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Abstract
In this paper, we study a reversible process (more precisely, a groupoid/group action) resembling the classical 15-puzzle,
where the legal moves are to “move the unique hole inside a translate of a shape S”. Such a process can be defined for any
finite subset S of a group, and we refer to such a process as simply “solitaire”. We develop a general theory of solitaire,
and then concentrate on the simplest possible example, solitaire for the plane Z

2, and S the triangle shape (equivalently, any
three-element set in general position). In this case, we give a polynomial time algorithm that puts any finite subset of the
plane in normal form using solitaire moves, and show that the solitaire orbit of a line of consecutive ones—the line orbit—is
completely characterised by the notion of a so-called fill matrix. We show that the diameter of the line orbit, as a graph with
edges the solitaire moves, is cubic. We show that analogous results hold for the square shape, but indicate some shapes (still
on the group Z

2) where this is less immediate. We then explain in detail the connection of the solitaire to TEP and more
generally permutive subshifts. Namely, the solitaire is a closure property of various sets of subsets of the group that can be
associated to such a subshift, such as the independence, spanning and filling sets.

Keywords Solitaire of independence · TEP subshift · Subshift of finite type · Bipermutive cellular automata

1 Introduction

In this paper, we introduce the solitaire of independence,
which is a game played on subsets of a group, alternatively an
abstract rewriting system, groupoid or group action. Specifi-
cally, if G is a group, and S � G is finite, then on subsets of
G we can play a variant of the classical “15-puzzle” by, for
each g ∈ G, allowing a move from X ⊂ G to Y ⊂ G if for
some g ∈ G, X and Y have the same elements outside gS,
and intersect gS in distinct sets of size |S|−1. Or in words,
we take G as a playing grid and consider sets of marbles
(subsets ofG) on it which we can move as follows: if there is
a translate gS of the shape S � G such that exactly one cell
inside it has no marble, then any marble inside can be moved
to the hole.

For example, if G � Z
2, and we consider the triangle

shape T � {(0, 1), (0, 0), (1, 0)}, then the action consists in
arbitrarily permuting the three subpatterns depicted in Fig. 1
at some coordinateswhere one of them appears in the pattern.
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A simple illustration of a valid sequence of moves for this
shapeon subsets of the set {(a, b) | a, b � 0, a+b � 3} ⊂ Z

2

is shown in Fig. 2.
On the website (Salo 2020), one can play the solitaire on

Z
2 with any small shape.
In the present paper, we develop a basic theory of soli-

taire processes, and illustrate it with a detailed look at the
triangle shape, for which we can give a full description of
the family of sets reachable from a given set by playing the
solitaire. In particular, for this example our main theorem is
the following:

Theorem 1.1 For the triangle solitaire process, for any finite
set P � Z

2, there is a sequence of solitaire moves with
cubic length in |P| which puts P in normal form, and such a
sequence can be found in polynomial time.

By normal form, we mean that we can find a canonical
representative of the orbit, such that we can compare orbits
by comparing the representatives. The normal formwe use is
a disjoint (and “non-touching”) union of lineswith additional
elements lined up on top.

We have implemented this algorithm, and it is available
in Salo and Schabanel (2022).

The general theory of solitaire is tightly connected with
another process called the filling process described in
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Fig. 1 The action of the triangle shape. Grey denotes 1 (or a marble),
white denotes 0 (no marble)

Sect. 3.3, which is a simpler (confluent) process where we
inductively construct the largest set that could possibly be
involved in the solitaire game, by filling in the missing holes
in sets gS (i.e. if |gS ∩ P|� |S|−1, then gS may be added to
P).

Due to confluence, the filling process gives rise to a clo-
sure operator, and our primary interest is in understanding
the connection between patterns that fill a particular set, and
orbits in the solitaire process. Of specific interest is the case
where in fact all sets that are minimal in cardinality, and fill a
given set, are in the same solitaire orbit. We refer to this case
as a nice solitaire theory. We do not know, at present, general
conditions underwhich solitaire processes are nice.However,
we obtain that the triangle shape, as well as the square shape
{0, 1}2, have nice solitaire theories on the group Z

2.
We also explain the connection with TEP subshifts from

Salo (2022), which are a generalization of spacetime sub-
shifts of bipermutive cellular automata, and more generally
permutive1 subshifts (which also generalize the polygonal
subshifts of Franks and Kra (2020)).

In particular, to any subshift we associate its “indepen-
dent sets” (sets that can have arbitrary contents) and the sets
“spanning” (uniquely determining) the contents of a given
area. These are meant as analogs of notions from linear alge-
bra and matroid theory with the same names. There are also
the “filling” sets, which are the sets that are spanning “by
applying the filling process”. We show that the solitaire pro-
cess preserves these sets in the case of TEP and permutive
subshifts. (The fact it acts on the independent sets gives the
process its full name “solitaire of independence”.)

The present paper is an extended version of the conference
paper (Salo and Schabanel 2023) where we presented the
results about the triangle shape in isolation. The result here
about the diameter of orbits is slightly sharper.

