl) in the introduction. The (Al-n) and (Al-y) conditions for a
priori energy assumptions were developed in [36] and [11] for functions in L% and W1V,
respectively. Here we generalize and unify all the conditions for a priori information; the
most important one for this article is (VA1-s).

Definition3.1 Let M, N € N, G : @ xR — RN vy : Q x RM — [0, 00), L, > O,
re0,1]and w : [0, 1] — [0, L,]. We consider the claim

1G(x.8) = G(y.8)| <o()(1G(y. &) + 1) when ¥(y,£) €[0,]B,|7"]
forall x, y € B, N Q and £ € RM. We say that G satisfies:

(A1-v) if there exists L, such that the claim holds with w = L.

(VA1-v) if there exists L, and a modulus of continuity @ such that the claim holds.
(WVAL-y) if it satisfies (VA1-y1+¢) for every ¢ > 0, with possibly different functions
s but a common L, independent of ¢.

When v (x, §) = |&€]° with s > 0 we use the abbreviations (Al-s), (VAl-s) and (wWVAI-s)
and in the case v = |G| we write (A1), (VA1) and (WVA1). We also use the definition for
Y Q x [0, 00) — [0, co) with the understanding that ¢ (x, §) = ¥ (x, |&]).

It can be easily seen that (VAl-s)==(wVAl-s) =(Al-s) and (VA1l-s")==(VAl-s) if
s’ < s, similarly for (WVA1-s) and (Al-s). In the case M = N = 1, these conditions
are somewhat differently formulated than in earlier papers, but we showed in [42] that the
formulations are are equivalent to previous versions under natural assumptions on G.
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Table 1 Examples of sufficient conditions in special cases

Model and function (Al-s) (WwVA1-s) (VA1l-s)
Variable exponent P*) pecClog p e vclos pevcle
Orlicz variable exponent (1)) p e Clog pevches pevclos
Double phase 7 +a(x)t?, a := 2(q — p) aecCY aecCY aevcH

Double phase variable exponent
PO 4 a9, p g € C°%, o 1= (g — p) aecet) aecet) aevecr®)

The next example shows the relevance of the parameter s in (Al-s) in the double phase
case. Similar relations for other cases are summarized in Table 1.

Example 3.2 Consider two double phase energies for | < p < ganda: Q2 — [0, L].

e Letyi(x,1):=tP +a(x)t?,a e v %2 (Q) for some & € (0, 1].
If g — p < ja, then ¢ satisfies (VA1-s) with w proportional to the modulus of continuity
of a.
o Let po(x,t) =t +a(x)?t9, where @ > 0 and a € C%1(Q).
n(g—p) . 1
Ifg—p < L, then ) satisfies (Al-s) and (WVA1-5) with o () = ¢rl~ T mintl &),

n(g—p) . 1
(a==5=)min{l, 7}

If ¢ — p < S a, then @ satisfies (VAl-s) with w(r) = cr

Note that these conditions can hold for £ arbitrarily large. We show the second case only
since the first case can be obtained in the same way as the second case with @ < 1. We will
use the elementary inequality

la — b|*, 0<a<l,

ja® — b <1
ced' "%la — b|* + 8b%, o> 1,

which holds for any a, b > 0 and § € (0, 1]; here ¢, > 0 is a constant depending on «. The
second inequality (o« > 1) follows from Young’s inequality applied to the right-hand side of
b* —a® < ab* (b —a) whenb >a > 0.
1
Suppose that g — p < %a and letx, y € B, withr € (0, 1Tand ¢t € (0, |B,| 50+ ] with
& 2 0. Applying the preceding inequality with @ = a(x) and b = a(y), we obtain that

9200.1) = g2y, 0] 78 = 40P < T oy
when 0 < o < 1; in the case o > 1, we choose § := r{a_%}é and find that
P20, 1) = @2(y. 0] S (6'7r* + a(y)* )
< sl-e e o +da(y)*t? = r{afr:(lqﬁ?}ém(y, 1).
These inequalities imply the desired (Al-s), (WVA1-s) and (VA1-s)-conditions.

Let us show how to use the smallness of @ to obtain the inequality from (VAl-s) for a
slightly larger range. Intuitively, we shift some power from the coefficient to the range. In
this proof it is important that the range of £ in the condition is independent of x, so the result
does not generalize to (VA1-y) easily, unless ¥ (x, ) = ¥ (t).
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Proposition3.3 Ler G : © x RM — RV satisfy (VAl-s), 8 € [0,1] and r € (0, 1]. If
(' < L then for everyx,y € B, N,

1G(x, &) — G, &) <0 (1G(y, &) + 1) when 3"w ()" "D &|" € [0, |B,|7"].
Proof Note by the concavity of log that 7 log 2 < log(1 +¢) < ¢t when ¢ € [0, 1], and set
L Llog(l + w(r)?)

" Llog(d + w(r)

where | 7] is the largest integer less than or equal to T € R. Suppose x,y € B, N Q and
3w ()" =g < |B,|~L. Then |€|* < k"B, since 1 < (3k)" ()"~ We split the
segment [x, y] into k equally long subsegments [x;, x;+1] with xg = x and x4 = y so that
Xi, Xi4+1 € By Since [£]° < IB,/kl’l, we can use (VA1-s) to estimate

G, &)+ 1 <1+ 0N(GRi+1, O+ D < - < A+ o) (G, &)+ 1).

We use this estimate with the triangle inequality and (VA1-s):

log 2 I
J > |w) ' log2] > —Oi o)’ > gw(r)e_l >1,

k—1

k
G(x,6) =Gy, O <) IG(i+1,8) — Gxi, H) < w(r) Y (G (x;, &) + 1)

i=0 i=1

k
<o) Y (1+oE) (G, &)+ 1)

i=1
= [0+ o0 = 111Gy, &) + D).
This gives the desired estimate, since by the definition of &,

log(1+w(n?)

A+or)' <A+ o) e =14+ w()’.

Sobolev-Poincaré inequality

We derive a modular Sobolev—Poincaré-type inequality in generalized Orlicz spaces assuming
a priori information. We first state the inequality with an abstract condition, which is explored
further in Lemma 3.8 and Example 3.9. The example shows that the conditions in Lemma 3.8
are essentially sharp for the Sobolev—Poincaré inequality, at least when s < n. This approach
is inspired by [11].

Theorem 3.4 (Sobolev—Poincaré inequality) Let ¢ € ®y(B;) satisfy (A0), (alnc), and
(aDec), with 1 < p < g,and letu € WH1(B,). If

][ (M)de < by for vi= W] (3.5)
Br (pBr (U) +1 r

and some bg, 6 > 0, then

1
' %
<]L o(x, v)9o dx) 0 < c][ gogr(lDul)dx—i-c
r Br

for - = 1 —min{Z£, c} 4+ 3 with any « € (0, 1) and some ¢ = ¢(n, p, q, L, , bp) > 0.
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Remark 3.6 In the previous theorem we can choose 6y > 1 if and only if 6 > max{l, %}.