In Sect. 2 we state our notations and remind the reader
of some basic definitions. In Sect. 3, we define the solitaire
game and the filling process for general groups and pattern,
and give a few general properties on them. Section 4 intro-
duces different notions to measure the difference between a
pattern and a minimal pattern having the same filling, and
study what this difference means for orbits. Sections 5, 6
and 8 study some particular case of solitaires, respectively
the triangle shape on Z

2, general convex shapes on Z
2 and

more particularly the square; and convex shapes on the free

1 Some authors write “permutative”.

group, with a deeper study of the triangle shapes. In Sect. 7,
we study the algorithmic aspects of convex solitaire on the
plane, giving algorithms and their complexity to recognise
the orbit of a pattern or find a sequence of move from one
pattern to another. Finally, in Sect. 9, we link the solitaire
back to the TEP-subshift theory it originates from, detailing
the correspondence between the two and the consequences
of one theory on the other.

2 Conventions and basic definitions

For the most part, we give definitions as we go, but we list
some general conventions here, and also collect some defi-
nitions that are used throughout.

We have 0 ∈ N. An alphabet is just a finite set A whose
elements are called letters or symbols. Groups G are always
countable, with the main interest being in finitely-generated
groups.

By⊂wemean⊆ and by�wemean "is a finite subset of".
If X is a set, we denote by P(X ) the set of subsets of X and
for k an integer, Pk(X ) the set of subsets of size k. If X and
Y are sets, we denote by X�Y their symmetric difference
X�Y � (X ∪ Y )\(X ∩ Y ). The set of functions from A to B
is denoted BA.

For a function f : A → B and C ⊂ A, write f |C for
the restriction of f to C. For functions that are thought of as
“patterns” (see below), we also write fc for f (c). If F is a
family of functions (or patterns), then F |A� { f |A | f ∈ F}.

We use some conventions from formal language theory
and combinatorics onwords, in particular ifA is a finite alpha-
bet, A∗ denotes the words on the alphabet (or elements of the
free monoid), and concatenation of u, v ∈ A∗ is written
simply as uv.

We use standard big-O notation: for f , g : N → N, we
have g ∈ O( f ) or “g is O(f )” (resp. Ω( f )) if g(n) � M f (n)
(resp. �) for large n and a constant M. We have Θ( f ) �
O( f ) ∩Ω( f ).

IfX is a set, a closure operator is amap τ : P(X )→ P(X )
which is extensive meaning ∀A ⊂ X : A ⊂ τ (A), monotone
meaning ∀A, B ⊂ X : A ⊂ B =⇒ τ (A) ⊂ τ (B), and
idempotent meaning ∀A ⊂ X : τ (τ (A)) � τ (A).

The fixed points or closed sets of a closure operator form
a closure system, i.e. X is closed and an arbitrary intersection
of closed sets is closed.

A set of sets S ⊂ P(X ) is a down set if A ∈ S and B ⊂ A
imply B ∈ S. Up sets are defined symmetrically.

The support of a permutation is the set of elements that it
moves. Note that this set is closed under the permutation.

If G is a group and g ∈ G, we denote by 〈g〉 the (cyclic)
group generated by g, 〈g〉 � {gk | k ∈ Z} ⊂ G. The order
of g is the cardinality of this group.
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Fig. 2 A simple sequence of
valid moves of triangle solitaire
starting from the line L4 � [0,
3]× {0}

If A is an alphabet,G a group a pattern is p : P → Awith
P ⊂ G (not necessarily finite). When playing the solitaire,
we also talk about patterns as subsets of G (subsets are of
course in bijection with patterns over the alphabet A � {0,
1}). If a ∈ A and g ∈ G, write ag for the unique pattern p of
type p : {g} → {a},

If B, D ⊂ G for a group G, we say a pattern p ∈ AB

appears in another pattern q ∈ AD if there exists g ∈ G
such that gB ⊂ D and q(gb) � p(b) for all b ∈ B.

3 The general theory of solitaire

3.1 Tilings and (TEP)-subshifts

Let A be a finite alphabet and G a group. Elements of A are
called symbols and those of G cells. A configuration is a
mapping γ : G → A. When A � {0, 1}, configurations are
equivalent to subsets of G with the conversion γ ↔ {g ∈
G | γ (g) � 1}. In this case, cells assigned the value 1 may
be referred as points and those assigned to 0 as empty cells.

The full shift on G with alphabet A is the set of configura-
tions AG with the product topology and the G-action given
by gγh � γg−1h . A subshift is a closed G-invariant subset
of AG . A subshift is of finite type, shortened as SFT , if it
is of the form X � {γ ∈ AG | ∀g ∈ G, gγ ∈ U } with
U ⊂ AG a clopen. Equivalently, X is an SFT is there is
a finite domain S � G and a family T ⊂ AS such that
γ ∈ X ⇐⇒ ∀g ∈ G, X |gS ∈ T . T is called the set of
allowed patterns and we say that T generates X.

Let C � S � G. A SFT with domain S is (C, S)-totally
extremally permutive (TEP) if for each c ∈ C , for each π :
S \ {c} → A, there is a unique a ∈ A such that the extension
of π with π (c) � a is an allowed pattern. In other words,
whatever the symbols chosen for the cells S \ {c}, there is a
unique choice for c that gives an allowed pattern.

In Salo, (2022, Example 5.15), a very rich source of TEP
subshifts is provided. We explain here a slightly simplified
version of this example, using groups instead of quasigroups.

Example 3.1 Let G be a group, S � G be arbitrary and A be
any abelian group. Then requiring that the entries of S sums
to zero (or indeed another constant) gives an S-TEP subshift.
The Ledrappier subshift example discussed in more detail in
Sect. 9.7 is of this nature. More generally, we can take A a
non-abelian group, as long as we specify the order in which
its elements are multiplied. ©

The Ledrappier example studied in Sect. 9.7 is the case
S � {(0, 0), (0, 1), (1, 0)} of this construction with A �
Z/2Z.

Examples of TEP-subshifts are shown in Fig. 3. Those
images come from Salo (2022), and show samples of TEP
subshift on Z

2 and the free group F2 with alphabet either {0,
1} and the rule as in Example 3.1, with alphabet either Z/2Z

or S3 (the symmetric group on three points).
In all the examples above, C � S, but we note that there

are also interesting cases where this does not happen. The
case C � S is in particular interesting because it allows us
to in a sense inject arbitrary non-permutive functions in the
definition:

Example 3.2 Let G be a group, let C � S � G be arbitrary.
Let A be an abelian group. Let f : AS\C → A be an arbi-
trary function. Let P be the set of patterns p ∈ AS such that
f (p|S\C ) +∑

p|C� 0. Then P is (C, S)-TEP: given any val-
ues for p ∈ AS\{c} with c ∈ C , there is a unique value we
can put in c that makes the sum equal to 0. Again, A need not
necessarily be abelian, as long as we must pick an order of
multiplication. ©

TEP-subshift were introduced by the first author in Salo
(2022). They are our main motivation for studying the soli-
taire. Let us provide some context and historical motivation
for why we are interested in TEP subshifts here. Subshifts of
finite type (equivalently, tilings systems) have been studied
since the 60’s as logical (Wang 1961) and dynamical systems
(Mozes 1989), and since the very beginning, there has been
a lot of emphasis on computability issues. Berger showed in
1969 (Berger 1966) that even the emptiness of a given SFT
is an undecidable problem.

Thus it is of major interest in symbolic dynamics to find
classes of SFTs where some dynamical problems can actu-
ally be solved in practical instances. Algebraic subshifts are
the best-known source (Schmidt 1995; Béaur andKari 2024).
TEP subshifts are an interesting non-algebraic class of SFTs
(still including many interesting algebraic examples like the
Ledrappier subshift), which also has some good computabil-
ity properties.

In TEP subshifts, not only is emptiness decidable, but we
can find concrete sets (only depending on the geometry of
the defining shape and the group) where we can put arbitrary
contents (these will be called independent sets). The solitaire
is the natural closure property of these sets, and helps us to
understand the valid patterns in a TEP subshift.
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Fig. 3 Uniform samples from
some TEP subshifts. Ina,b,e
andf , black points are 1s and
white ones 0. Inc andd, white is
the identity, blue, green and
orange the transpositions and
purple and pink the 3-cycles.
Example (a) is the Ledrappier
example

This TEP motivation is also part of the reason we want
to study the solitaire on general groups rather than Z

2. In
recent decades, symbolic dynamics has moved increasingly
to Cayley graphs of groups, and it is now known that simi-
lar phenomena to those on Z

2 can be seen in a wide variety
of groups. In particular, the undecidability of the emptiness
problem (and the related problemof strongly aperiodic SFTs)
has been exhibited on a large class of groups. For example

thiswas shown for the lamplighter group (discussed inExam-
ple 3.3) in Bartholdi and Salo (2024).

3.2 Solitaire moves

Natural objects to consider when studying a TEP subshift are
its independent sets, namely the sets I ⊂ G such that for all
π : I → A, there is a valid configurationγ such thatγ|I � π .
Those sets were introduced by the first author in Salo (2022),
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who noticed that it is easy to exhibit some independent set but
much harder to find them all. To produce more independent
set from a known one, the solitaire of independence was
introduced, but only a preliminary discussion of its properties
was given.

We begin by defining the solitaire process on a group.
We give a slightly more general definition than what was
discussed in the introduction, where the unique hole can only
be moved if it is one of the elements in a particular subset
C � S.

While our main interest is indeed in the caseC � S, cases
C � S also arise naturally in applications (see Salo (2022)
and Sect. 9.7) and do not add any difficulties in proofs.

Definition 3.1 Let G be a countable group. If C � S � G
are finite sets, then a(C, S)-solitaire move at g ∈ G is a pair
(P , Q) ∈ P(G)2 such that

|P ∩ gS|� |Q ∩ gS|� |S|−1 ∧ P�Q ∈ P2(gC).

In general, a (C, S)-solitaire move is a (C, S)-solitaire move
at any g ∈ G, and (S, S)-solitaire moves are called simply
S-solitaire moves. A (C, S)-solitaire move (P, Q) is usually
written as P → C , SQ or even P → Q, and P →∗ Q
denotes the transitive closure of this relation.