The choice 6y = 1 is additionally possible when § = % > 1. These are the most important

cases, but the theorem allows also for 6y € (0, 1) in cases with small 6.

Remark 3.7 Let 1 < p < ¢. Suppose that ¢ satisfies (3.5) with 6 such that 6y > 1. Then so
does ¢!/7 with 0’ := @t and 7 € (1, p). Theorem 3.4 for ¢!/ implies that

of L T
(7[ (p(x,v)Tde>9° gc(][ (p(x,|Du|)%dx> +c,
B, B,

where gi, =1- min{f, K} + 6%. Note that 9{) — 6p > 1 when t — 1 so we can choose t
0

with 070 > 1. Thus there exists #; > 1 depending n, p and 6 such that

. L . 0
(f go()c,v)‘91 dx)é)l <C<]L ga(x,IDul)% dx) + c.

Proof of Theorem 3.4 To obtain a differentiable function, we define ¢ € ®. by

! 5, ()
V() = / sup 870
0 oe(0,r] ©O

From (alnc); of ¢ we see that 26 < Y1) < (pB;(t); with (alnc); and (aDec); we

conclude that <pB 1/f(t) Choose s = min{p, kn} € [1,n) and Oy € (0, H) with % =
1— A + Note that 2 003 =((1-%80)"" = (1 — ©)~! > 1. By Holder’s inequality with

exponents Gos and (2 %05 )’ = % and the assumption (3.5),

1 s
b 1 g oF =
(7[ ¢(x,v>00dx> ’ 5b8( 1/f(v)7dx+1> .
T Br

We use the Sobolev—Poincaré inequality in L* and v/ (¢) ~ v (¢)/t to conclude that

(f W) — G5, dx) ) Nr“]i V(¥ ()}

~ ][ Y)Y W IVl d
v @)
vs

|Vul* dx

By
Since ¥ satisfies (alnc), and s < p, ¥ (f) == t[f(t]/s) satisfies (alnc);. Therefore Young’s
inequality for v and ¥ (‘/"(t)) < Y5 (1) [35, Lemma 3.1] with t := v® give wwms <
Y (v) + ¥ (|Vu|). Continuing the previous estimate with the LS*—triangle inequality and
¥ ~ ¢p , we find that

(7{3 w(vﬁdx)“' 5]{9 w;,(|w|)dx+]i V) dx + G )7)y, .

By Holder’s inequality, (1//(1))%)‘;% < (¥ (v)) B, and by the modular Poincaré inequality in
the Orlicz space LY [33, Corollary 7.4.1], (¥ (v)) B, can be estimated by the first term on the
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right-hand side. Combined with the inequality from the previous paragraph, this gives the
claim. O

Let us derive some sufficient conditions for the assumption of the previous theorem by
complementing [11, Proposition 4.2]. Also the cases u € L"’#(Br) and u € Wh¥(B,) for
Y € Oy (B,) and (Al-y) are covered by [11], and could likewise be considered here. We
define the bounded mean oscillation semi-norm as

[ulsmo(s,) == sup ][ lu— (u)p,|dx.
B,CB, /B,

Note that in case (3) of the following lemma we need s > n(1 — g) in order that 6y > 1 in

Theorem 3.4, cf. Remark 3.6.

Lemma 3.8 Let ¢ € @y (B,) satisfy (A0), (alnc),, (aDec), and (Al-s) with 1 < p < q and
letu € L' (B,). Assume one of the following holds:

(1) s >nand[ulyp <bwithy :=1—%.
(2) s =nandlulpmos,) <D.
(3) s € [1,n) and |lull g, < b.

*

Then (3.5) holds for any 6 > 0 in Cases (1)—(2) and for 6 = q‘ip in Case (3). The constant
bg depends only onn, p, q, L, L, and b.

Proof 1f [u], < b,thenv < 2|Bl|%b|Br|y771 and gog'r (v) < wgr(v)—i-l by (A1-s), so the claim
holds in Case (1). For the same reason and (A0), the integrand in (3.5) in Case (2) is bounded
at points with v < max{|B,|~!/", 1}. On the other hand, at points with v > max{|B,|~'/", 1}
we estimate, by (A0), (alnc),, (aDec), and (Al-n),

P gt (v yrrol BTV v

)q_p lu — (u)p, 177
B = ~ - - =) = |u — (u)B, .
pp, W) +1  gp (V) |B,|~1/n ‘/’B,(|Br|7l/") 1

We obtain for any exponent 8 > 0 that

o(x,v) )9 f 0(g—p) 0(g—p)
—— ) dx S lu— g " TP dx+1 5 [u] +1,
fB, ((pBr (U) +1 B BMO(By)

where in the last inequality we use the well-known reverse Holder type inequality for mean
oscillations in LH(q_p)—space and BM O (cf. [26, Lemma A.1]). Case (3) was proved in [11,
Proposition 4.2]. O

The estimates for the Sobolev—Poincaré inequality may seem crude, but the following
example shows that the end result is sharp, i.e. the claim is false if (Al-s) is replaced by
(Al-s") for any s” < s. See also [11, Section 5] for a one-dimensional example.

Example 3.9 Let n = 2 and denote the quadrants by Q; C R?, k € {1,2,3,4}. Let 5 :
[0,4] — [0, 1] be the piecewise linear, 3-Lipschitz function with n[%,%] = n[%g] = 1 and
n1,2] = N3,4) = 0. We define a : R2 — [0, c0) in polar coordinates as a(r, 0) := r“n(%@).
Thus a equals 0 in Q7 and Q4 and a(x) = |x|% in the sectors with % <0 < % in Q1 and
with %” <6l < 47” in Q3. Consider the double phase functional H (x, t) = t? +a(x)t? with
p < 2 and the function u : R? — R which equals 1 in Q1, —1 in Q3 and is linear in the
polar coordinate 6 in Q2 and Q4. By symmetry, up, = 0 for every ball B, centered at the
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origin and v := %|u — (), | = % in the sectors in Q1 and Q3. The derivative of u equals
zero in Q1 and Q3; in the other quadrants the radial derivative is zero, and in the tangential
derivative equals %. For a constant £ > 0 we estimate, based on the sectors in Q and Q3,

1 " 14ak
_ kya — _1 a—qpq
g H(x, kv)dx > 2 ) (DTds = 5757k

and, since the support of the derivative is Q2 U Q4 where a = 0,

[
H(x, k|Vul)dx = — / sy ds = S (dyPrpkP,
B r= Jo r
If the modular Poincaré inequality from Theorem 3.4 holds with 6y = 1 (the weakest relevant
case), then

Ok < orTPkP 4+ ¢ sothat r*TUTPIRITP Lo orPkTP.