Intuitively, if there is a way to position an S-shape window
on a pattern such that only one empty cell is visible, than one
can do an S-solitaire move at this position, which consists
in moving one of the visible points to the empty cell. For
a (C, S)-solitaire move, elements in S \ C are “pivot only”
elements, i.e. they are needed to make a move but cannot be
moved.

An example of solitaire onZ
2 is given in Figs. 1 and 2, the

first one stating the rules and the second showing a few valid
moves. An example on the free group on two generators is
shown in Fig. 4.

An example withC �� S onZ
2 is given in Fig. 5. Onemay

check that the allowedmoves and the orbits are very different,
the moves being more and more restricted the smaller C is.

Note that despite the arrow being directed, the moves are
invertible. One can think of the (C, S)-solitaire moves in
many ways. Of course, one can think of them as a relation,
or as forming the edges of an undirected graph with vertices
P(G), or as the objects of an abstract rewriting system (with
the edges giving the legal rewrite rules).

A slightly less obvious, but useful, point of view, one can
think of solitaire moves as a group action. At each g ∈ G,
we have an natural action of the group of permutations on C,
Sym(C), which permutes the points in gC. Solitaire moves
are a restriction of this action. Let σ ∈ Sym(gC), in configu-
rations P ∈ P(G)with |P∩gS|� |S|−1∧|P∩gC |� |C |−1,
its action moves each point in x ∈ gC ∩ P to the position
σ (x) and in other configuration, its action is trivial. Then the

application of several solitaire moves translates as an action
of the free product of the symmetric groups Sym(gC) over
g ∈ G on P(G), which simply applies all actions sequen-
tially. This action is by homeomorphismswhenP(G) is given
the product topology.

The classical 15-puzzle roughly corresponds to the case
G � Z

2, C � S � {0, 1}2 of the solitaire (we study this
case in Sect. 6.1). It is standard to see the 15-puzzle as a
groupoid, and the solitaire can also be seen as a groupoid in an
obvious way. Though this point of view will not be used, we
briefly recall that a groupoid is a small category where every
morphism is invertible. The objects of the solitaire groupoid
are then the configurations, and there is a unique morphism
from each configuration to any other configuration that can
be reached by solitaire moves.

If P ∈ P(G), its orbit, denoted asO(P) is its equivalence
class for the relation→∗, i.e. the set of patterns that can be
obtained from P using solitaire moves. We say a set X ⊂
P(G) is closed under solitaire if ∀P ∈ X : ∀Q ∈ P(G) :
P →∗ Q =⇒ Q ∈ X . The following will be generalized
in Theorem 9.2.

Proposition 3.1 (Salo 2022) For all C � S � G, the set of
(C, S)-independent sets is closed under solitaire.

This allows touse the solitairemoves to generate new inde-
pendent sets from a known one. The question is then, starting
from a given independent set, which ones can we reach with
solitaire moves? In the following section, we answer this
question for some cases of solitaire, such as the triangle soli-
taire on Z

2 (Sect. 5).

Remark 3.1 We note that the theory of solitaire might as
well be built on finitely-generated groups. Namely, let H �
〈S−1S〉, i.e. the subgroup ofG generated by alla−1b such that
a, b ∈ S. Then it is easy to see that each solitaire move only
touches elements in a single coset. Thus, the cosets behave
completely independently, i.e. applying solitaire moves on
points in one coset does not change the content of the other
cosets, and no solitaire move relies on points from different
cosets.

3.3 Filling process

Another very natural question with TEP-subshifts is “given
a partial assignment of symbols to a subset P ⊂ G, in which
additional positions in G can we deduce the contents?”. In
this section,we present a natural process that aims to describe
this domain.

Definition 3.2 Let G be a countable group. If C � S � G
are finite sets, then a (C, S)-filling move at g ∈ G is a pair
(P , Q) ∈ P(G)2 such that

P � Q ∧ |P ∩ gS|� |S|−1 ∧ Q � P ∪ gC .
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Fig. 4 A simple sequence of
valid moves of the solitaire on
the free group F2 with S � {e,
a−1, a−1b, a−1ba}

Fig. 5 First line: A simple
sequence of (C, S)-solitaire
moves on Z

2 with S � {(0, 0),
(0, 1), (1, 0), (0, −1), (−1, 0)}
and C � S \ {(0, 0)} depicted on
the left (C in blue and S \ C in
red). Second line: a valid
(S, S)-solitaire move that links
two patterns that are not in the
same (C, S)-orbit, with S
depicted on the left

In general, a (C, S)-filling move is a (C, S)-fillingmove at any
g ∈ G, and (S, S)-filling moves are called simply S-filling
moves. A (C, S)-filling move (P, Q) is usually written as
P −−� C , SQ or even P −−� Q, and P −−�∗ Q denotes the
transitive closure of this relation.

Intuitively, assuming P is the set of cells of G whose con-
tent is known, then performing a filling step on P consists in
using the TEP property of the subshift to deduce the content
of other cells and extend the “known” domain.

Note that the filling process is not reversible. However, we
have another desirable property:

Lemma 3.1 The filling process has the diamond property,
meaning whenever P −−� Q, P −−� R with Q �� R, there
exists T such that Q−−� T , R−−� T . In particular, the sys-
tem is confluent, meaning whenever P −−�∗ Q, P −−�∗ R,
there exists T such that Q−−�∗ T , R−−�∗ T .