Suppose that we want the constant in the inequality to depend on the L* -norm of ku. We
calculate ”k””LS*(B,) = ckr?5" Thus k = cr=2/%" and so

F2=@=P) 4= o 2= (EHD@G=P) _ a—Fa—p)

This remains bounded as r — 0 when o > %(q — p) which is exactly the (A1-s) condition
when n = 2 and shows the sharpness of Case (3). If s = n = 2, this shows the sharpness
of Case (2), even if we allow the constant to depend on the L°°-norm. Similarly, we see
that if the constant is allowed to depend on py (|Vul), then o > %(q — p) which is (Al).
Unfortunately, Case (1) is not covered, since the counter-example is discontinuous.

Quasiminimizers

In this subsection, we derive regularity results for quasiminimizers with a priori information.
Let ¢ € @ (2). We say thatu € WI]O’f(Q) is a (local) quasiminimizer if there exists Q > 1
such that

/ o(x. |Dul)dx < Q o(x, D)) dx
supp (u—v) supp (u—v)

forevery v € Wli)’c‘p(Q) with supp (v — v) € Q. Quasiminimizers of energy functionals with
generalized Orlicz growth have been studied e.g. in [11, 12, 36-38]. If ¢ satisfies (aDec)y,
then the quasiminimizer u satisfies the Caccioppoli inequality

/ o(x, |Dul)dx < c/ go(x, M) dx, (3.10)
By By r

for some ¢ = c(n, g, L, Q) > 1 and every By, € €2, see [36, Lemma 4.6].

If ¢ satisfies (Al-n), then a bounded qusiminimizer satisfies a Harnack-type inequality
and so is locally Holder continuous [36, Theorem 4.1]. The main ingredients of the proof
are the Caccioppoli estimate (3.10) and the Sobolev—Poincaré inequality (Theorem 3.4). In
Lemma 3.8, we derived several sufficient conditions for the Sobolev—Poincaré inequality.
Therefore, we obtain the Holder continuity under these conditions from almost the same
proof as [36, Theorem 4.1]. We start with local boundedness of quaisiminimizers. The proof
is exactly the same as [36, Proposition 5.5] and is hence omitted.
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Lemma3.11 Let ¢ € O () satisfy (AO), (alnc),, (aDec), and (Al-s) with1 < p < g, and
s € (1, n]. Assume that u € Wll,’f () is a quasiminimizer and u € BM O (2) with s = n, or
ue L“*(Q) withs € (n(1 — g), n). Thenu € L} (S2).

Theorem 3.12 Let ¢ € Oy (2) satisfy (AO), (alnc),, (aDec), and (Al-s) with 1 < p < gq,

and s € (1,n]. Assume that u € Wli)’c(p(Q) is a quasiminimizer and one of the following
holds:

(1) s=nandu € BMO(2).
(2) s €@l = L), n)andu e L (Q).

For every Q' € Q there exists y € (0, 1) depending only onn, p, q, L, Ly, Q and ' such
that u € C%7 ().

Proof Assume first that ¢ satisfies (Al-n) and u € WIL‘C“’ () N L°°(2). Then local Holder
continuity follows directly from the Harnack inequality in [36, Theorem 4.1]. We consider
then assumptions (1) and (2) and note that Lemma 3.11 implies that u € L. ($2). Further-
more, (Al-s) implies (Al-n) when s < n. Therefore, we obtain the local Holder continuity
from the result for bounded solutions. O

We end the section with a higher integrability result for Holder continuous quasiminimiz-
ers. We first observe that if u € C%Y (B,,) for some y € (0, 1) and ¢ satisfies (Al-% ,
then by Jensen’s inequality and the Caccioppoli inequality (3.10)

95, (][ |Du|dx> §7[ ¢g, (IDul)dx 57[ (p<x, M) g
2r B . . g ¢
' ' 2r

][ o, [ul, )™ dx < ()] + [u]‘ﬂ)][ o, r’ N dx
Bor

By,

VA

S (18 + [?) (@, 7 H+1)

which implies

|Duldx < ¢ ([u]ﬁ + [u]f)(ﬂ—‘ ). (.13)
B,

Here ¢ depends on n, p, g, L, L,, and Q, and is independent of y .

Theorem 3.14 (Reverse Holder inequality) Let ¢ € &y, (Q2) satisfy (A0), (alnc), (aDec), and
(Al- 1fy)wilh l<p<qgandy € (0,1). Ifu € WIL’CW(Q) NCO%Y(Bay) isa quasiminimizer
in By € Q, then |Du| € Lo (By) for some o > 0 with the estimate

e

o

(][ (p(x,|Du|)l+0dx> < cpp (f |Du|dx>+c.
B, o By,

The constants o and c depend only on n, p, q, L, L, Q and [ul, p,,.

Proof By the Caccioppoli estimate (3.10) and the Sobolev—Poincaré inequality (from
Remark 3.7 and Lemma 3.8(1)), we obtain

S 1 146,
][ @(x,|Dul)dx <01<7l @(x, |Dul) ™ot dx) +1
B, B

2p
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for every ball B>, C By, where 61 and c| depend on the parameters listed in the statement.
By Gehring’s Lemma (e.g. [31, Theorem 6.6]), there exists o > 0 depending on 6; and ¢

such that
1
lto 140
<][ @(x, [Dul) dX> S ][ @(x, |Dul)dx +1
B BZ/}

0

for every ball By, C Bj-. Moreover, using the technique from [41, Lemma 4.7] with
(Al- lfy ) instead of (A1) and with (3.13) in B,,, we obtain for every ball By, C By, that

1
Tho
<][ o(x, |Du|)!+ dx) < (szp(][ IDuIdx> +1< gagzp(][ |Du|dx> + 1.
Bp BZp BZ,{)

[m}

4 Growth functions and autonomous problems

Letus precisely define our solutions and minimizers. Since we only consider local versions we
will drop the word “local” later on, as indicated by the parentheses. We say thatu € WIL’CI ()
is a (local) weak solution to (div A) if |Du| |A(-, Du)| € Llloc(Q) and

/ A(x,Du)-Dtdx =0
Q

for all ¢ € Wh1(Q) with suppz € Q and |D¢||A(, D¢)| € L'(Q). We say that u €
W, (Q) is a (local) minimizer if F(-, Du) € L} () and

/ F(x, Du)dx < / F(x, Dv)dx
supp(u—v) supp(u—v)

for every v € WIL’CI(Q) with supp(u — v) € Q. Note that if (div A) is an Euler—Lagrange
equation, that is, if A = D¢ F for some a function F, then the weak solution to (div A) is a
minimizer of (min F').

We introduce fundamental assumptions on A : @ X R? — R" or F : Q@ x R" —
[0, oo) with respect to the gradient variable & from [41, 42], so-called (p, g)-growth and
quasi-isotropy conditions (parts (Aii) and (Aiii) of the definition, respectively). Here, “quasi-
isotropic” indicates that A or F can be estimated by a non-autonomous isotropic ®-function,
the so-called growth function.

Definition 4.1 Wesaythat A : Q x R" — R" or F : Q x R" — [0, 00) has quasi-isotropic
(p, q)-growth if conditions (Ai)—(Aiii) or (Fi)—(Fii) hold, respectively.

(Al) Forevery x € , A(x,0) = 0and A(x, ) € CL(R"\{0}; R") and for every & € R",
A(-, &) is measurable.
(Aii) There exist L > 1 and 1 < p < ¢ such that the radial function t — |DgA(x, te)]
satisfies (A0), (alnc), > and (aDec),» with the constant L, for every x € 2 and
e € dB1(0).
(Aiii) There exists L > 1 such that

|De A(x, &) |E]* < L DgA(x, £)E - &
forall x € Q, &, £, & € R"\{0} with |&] = |&'].
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(Fi) Forevery x € Q, F(x,0) = |DgF(x,0)] = 0and F(x,-) € CZ(R"\{0}) and for
every £ € R", F(-, £) is measurable.
(Fii) The derivative A := D¢ F satisfies conditions (Aii) and (Aiii).

The assumptions (Aii) and (Aiii) for A := D¢ F impose the two crucial conditions on
the Hessian matrix D;F . The former means that |$|2D§F (x, &) satisfies a (p, g)-growth
condition which is a variant of (p, ¢)-growth of F. The latter is equivalent to the existence
of L > 1 such that

sup{eigenvalue of D§F(x, £): & € 0B (0)} o7

: - 5 <L forall xeQ and 1 >0. (4.2)
inf{eigenvalue of DSF(x, £): £ €0B/(0)}

Note that all examples in Table 1 satisfy this condition, but not

supf{eigenvalue of D?F(x, & :xeQ,E€dB(0)} .
- - > < L forall t >0, 4.3)
inf{eigenvalue of DEF(x, £): xeQ,&E€dB/(0)}

which holds for F(x, &) ~ a(x)¥ (|€]) with0 < v < a < L. We remark (4.2) and (4.3) are
called the pointwise and global uniform ellipticity condition. Here, “uniform” is concerned
with the variable |£|. For more discussion about this uniform ellipticity condition, we refer
to [22].

Definition4.4 Let A : @ x R" — R"or F : Q x R — [0, 0o) have quasi-isotropic (p, g)-
growth. We say that ¢ € ®.(2) is its growth function if there exist 1 < p; < ¢; and
0 < v < A suchthat p(x, ) € C([0, 00)) for every x €  and ¢’ satisfies (A0), (Inc), -1
and (Dec)y, -1 as well as

¢'(x, 16D 20
2] €]

for all x € Q and £, £ € R”\{0}; in the case of F we assume that the the inequalities hold
for A := D¢ F.

|A(x, £) + |E] |IDeA(x, &)| < A@'(x,|&]) and DzA(x,£)E - >v

In this paper we always use the growth function from the following proposition. Thus the
additional parameters pi, q1, v and A only depend on the original parameters p, ¢ and L.

Proposition 4.5 (Proposition 3.3, [42]) Every A : Q x R" — R"and F : 2 x R — [0, 00)
with quasi-isotropic (p, q)-growth has a growth function ¢ € ®.(2) with p1 = p, q1 = q,
v and A depending only on p, q and L.

By Proposition 2.3, the growth function ¢ satisfies (A0), (Inc),, (Dec),, as well as
©*(x, @' (x,1)) < ¢'(x, 1)t =~ @(x, r). Furthemore, by [42, Remark 3.4] we have the strict
monotonicity condition
¢'(x, 1§ + |§|)IS B

_ £12, Q, £, cR"\ {0},
£+ | S xef s e A0

(A(x,£) — A(x,8) - (E — &) 2
(4.6)

as well as the equivalences

o, |E) ~ A(x, &) - E = |E||A(x, &)| and F(x,§) ~o(x,|&)), xe€Q, £§eR",
A.7)
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where the implicit constants depend on only p, ¢ and L.

Let A : Q@ x R" — R" have quasi-isotropic (p, q)-growth and growth function ¢ and
letu € WIL’CI(Q) be a weak solution to (div A). We showed in [42, Section 4.1] that u is a
quasiminimizer of the ¢-energy for some Q = Q(p, g, L) > 1;in the reference we assumed
that smooth functions are dense in the Sobolev space WL which is reasonable if @ satisfies
(A1). But this is not needed here due to our changed test function class in the definition of
weak solution. Thus we can apply the regularity results for quasiminimizers from Sect. 3 to
weak solutions.

We next show how the (A1)-type condition of A or F transfers to the growth function ¢.
Based on Part (2), we can say that (VA1-y/) and (WVA1-yr) are weaker in the minimization
case than in the PDE case. This justifies studying minimizers separately.

Proposition4.8 Letr A : @ x R" — R"or F : @ x R — [0, 00) have quasi-isotropic
(p, q)-growth and growth function ¢, and let  : Q@ x R" — [0, 00).

(1) A or F satisfies (A1-¥) if and only if ¢ satisfies (A1-1).

(2) If A := D¢F satisfies (VA1-Yr), then so does F, with the same w up to a constant

depending on p, q and L.
(3) If A or F satisfies (VAl-s), s > 0, and 6 € (0, 1], then

|A(x, &) — Ay, &) < co () (¢' (v, 1ED) + 1)

or
|F(x,&) — F(y,&)| < co(? (p(y, E]) + 1)

for By withr € (0,1], x,y € B, N Q and &€ € R" with 3"w(r)"1 =P )&% € [0, |B,|7"].
The constant ¢ > 0 depends only on p, q and L.

Proof We present only the proofs for A, as the ones for F are similar but simpler. All implicit
constants in the proof depend only on p, ¢ and L. Fix x,y € B, N Q and § € R" with

v(y.€) €[0,]B,]7'].
We first prove (1). Suppose that A satisfies (A1-1/) and abbreviate ¢ := |£|. By (Al-v) of
A and the equivalence (4.7),

ox, 1) ~tAx, §)| <t|A(x,§) — Ay, §)| + 1Ay, §)|
StIAG O+ D+, ) Se@. 1)+t Se, 1)+ 1;

in the last inequality we used (AO) and (Inc); of ¢ when ¢ > 1. Thus ¢ satisfies (Al-y).
Conversely, suppose ¢ satisfies (A1-y). Then we see, using also (A0) and (alnc);, that

oo lgD _ [1 it gl<1,

AG, £)] ~ S0 . .
€] el < COED ~ Ay, £)] i 1E] > 1.

Hence A satisfies (A1-v).

We omit the proof of (2) which is essentially the same as [42, Proposition 3.8].

To prove (3), we note by (VAl-s) and Proposition 3.3 that |A(x, &) — A(y,&)| <
o™l (A, O+ 1) ~ o) (¢ (v, |E]) + 1) when || satisfies the condition. o

When considering equations with nonlinearity A it is natural to assume (VA1-y) for the
function AV (x, &) 1= |€|A(x, &). This is the route we took in [42]. However, the next
result shows that the conditions for A and A~ are equivalent, up to an exponent which
does not affect the conclusion of the main results in the next section. Thus we will in the rest
of article use the assumptions directly for A.
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Proposition 4.9 Let A : Q x R" — R" have quasi-isotropic (p, q)-growth. Then A satisfies
(VAL1-v) if and only if AV does. If the original modulus continuity is w, then the new
1

modulus continuity can be taken as ¢ w? for some ¢ = c¢(p, q, L, Ly,) > 0.