Proof Suppose P −−� Q, P −−� Rwith Q �� R. Then P �

Q, P � R and there exist g ∈ G such that

|P ∩ gS|� |S|−1 ∧ Q � P ∪ gC

and g′ ∈ G such that

|P ∩ g′S|� |S|−1 ∧ R � P ∪ g′C .

Take T � Q ∪ R. Observe that if Q ∩ g′S � g′S, then
Q ⊃ R so in fact Q � T � R (which we assumed does not
hold). Thus we must have |Q ∩ g′S|� |P ∩ g′S|� |S|−1
and thus Q−−� Q ∪ g′C � P ∪ gC ∪ g′C � T as desired.
Symmetrically, R−−� T .

The fact that confluence follows from the diamond prop-
erty is well-known, and follows from completing the paths
P −−�m Q, P −−�n R to an m-by-n rectangle, by succes-
sive applications of the diamond property. �

Definition 3.3 Let G be a countable group. If C � S � G
are finite sets, then the (C, S)-filling closure of P ∈ P(G) is
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Fig. 6 An example of the filling
process for the triangle shape on
Z
2. Each colored triangle

corresponds to a filling step,
adding a point, and the final
pattern is the filling closure. One
can check that the order in which
the filling steps are performed
has no impact on the final result

defined as

ϕ C , S(P) �
⋃
{Q | P −−� ∗

C , SQ}.

Remark 3.2 Recall that a directed set is a set together with
a partial order such that any two elements have a common
upper bound. The previous lemma shows that for P ⊂ G, the
set FP � {Q ⊂ G | P −−� ∗

C , SQ} is a directed set under
−−�∗ and thus under inclusion, since the filling process can
only increase sets. The set FP defined above is precisely the
limit of this set (seen as a net indexed by itself) in the product
topology of P(G). (For the definition of a limit of a net see
any standard reference Kelley 2017.)

Lemma 3.2 The (C, S)-filling closure operator ϕ is a closure
operator.

Proof By definition, we need to show P ⊂ ϕ(P) (exten-
sivity), P ⊂ Q =⇒ ϕ(P) ⊂ ϕ(Q) (monotonicity) and
ϕ(ϕ(P)) � ϕ(P) (idempotency) for all sets P,Q. But in fact,
all of these properties are obvious. �

It follows from the previous lemma that the set of sets
P ∈ P(G) which are their own filling closure form a closure
system, and we call the fixed points filling closed sets. In
particular, the following is a well-known consequence:

Lemma 3.3 The filling closure ϕ(P) is the intersection of all
filling closed sets that contain P.

The connection between the solitaire and the filling pro-
cess is now the following:

Lemma 3.4 Let G be a countable group, and let C � S � G
be finite sets. Let P ∈ P(G) be arbitrary. Then for all Q ∈
O(P), we have ϕC , S(Q) � ϕC , S(P).

Proof It suffices to show that if P ∈ P(G) and P → C , SQ,
then Q ⊂ ϕ(P). Namely then by idempotency ϕ(Q) ⊂ ϕ(P)
as well.

Suppose thus P → C , SQ, meaning

|P ∩ gS|� |Q ∩ gS|� |S|−1 ∧ P�Q ∈ P2(gC).

It suffices to show that P −−� P ∪ Q by a move at g, i.e.

|P ∩ gS|� |S|−1 ∧ P ∪ Q � P ∪ gC ,

because then Q ⊂ P ∪ Q ⊂ ϕ(P). Of course |P ∩ gS|�
|S|−1 is immediate. We have P ∪ gC � P ∪ Q because the
only difference between P and Q is that they lack a different
element of gC. �

We note a useful property of the filling operator (which is
a general property of closure operators).

Lemma3.5 Supposeϕ(P) � ϕ(Q). Thenϕ(P∪R) � ϕ(Q∪
R) for any R.

Proof

ϕ(P ∪ R) � ϕ(ϕ(P ∪ R)) ⊃ ϕ(Q ∪ R)

since R ⊂ P ∪ R ⊂ ϕ(P ∪ R) and Q ⊂ ϕ(P) ⊂ ϕ(P ∪ R).
�

3.4 Linear sets, finite fillings and finite solitaires

Our interest is specifically on the solitaire orbits of finite sets.
More precisely, we would like to be able to answer quickly
to the question “are these two patterns in the same orbit?”. A
first step toward this is to answer the question “given a shape
S and a pattern P, is the S-orbit of P finite?”. The goal of
this section is to introduce definitions and state initial results
toward answering this second question.

For the following definitions, we concentrate on the case
C � S.

Definition 3.4 Let G be a group. A subset S � G is linear
if there exists a, b, c ∈ G with b of infinite order, such that
S ⊂ a〈b〉c where 〈b〉 � {bn | n ∈ Z}.

Note that 〈b〉 is the (cyclic) group generated by the element
b, and b being of infinite ordermeans precisely that this group
is infinite. Recall that a left coset of a subgroup H � G is a
set of the form aH.

Lemma 3.6 If S is a linear shape, then there exists a shape
S′ which is contained in a cyclic group, such that the set of
S-solitaire moves coincides with the set of S′-solitaire moves.