Proof Let x,y € B, N and ¥ (y, &) € (0, |B,|~']. Assume A satisfies (VA1-y). Since
[§] < cléllA(y, §)I + 1,

AP (x, ) — ATV, &) = 1E]|A(x, &) — A(y, £)
<o) (ENAG. 9] + 1§D < cor) (1A, )] +1)

This gives (VA1-y) of AV, with modulus of continuity ce.
We prove opposite implication through three cases. If |£]| > 1, then

IE1Ax, &) = Ay, )| < o (EI[A(Y, O + D < o()IE[(A(y, )]+ D).

1
Hence we suppose that |£| < 1. If further |A(x, &)|, |[A(y, )| < w(r)?, then

[A(x, ) — Ay, &) < Zw(r)"
Otherwise, we use (A0) and (alnc),—1 to deduce cl&|P~! > max{|A(x, &)], [A(y, &)} >
a)(r)P Thus 1 < clélo(r) 11’ so that

EAGL &) — AGL H] < 0P (ENAG. O+ 1) < co(r) 7 [EI(A. )] + .

Dividing both sides by |£] gives the desired estimate. O

Remark 4.10 In [42, Proposition 3.8] we assumed that A1 satisfies (wVA1) but in the
proof we used the condition for A. This mistake can be corrected by means of the previous
proposition.

Having defined the structure conditions, we first consider quasi-isotropic (p, g)-growth
for an autonomous function A : R” — R” via its trivial extension A(x, £) := A(£). It has
a growth function ¢ € ®. N C'([0, o0)), cf. [42]. For such A and ¢, we present regularity
results of weak solutions to

divA(Dit) =0 in B,. (div A)

Note that we use the bar-symbol to indicate the autonomous versions of A, F, ¢ and corre-
sponding solutions or minimizers u. In the Uhlenbeck case A(£) = @5, we proved the
next result in [41] and in [42] we sketched how to extend the proof to the quasi-isotropic
case. Since the result is independent of the (A1)-type assumptions, it applies directly also to
this paper.

Lemma4.11 (C'*-regularity, Lemma 4.4, [42]) Let A : R" — R” have quasi-isotropic
(p, q)-growth and ¢ e @, be its growth function. If i € W'¢(B,) is a weak solution to
(div A) then Du € Cloc (B, R™) for some & € (0, 1) with the following estimates:

< C‘L'&][ |Du|dx
By

for every B, C B, and t € (0, 1). Here @ and ¢ > 0 depend only on 7, p, g and L.

sup|Dﬁ|<c][ |Dii|dx  and ][ |Dit — (Dii)p,,| dx
Bp/2 B, Brp
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Next, we derive a harmonic approximation lemma for weak solutions and minimizers
of autonomous problems. We start by recalling a Lipschitz truncation lemma, which is a
formulation from [27, Theorem 3.2] and [8, Theorem 5.2] of the result in [1], see also [19,
25].

Lemma4.12 Forw € Wol’l(Br) and A > 0 there exist w;, € Wol’oo(Br) and a zero-measure
set N such that || Dw; || LB,y < cA for some ¢ > 0 depending only on n and

{fwy, #w} C {(Mw > A}UN,

where M is the Hardy—Littlewood maximal operator, Mw(x) := sup ][ lw|dy.
p>0JB,(x)

Part (1) of the next lemma, on almost solutions, was considered in [27, Lemma 1.1] and [8,
Lemma 5.1] in the Orlicz and double phase case, respectively. We streamline and generalize
their argument and include also almost minimizers in Part (2). The more precise estimates
will allow us to omit the re-scaling step in the proofs of the main theorems.

Lemma 4.13 (Harmonic approximation) Let A : R" — R" or F : R* — [0, 00) have
quasi-isotropic (p, q)-growth, ¢ € ¢ be its growth function and u € u + WO1 (p(Br) be a

weak solution to (div A), for A := = D¢ F in the case of F. Suppose that there exist b, o > 0
and § € (0, 1) for which

][ ¢(|DM|)1+G dx < bl+0

B

and one of the following conditions holds for all n € WO]’OO(Br):

(1) '][ A(Du) - Dndx
Br

< 8b||%”lzoo(3r)foru = 1.

(2) { F(Duydx < ][ F(Du + Dr) dx +5b(|| =167 | ooy T 1)“for some i > 0.
Br r

Then there exist c = c¢(n, p,q,L,0) >0and o : such that

M+0

5(|Du| + | Dii i
][ eUDul + D)\ palay < e5%b.

|Du| + | Dul

Proof All implicit constants in this proof depend only onn, p, g, Lando. Letw :=u—1i €
WO1 #(B,) and let A > 1 be a constant to be chosen. With these w and A we consider
w) € W(}’OO(B,) from Lemma 4.12 so that || Dwy || z~(B,) S A. Denote

@ (|Dul| + |Di))

Dl £ 103 |Du — Dii|>, W :=B,N{w#w,} and W= B, N{w=w,}.

Since ¢ is independent of x, we have JCBr @(|Di)! 7 dx < fBr @(|Du)'*° dx by a
Calderén—Zygmund-type estimate in the Orlicz setting, see for instance [42, Lemma 4.5]
with 6 (x, 1) = +'7°. This and the integrability assumption on Du imply that

1+0
<][ <Z>(|Dﬁ|)dX> <][ @(I D))"t dx S][ @(|Du)'* dx < ',
B, B, B,
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To estimate “B “ ,weuse W C {(M(|Dw|) > A} UN from Lemma 4.12 and the maximal

estimate in L?'" ’ 33, Corollary 4.3.3]:

Wl _ {M(Dw)) > A} N By | <][ gM(Dw))'
B,

|B,| | B, | ()1t
1 g it 1+o
S ———— 1 e(Dwp'dx £ ———,
S Goore fB (IDw)'t7 dx < ST

where, in the last step we used ¢(|Dw|) < @(|Du|) + ¢(]Du|) and the earlier integrablilty
estimates for Du and Du. Using Holder’s inequality and these estimates, we find that

][ [@(IDul) + (| Dul) + ¢(M)]xw dx

W] ][ b e )+‘ Wiy @i
(|B|> <B(<p(| ul) +¢(Da)) FipP) G

b o 1+0 b1+(r
< 5 ~
() P s~ Gay

We first assume (1). Using monotonicity (4.6) and that « is a weak solution to (div A), we
find that

][ Vxwe dx 57[ (A(Du) — A(Dit)) - (Du — Dit) xwe dx
r Bl‘
= ][ A(Du) - Dw; dx —][ (A(Du) — A(Dit)) - Dw;. xw dx
B, B,

For the first term we use assumption (1) with n = w;, and for the second we use that
growth functions satisfy |A| < ¢’. Continuing using Young’s inequality, ¢*(¢' (1)) < ¢(1)
and | Dwy || p=(B,) S A, we find that

b _ _ _
][ Viwe dx S — (b)snbwknmw,w][ (& (Dul) + & (D) | Dwy s xw dx
B,

»

b
5 —— 8>~+][ [@(|Dul) + ¢(|Dul) + (M) xw dx
(b) B,

In W, we use V § ¢(|Du|) + ¢(|Du|) and obtain the same integral as on the right-hand side,
above. With these estimates and (4.14), we obtain that

b bl+<7
dengXde—i—][ VXWzde_ SA+ — .
][, \ B, L(b) P

We choose A := ¢~ 1 (b§™%) < §7%/Pg~ 1 (b) with k := ﬁ, and find that

~—1 —K
@ (b5™") 1=k .
f, vars (055G + oS 6 o ot

This is the desired upper bound with ¢ :=

1 + and concludes the proof in Case (1).
Assume next that A := D¢ F and (2) holds. We showed in [42, Lemma 6.3] that

¢'(&1] + 1&D

— 5P < FE) - F&) — D F(&) - (61 — &).
&1+ 6| &1 — &7 S F(&) (é2) :F (&) (&1 — &)
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Using this with A = D¢ F, the weak form of (div A), it = u +w; in W€, F ~ ¢, assumption
(2), |A| < ¢ and Young’s inequality with ¢*(¢'(¢)) < @(r), we have

][ Vxwedx < ][ [F(Du) — F(Di) — A(Dii) - (Du — Dit) | xwe dx
r Br
= ][ [F(Du) — F(Du + Dw;)]dx
B,

- 7[ [F(Du) — F(Du + Dw;) — A(Dit) - Dw;.] xw dx

)

<05 25 sy + 1) ][ [3(1Dul) + §(1Dal) + G001 xw dx.

In W we use the estimate V < @(|Dul) + (p(|Du|) as before. With (4.14) and the choice

A= (B8F) < 8- K/"(p_l(b) for k := 7. we obtain that

< plte < (L sy s
][de““b(s( et g ST +87)b A s D.

This is the desired upper bound with o := and concludes the proof in Case (2). O

M+rrp

5 Maximal regularity

Let B, € Q with |B,| < 1,y € (0, 1) and
tx = K|B,|"" forfixed K > 1

For ¢ € ®.(Q) with ¢’ satisfying (A0), (Inc),—1 and (Dec),, -1 with 1 < p < g we define

. L o, ¢’ (x0.1) if0<1t<rx,
@(1) .=/0 @'(s)ds with ¢'(r) := %t[)—l if 1 <1 (5.1)

K

where xg is the center of B, = B,(xp). The relationship between ¢ and ¢ is analogous to
that in [41, Section 5] with #; = 0 and 7, = k. Due to our improved tools, we are able to
simplify the argument concerning small values of # by removing the case ¢ € [0, #1].

Proposition 5.2 Let tx, ¢ and ¢ be as above. Suppose that (pz;r (1) < Lgxog (1) for some
Lg >0andallt € [1, tx].

(1) ¢ € C'([0, 00)) and @' satisfies (Inc),,—1 and (Dec)y, 1.
(2) o) = p(xo,1t) forall t < tg. )
(3) ¢(t) < L Lgp(x.1) + L forall (x,1) € By x [0, 00) and wle(B,) c Wh9(B)).

Proof Parts (1) and (2) follow directly from the definition of ¢ and the inclusion in (3)
follows from the inequality. If # < 1, then the inequality in (3) follows from (A0) and when
t €[1, tg], it follows from gagr (1) < Lngr (t) and (2). If t > tg, we calculate

t ot tP _tP t / ot
ga(t):(p(xo,,KH/ 00 1K) oty oy 4 e K (0. 150)
p—1 P
74 tK tK 14
qi( t\P q1 t
< *<*> @(x0, 1K) < *LK<*> ¢p, (tx) < fLKgo(x 1). O
p Mk p tx p
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We prove our main theorem on Holder continuous weak solutions to (div A). The major
novelties as follows: We use Proposition 3.3 to deal with large values of the derivative; this
allows us to handle the borderline double phase case g — p = % witha € VC%%. Second,
this is the first time that harmonic approximation from [8] has been applied in the generalized
Orlicz case. Third, optimizations in the formulations allow us to avoid many steps in previous
proofs and present a much more streamlined argument. Fourth, we obtain C!-%-regularity

with exponent o independent of the a priori information [u],, .

Theorem 5.3 Let A : Q x R" — R" have quasi-isotropic (p, q)-growth and u € Wli)’cl ()N
C%¥(Q) be a weak solution to (div A) with y € (0, 1).
(1) If A satisfies (VAl—ﬁ), thenu € C% () for every a € (0, 1).

loc

(2) If A satisfies (VAl—lfy) with w(r) < rP for some B > 0, then u Cllo‘g(Q) for some

a=an,p,q,L,y,B)e0,1).

Proof We prove the result in three steps. All implicit constants in the following estimates
depend only on n, p, g, L and [u],, .

Step 1, setting and approximating equation. For w from (VA1- lfy ) we fix Bg € Q with

re,1), o@r) <1 and o@r)'? <, (5.4)

where 6 € (0, 1) is given in Step 2, below. Since we always consider B, with w(4r) < 1,

we assume without loss of generality that A satisfies (Al- lfy ) with L, = 1. We set

-1
K =370y~ 1=00-1) othat 1 = 370y~ 1=O0) g |5

Let g € ®.(S) be the growth function of A from Proposition 4.5 so that ¢ (x, -) € C!([0, 00))
and ¢ satisfies (A0), (Inc),—1 and (Dec)y,—1. By Proposition 4.8(1)&(3), ¢ satisfies

(Al- lfy) with L, depending only on p, ¢ and L and

[A(x, &) — Ay, §)| < w(r)g(gﬂl(y, |£1) + 1) when [§] < k.
By (A0) of ¢/, |A| ~ ¢’ and w(r) < 1 we conclude that
p(x, 1) ~ t|A(x, te)] < t(JA(y, te)| + ¢ (v, ) + 1) S @y, 1)

for every t € [1,¢x] and x,y € B,. Thus we can apply Proposition 5.2 with Lx > 0
depending only on p, g and L.

Let ¢ € @ be from (5.1). By [42, Lemma 5.2] with #; = 0 and 7, = g there exists an
autonomous nonlinearity A € C(R”, R") N C'(R™\{0}, R") having quasi-isotropic (p, q1)-
growth such that ¢ is its growth function and

AE) = A(x0, &) whenever [£] < Lrk.