Proof We have

S ⊂ a〈b〉c � ac〈c−1bc〉.

123



V. Salo et al.

Fig. 7 Two examples of linear shapes, on Z
2 on the left side and on

F2 on the right side. S is the red shape and the green one is a possible
S′. Left: S ⊂ (2, −1)〈(1, 2)〉 S′ ⊂ 〈(1, 2)〉. Right: S ⊂ b2a−1〈ab−1〉
S′ ⊂ 〈ab−1〉

Then S′ � (ac)−1S ⊂ 〈c−1bc〉. Clearly S′-solitaire moves
are equivalent to S-solitaire moves, as the set of moves only
depends on the set of left translates of the shape (see Fig. 7).
�

Definition 3.5 Let G be a group and S � G. We say G has
the finite S-filling property if the S-filling closure of every
finite set is finite. We say G has the finite filling property if
this holds for all non-linear S � G. We say G has the finite
S-solitaire property if the S-solitaire orbit of every finite set
is finite, and finite solitaire property if this holds for all non-
linear S.

The assumption of non-linearity is necessary:

Lemma 3.7 If S � G is linear, and |S|� 2, then there is a
finite set with infinite S-filling closure and infinite S-solitaire
orbit.

Proof By Lemma 3.6 above we may suppose S ⊂ 〈b〉with b
of infinite order. Letm be maximal and n � m minimal such
that S ⊂ T � {bm , . . . , bn}. Then T \ {bm} is easily seen
to have infinite S-filling orbit and infinite S-solitaire orbit:
one can slide S along 〈b〉, adding points in one direction or
moving bk+i to bk+ j where i (resp. j) is the minimum (resp.
maximum) of {k ∈ Z | bk ∈ S}. Figure 8 illustrates this
situation. �

The following is immediate from Lemma 3.4.

Lemma 3.8 If G has the finite filling property, then it has the
finite solitaire property.

Remark 3.3 The converse is not true. For example, take G
the cylinder Z × (Z/dZ) and S the T shape {(0, 0), (0, 1),
(0, 2), (1, 1)}. Then for a ring pattern P � {0} × (Z/dZ),
φS(P) � N× (Z/dZ) but the orbit of P is finite. (See Fig. 9)

The following is a simple geometric observation.

Proposition 3.2 The groups Z
d have the finite filling prop-

erty. In particular, they have the finite solitaire property.

Proof The case d � 1 is trivial (and rather meaningless)
since there are no non-linear subsets.

We briefly explain the geometric intuition. Suppose S �
Z
d is non-linear. As we explain below, this implies d � 2,

or we can reduce the problem to one with smaller d. Next
we observe that a hyperplane with the same normal direction
as a face of the convex hull of S cannot be crossed by the
filling process, i.e. if there is no point on the other side, the
filling process cannot add one (see Fig. 10 for an illustration
in dimension 2). The proof amounts to eliminating various
boundary cases (like indeed shapes that fit into a proper affine
subspace) and then using basic facts from convex geometry.

Without loss of generality, assume that �0 ∈ S (this does not
change the S-filling nor the S-solitaire), and that S generates
Z
d as a group. Otherwise, since all subgroups of Z

d are of
the form Z

k by the fundamental theorem of abelian groups,
we can reduce d and apply the solitaire process separately in
each coset. (See Remark 3.1.)

Now, since S generates Z
d , its convex hull H in R

d has
nonempty interior, as it is well-known (Boyd and Vanden-
berghe 2004) that a convex setwithout interior lies in a proper
affine set F, and then S then sits inside the proper subgroup
Z
d∩F , sowe could have again taken a smallerd.Now replace

S by kS for large k ∈ N (i.e. dilate the shape; note that this
preserves the finite filling property because kS-solitaire con-
sists of independent S-solitaires on cosets of kZ

d ), and then

translate it, after which we may actually assume that �0 ∈ ◦
H

(after this, we may no longer have �0 ∈ S).
By basic convex geometry (see Rockafellar (1997), Theo-

rem19.1), such a set is a bounded intersection of a finite num-
ber of closed half-spaces, i.e. we have H � ⋂

i 

−1
i ((−∞,

ri ]) where 
i : R
d → R are linear and nontrivial. Note

that ri > 0 since �0 is in the interior of C. Furthermore, the
half-spaces 
i ((−∞, ri ]) can be taken to satisfy that each

−1(ri ) ∩ H is a face (i.e. a set spanned by vertices) of H of
dimension d − 1.

In particular, the faces are spanned by d vertices of H,
which must be elements of S, thus, |
−1i (ri )∩ S|� d � 2 for
all i. In particular, it follows that Pi � 
−1i ((−∞, r ]) is closed
under S-filling for all r ∈ R. Namely, we have ϕ(S) ⊂ (−∞,
ri ] and ϕ(s) � ri for at least two distinct s ∈ S. Thus the
intersection �v + S ∩ Pi is always of cardinality |S| (when
r < ri ) or of cardinality at most |S|−2 (when r > ri ), and
thus Definition 3.2 does not apply for any �v ∈ Z

d .
Now let T � Z

d be arbitrary. Since T is finite, it is
bounded and thus 
i (T ) is bounded for any i, say ∀t ∈
T : 
i (t) ≤ ti . Then T ⊂ D � ⋂

i 

−1
i ((−∞, ti ]). As we

showed, each 
−1i ((−∞, ti ]) is closed under S-filling, thus
so is their intersection.