The exact form of A is given in [42, (5.2)].
By Theorem 3.14, ¢ (-, | Dul) € L' (B,) for some o > 0 depending only on n, p, g, L,
and by (3.13) in By,
][ |Duldx <r’ ' <ig. (5.5)
BZr

Let i € WL9(B,) be the weak solution to (div A) in B, with boundary value u. Then i is
a quasiminimizer of the ¢-energy and so the results of Sect.3 can be applied. By Jensen’s
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inequality, the minimization property and Proposition 5.2(3),

@ (J[ IDﬁIdX) <][ @(|Dul) dx S][ @(|Dul) dx S][ @(x, |Dul)dx + 1.
B, B, B, B,

Then we use the reverse Holder inequality (Theorem 3.14), (A0O), Proposition 5.2(2) with
(5.5) and (Dec)y, of ¢ to conclude that

( |Du|dx><g03 <][ |Du|dx+1>%¢<][ |Du|dx+1>.
B, 7\, By

It follows that

| Dit| dx 5][ |Duldx +1<r7" " (5.6)
B, By

Next we set

1
J =g ((]i o(x, |Du|)‘+"dx) v +1)

By the reverse Holder inequality (Theorem 3.14) and the earlier estimate (5.6),

J~¢! <(p§r (]i |Du|dx) + 1) %]ﬁ |Duldx +1<r77, (5.7)
2r 2r

and, since J 2 1,
i ()~ o5 ()~ @)~ gp (][ |Dul dx + 1) Sep . 58
By,

Step 2, harmonic approximation. We prove that u is an almost weak solution to (div A) in
the sense that

5 (1-pop-1)
ca)(r)‘/’ IDnllee Wwith @(r) := w(r) T=1op=D+

][ A(Du) - Dydx

.

for some ¢ > 1 depending on n, p, g, L and [u], 4, and all n € W1 " (B,).
It suffices to consider n with || Dl < 1by scaling. Since u is a wea_k solution to (div A),

][ A(Du) - Dndx

.

< ’][ A(x, Du) - Dndx
Br

+][ |A(x, Du) — A(Du)| dx
Br
:][ |A(x, Du) — A(Du)| dx,

E\UE,

where E;| := {x € B, : |Du| < %IK} and E, := {x € B, : |Du| > %IK}.

We first consider E; so that A = A(xp, -). By Proposition 4.8(3) with s := =

|ACr, Du) — A(Du)lxs, dx = f |Ax, Du) — A(xo, Du)| xg, dx
Br

< w(r)g(f ¢ (x, | Dul) dx + 1).
B,

B,
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We abbreviate ¢ := gagr and estimate the integral on the right-hand side by ¢'(x,1) ~
@(x, t)/t, Jensen’s inequality for ¢*, ™ (¢ (x, 1)/t) < @(x, t), Holder’s inequality and esti-
mate (5.8) for J:

Ar — IR T o(J
]iw’wlDuI)dxsw*) 1(][3 w(x,|Du|>dx) < @Y 1(@(1»5%).

Since 1 < @, the whole integral over E can be bounded by w(r)? @.
In E> we estimate

</3(%t1<)"][ @(x, |Dul)xE, dx < ][ @(x, |Du)! T dx < ()7,
Br

)

Since wf% < ;‘ngy 5 < K7 by (5.7) and (Inc) 5, we obtain
7[ @(x, |Dul)xg, dx < K~7Pp(J). (5.9
Br

By Proposition 5.2(3) and (A0), ¢(r) < ¢(x,t) when t >

1. Using this, the ¢*-Jensen
inequality as in Ej, the previous estimate and (alnc)y,, of (@™~ 1

, we find that

1A, Du) - A(Du)| xg, dx < 7{} Ll Dup oD y g, dx S]i LBl y i, dx

<@H! <]i o(x, |Dul)xe, dx)

<Ky gy ~ kv A

where we used (¢*) ™1 (¢(1)) &~ ¢(r)/t and (5.8) in the last step. The desired estimate follows

when we comblme the elstlmates in E; and E,, recall that K > 3 lw(@r)~1-00-Y) gnd
(—y)o(p—1)

choose 6 1= 7= ;/ﬁ(ppl)+1 . . i . .

Step 3, canclu sion. Applying Lemma 4.13(1) with b := ¢(J) to the inequality from Step 2,

we obtain that

f ¢'(|Du| + [Dul)
B,

- Duldx +1}),
|Dit| + |Du| | Dul )

|Du = Difdx £ o) §(J) ~ d(r) ¢ (7[

By,
where 0 = +
implies an L'- estlmate for the difference of the gradients of u and u from Step 1:

][ |Du — Dii| dx < ¢ d(r) %1 (][ |Du|dx+1), (5.10)
B, By

with cz 1 depending on n, p, ¢, L and [u], 4, and @ from Step 2. Note that we can make

By well-known techniques (see, e.g., [41, Corollary 6.3] for details) this

o(r) % as small as we want by choosing r small. Therefore, this inequality and the Lipschitz
regularity of the A-solutions i (the first estimate in Lemma 4.11) with (5.6) imply local
C“regularity for every a € (0, 1) by known methods, see, e.g., [41, Theorem 7.2].

We next assume that w(r) < rP for some B > 0. Fix Q' € Q. From Part (1) we
obtain u € C%7' (') for any y’" € (v, 1), and consider By, C Q' with r satisfying (5.4) and

[u], 4r o < 1. Then we obtain (5.10) with c?)(r)"‘%l < rPo for By depending only n, p,q, L,y
and B. This inequality and the Holder regularity of the gradient of the A-solution i (the second
estimate in Lemma 4.11) with (5.6) imply u € Cllo’g (") for any o € (0, min{Bp, 1 — y'})
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by known methods, see, e.g., [41, Theorem 7.4]. Since By and 1 — 3 are independent of the
arbitrary set Q' € €, this implies that u € Cllo’g (2) for some « € (0, 1) depending only on
n, p,q, L,y and B. ]

Next we prove maximal regularity for Holder continuous minimizers of (min F). This is
our second main result.

Theorem 5.11 Let F : Q x R" — R have quasi-isotropic (p, q)-growth and u € WIL’CI «@n
CY7 () be a minimizer of (min F) with y € (0, 1).

(1) If F satisfies (VAl—lfV ), then u € Cloo’f(Q)for everya € (0, 1).

(2) If F satisfies (VA1- "y) with w(r) S rP for some B > 0, then u € Cl’a(Q)for some

1— loc

a=am,p,q,L,y,B) <1

Proof The methodology is similar to Theorem 5.3 except for the application of harmonic
approximation. Hence we will take advantage many parts of that proof.

Step 1, setting and approximating functional. We use the same choice of r and K as in
Theorem 5.3 and define J in the same way. Let ¢ € ®.(2) be the growth function of F from
Proposition 4.5; it satisfies the same properties as in Theorem 5.3. In [42, Lemma 5.3] we
constructed an autonomous function F : R” — [0, o) such that $ € @, from (5.1) is its
growth function and

F(§) = F(x.£) whenever [¢] < Jtk.

By Theorem 3.14, ¢ (-, | Dul) € L't (B,) forsomeo = o (n, p,q, L, [uly 4r) € (0, 1). Let
i € W19(B,) be the minimizer of

min. /F(Dﬁ)dx, (5.12)
iacu+w,?(B,) J B

or, equivalently, the weak solution to (div A) in B, with A := D¢ F and boundary value given
by u.

Step 2, harmonic approximation. We prove that u is an almost minimizer of (5.12) in the
sense that there exists ¢ = c(n, p, q, L, [u]y 4,) > 1 such that

- - (1Dl | TN
F(Du)dx < F(Du 4+ Dn)dx + cw(r) f—i— 1 o(J)

~ (1-p)op
for every n € WOI’OO(B,), where @(r) 1= @ (r) T=79p+T

Let E; and_ E> be the sets from Step 2 of the proof of Theorem 5.3. By F ~ § (4.7), the
definition of F', Propositions 5.2(3) and 4.8(3), and the definition of J,

][ F(Du)dx </ [F (xo, Du)xE, + co(x, |Dul)xg,]dx

r r

< FeDwdx+co0)’ Lot 1Dub + 11dx + cK~77500)
r B,
< f F(x, Duydx +c (0’ + K~7P) ¢(J),

B,

where the estimate for the term in E; is from (5.9).
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Next we obtain a similar estimate forv :=u+n € u+ WOI’OO(B,.). We define sets E/ like
E; but with | Du| replaced by |Dv|. Since u is an F-minimizer and F =~ ¢ (4.7),

][ F(x, Du)dx < ][ F(x, Dv)dx < ][ F(x, DU)XEi dx —|—c][ o(x, |Dv|)XE£ dx.
B, B, B,

B,
In E{ we use Proposition 4.8(3) with F = F(xo, )
7[ F(x, Dv)xg dx < 7[ [F(Dv) + co(r)? (¢(x, |Dv]) + 1)] dx.
J B, J B,

For the second term on the right-hand side, we use v = u+n and ¢(x, | Dv|) < ¢(x, |Dul)+
@(x, |Dnl). Thus

]i o(r. DV dx < () +]i o(x. |Dn)) dx.

We use (Dec),, of ¢ along with (5.8) to handle the integral with D:

1
T+o D q1
][ or. Dl dx < (7[ go(x,|Dn|>‘+“dx> < (—” Z"°°+1> 3.
B, JB,

In E), we estimate
«Bgm”][ ¢(x, |Dv])xp; dx <][ ¢(x, | Do) dx
B, B,

<@+ 7[ o(x, (D)) dx.

B,

With the estimate for D7 from the previous paragraph, this and @‘?f{) ) < K7P give
2tk

D (1+0)q1
][ o, |Dv))yxgy dx < K“’"(% + 1) ().
B,

Collecting the estimates from this and the previous paragraph, we arrive at
- 1Dl )
7[ F(x, Du)dx < 7[ F(Dv)dx +c (o(r)! + K~F) <f + 1) o(J).
’ r b BV

Combining this with the previous paragraphs, the estimate K > 37 o (r)~1=D0=Y) and the
choice of 6 := (l(lfﬂ, we complete this step.

y)op+1 . _
Step 3, conclusion. We apply Lemma 4.13(2) with b := ¢(J) and p := (1 + 0)gq; to

conclude that

5'(IDu| + | Di ;
fw|DM_Dﬁ|2dx§d)(r)“ p f |Duldx ) +1
5, |Dul+ [Dil B

where ¢ := and o is from Step 2. The estimate

op
(I+0)q1+op

][ |Du — Dii| dx < ca(r) <][ |Du|dx+]>
Br B2r

follows from this as in [41, Corollary 6.3]. We complete the proof as in Step 3 of the proof
of Theorem 5.3. Hence we omit details. O
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We apply the previous theorem to the double phase energies from Example 3.2.

Corollary5.13 Let 1 < p < gq,a > 0and y € (0, 1). Assume that either
o F(x,&):=|E|P +a)|E|?, wherea € VC"*(Q), @ € (0, ) and g — p < ﬁa; or

o F(x,&):=|E|P +a(x)?|&|?, wherea € C¥N(Q), @ > landg — p < ﬁa.

Ifu € W]L’Cl ()NCYY(Q) is a minimizer of (min F), thenu € Cllo’cﬂ(Q)forsome B depending
onlyonn, p, q, o and y.

Proof Consider first the case with o < 1. By Example 3.2, F satisfies (VA1-—-). Therefore

l—y
ue C&Cﬁ (2) for every B € (0, 1) by the previous theorem. Fix y; € (y, 1). Then F satisfies

(VAL-2 ) withw(r) S r*= 4P anda — (g — p)(1 —y1) > a—(g—p)(1—y) > 0.
Since u € CIOO‘CV1 (R2), the previous theorem yields that u € Cltf () for some B € (0, 1)
depending on n, p, g, L, « and y. In the case « > 1 we can directly apply the theorem since

the strict inequality ¢ — p < ﬁa implies that the condition (VA1-12) holds with a @ of
power-type (cf. Example 3.2). m}

Finally, combining Theorems 3.12, 5.3 and 5.11, we obtain regularity results for BMO
and L*" weak solutions and minimizers. Note that the case L®~ with s < (n(1 — g) remains
open, due to a lack of a Sobolev—Poincaré inequality.

Corollary5.14 Let A : @ x R" — R" or F : Q x R" — R have quasi-isotropic (p, q)-
growth and satisfy (WVA1-s). Suppose that u € WIL’CI (R2) is a weak solution to (div A) or a
minimizer of (min F) and that one of the following holds:

(1) s=nandu € BMO (L),
(2) s € (1 =2y, m)andu € LS (Q).

Then u € Cloo’g(SZ)for everya € (0, 1).
Furthermore, if (VAl-s") holds with w(r) < rP for some s’ > s and B > 0, then
u e Cltéx(Q)for some a € (0, 1) depending onn, p, q, L, s, s’ and B.

Proof Note that (wVA1-s) implies (Al-s) and fix Q' € Q. Since u is a quasiminimizer of
the isotropic problem, Theorem 3.12 implies that u € C%7 () for some y € (0,1). The

condition (WVA1-s) with s < 1fy implies (VA1- lfy ). By Theorem 5.3 or 5.11, we obtain

u € C&g(Q’) sothatu € C]OO’f(Q) for every o € (0, 1).
Next, we suppose that w(r) < r# in (VAl-s) and fix Q' € Q. By the previous part,

u e COY(Q) for any y € (0, 1). Furthermore, (VA1- lfy ) holds with w(r) < rP when y is

chosen so large that % > s'. Therefore, by Theorem 5.3 or 5.11, we obtain u € Cllo’f ()

sothatu € Cllo’g(Q) for some « € (0, 1) depending only on n, p, g, L, y and . O

Remark 5.15 For C'-*-regularity, the obtained exponent « is independent of the a priori
information on weak solutions or minimizers.
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