123



Solitaire of independence

Fig. 8 An example of linear
solitaire on Z

2. In red, the shape
S, on the first line a pattern with
infinite filling and on the second
line an infinite run of solitaire
with the same patterns (the three
points having different colors)

Fig. 9 An example of solitaire
with finite orbit but infinite filling
on Z× (Z/dZ). The filling
extends infinitely downward but
the orbit is contained in the first
three rings

Fig. 10 With S in red on the left, colored lines are parallel to the edges
of S. For each of them, the boundary contains two points or more, so
no point can enter the colored half-planes

It suffices to show thatD is bounded. If it is not, then there
exist arbitrarily large (in norm) �v such that 
i (�v) � ti for all i.
By scaling, we obtain that there exist arbitrarily large �v such
that 
i (�v) � ri for all i. Such vectors �v are then in H, so in
fact S itself is unbounded, a contradiction. �

3.5 Solitaire on exotic groups

We mostly concentrate on the free group and the group Z
2,

since these groups are easy to draw, and should be familiar
(or easy to learn) for most readers. However, there are many
other interesting groups where the solitaire can be played.
The following example illustrates solitaire on the lamplighter
group, which is a group of great symbolic dynamical interest
(Cohen 2017; Bartholdi and Salo 2022, 2024).

Example 3.3 The lamplighter group is the wreath product
Z2 �Z, in otherwords it is the semidirect product

⊕
i∈Z Z2�Z

where Z acts on the infinite direct sum V � ⊕
i∈Z Z2 by

shifting. We take as generators a, b where a is the generators

of Z, and b � a ◦ c where c ∈ V is the element with 1 at
only the origin.

As in Bartholdi and Salo (2024) we prefer to shift the
indices defining V , and think of V as the set of configurations

in Z
Z+ 1

2
2 with finitely many non-zero coordinates, which we

think of as lamps on an infinite vertical road. Then the nodes
of the Cayley graph (i.e. group elements) can be taken to be
pairs (v, n) where v ∈ V and n ∈ Z, meaning a configuration
of lamps, and the lamplighter between two of the lamps. Then
generator a adds 1 to n ("the lamplightermoves upward") and
b adds 1 to n and toggles the value of vn+1/2 ("the lamplighter
moves upward and toggles the lamp it moves over").

The typical finite subgraphs of the Cayley graph that one
considers are the “tetrahedra”, which correspond to the sub-
sets of the group where the head is in a particular interval
[m, n], and only lamps inside (m, n) have been flipped. These
graphs can be relatively nicely illustrated on the plane, see
Fig. 11. This is a so-called horocyclic product of two binary
trees, meaning upward-growing binary trees are joined with
downward growing binary trees. It is useful to think of this as
a three-dimensional embedding of the group, with the a and
b edges moving “upward”, and the elements colored black
as being on the bottom, forming a front-to-back column.

The simplest interesting shape for the solitaire is S � {e,
a, c} where c � ab−1. Note that c has order 2 and we
have cS � {e, b, c}, see Fig. 11 (top). One can check
that the filling closure of the bottom elements is the entire
tetrahedron. Figure 11 (bottom) shows another pair of S-
solitaire-equivalent subset. ©

There are many other groups where solitaire would be
interesting to study in detail. One source are nilpotent
and solvable groups, which are intuitively close to abelian
(and more precisely, built by group extensions from abelian
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Fig. 11 Top: The shape S � {e,
a, c} (left) and its translation cS
(right). Bottom: Two S-solitaire
equivalent patterns on the
lamplighter group

groups). The lamplighter group from the previous example
is solvable (in fact metabelian). Another interesting group in
this class is the Heisenberg group (the upper triangular inte-
ger matrices with unit diagonal). Another interesting class of
groups to look at would be free products like Z ∗ Z

2 (intu-
itively, this group combines the abelian case Z

2 with the free
group F2 � Z ∗ Z) and more generally graph groups.

4 Excess

Much of our interest is in understanding the connection
between the filling process and the solitaire process.Wemea-
sure the difference between a pattern and a minimal pattern
with the same filling closure by the notions of excess and
excess sets.

In the case of the triangle, we will see that for each filling
closed set, all patterns with minimal cardinality that generate
it lie in the same solitaire orbit.

4.1 Excess in a global sense

Fix C � S � G for this section, and suppose G has finite
S-fillings.

If P � G, then the rank, rank(P), of P is the minimal
cardinality of R � G such that ϕ(R) � ϕ(P). Note that the
rank of P is at most |P|. Note also that the only candidate
subsets R � G we need to consider are subsets of ϕ(P).

Definition 4.1 The excess of P � G is defined as e(P) �
|P|−rank(P).

This is excess in a global sense, since we are counting how
much smaller we could make P by replacing it by another
(possible quite different-looking) set, without changing its
filling closure.

Fig. 12 Left: A pattern P on Z
2 in red with its filling for the triangle

shape {(0, 0), (0, 1), (1, 0)} drawn in gray. P has size 14, rank 10 and
excess 4. Right: A minimal set R in blue with the same filling

Note that every filling closed set F has by definition at
least one subset with numerical excess 0. See Figs. 12, 13 for
examples.

Lemma 4.1 Excess is monotone: if P ⊂ Q � G, then
e(P) � e(Q).

Proof Let R be a set of size rank(P) with filling ϕ(P). Then
ϕ(Q) � ϕ(P ∪ (Q\P)) � ϕ(R ∪ (Q\P)) by Lemma 3.5.
Thus rank(Q) � rank(P) + |Q\P| so

e(Q) � |Q|−rank(Q) � |P|+|Q \ P|−rank(P)− |Q \ P|� e(P).

�

4.2 Excess in a local sense

Definition 4.2 Let P � G. We say Q ⊂ P is an excess set
if ϕ(P \ Q) � ϕ(P). The set of excess sets of P is denoted
E(P). The visible excess of P is the maximal cardinality of
an excess set in P, denoted Ê(P). The phantom excess of P
is e(P)− Ê(P) . See Fig. 14 for examples.
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Fig. 13 Left: A pattern P on F2
in red with its filling for the
pyramid shape {e, a, b, a−1}
drawn in gray. P has size 16,
rank 14 and excess 4. Right: A
minimal set R in blue with the
same filling

Fig. 14 Two examples of patterns
with an excess set highlighted.
Left: On Z

2 with S � {(0, 0), (0,
1), (1, 0)}. Right: On F2 with
S � {e, a, b, a−1}. The pattern
is composed of the blue and red
points, the red points form an
excess set and the grey points are
the filling of the pattern

Note that excess sets are defined for a given set P (and
of course they depend on the choice of C, S). Clearly if P
contains an excess set of cardinality k, then the e(P) � k.
Thus, excess is always at least as large as visible excess, and
phantom excess is always nonnegative.

It is tempting to try to prove that phantom excess is always
zero, or even that all maximal excess sets have the same
cardinality, which equals excess. As we will see in Sect. 5.5,
this fails badly even on the group Z

2, and for the simplest
possible non-linear shape.

Lemma 4.2 The excess sets of P form a down set.

Proof If Q is an excess set of P and Q′ ⊂ Q, then ϕ(P) �
ϕ(P\Q) ⊂ ϕ(P\Q′) ⊂ ϕ(P). �

Lemma 4.3 Visible excess is monotone: if P ⊂ Q � G, then
Ê(P) � Ê(Q).

Proof If R ⊂ P is an excess set then ϕ(P) � ϕ(P\R), so

ϕ(Q) � ϕ(P ∪ (Q \ P)) � ϕ((P \ R) ∪ (Q \ P)) � ϕ(Q \ R)

so R is an excess set for Q, implying Ê(Q) � Ê(P). �

Lemma 4.4 If a pattern contains a subpattern with no excess
and with the same filling closure, then it has no phantom
excess.

Proof If P ⊂ Q where P has no excess and ϕ(P) � ϕ(Q),
then P can be used to calculate excess for Q, and we have
e(Q) � |Q \ P|. On the other hand, Q \ P is clearly an
excess set of this cardinality, thus visible excess matches
excess. �

Interestingly, visible excess is not preserved under the
solitaire process. We will see an example in Sect. 5.5.

4.3 Monotonicity of solitaire, and“ignoring
elements”

Fix C � S � G for this section.
We show that the solitaire process ismonotone in the sense

that after adding elements to a set, we can still apply allmoves
we could previously. Intuitively, we can always pretend not

123



V. Salo et al.

Fig. 15 Left: A standard solitaire move for the square shape on Z
2.

Right: A trivial application of the solitaire. (Here, π is the transposition
exchanging (1, 0) and (1, 1))

to see some of the elements in a pattern, and play solitaire
on the subpattern. The elements we pretended not to see are
then permuted in some (possibly nontrivial) way.

Recall that we may think of a solitaire move as applying
a permutation of C in gC (through the natural identification
c ↔ gc), and we are allowed to apply this permutation to a
pattern P if g(S\C) ⊂ P and |gC ∩ P|� |C |−1. We note
that it does not hurt if we also allow applying the permutation
when gS ⊂ P , as in this case the permutationfixes the pattern
anyway.

Definition 4.3 We say that solitaire applies at g to pattern
P if g(S\C) ⊂ P and |gC ∩ P|� |C |−1. Then for any
permutation π : C → C we have the associated solitaire
move gπ defined by

P → P ′ � (P \ gC) ∪ gπ (g−1P ∩ C).

We also use function notation gπ (P) � P ′. See Fig. 15 for
an example.

Note that g−1P ∩C is in bijection with P ∩ gC , and this
bijection is the natural one, c ↔ gc. Thus we are indeed
applying π to the subset of P intersecting gC, and finally
moving it back to a subset of gC (Fig. 15).

Lemma 4.5 Let P ⊂ G. If solitaire applies at g to pattern
P, then it applies to any P ∪ R. Furthermore, gπ (P ∪ R) ⊃
gπ (P).

Proof Permutations at g stay applicable when the set
increases: the only possible change in the intersection with
gS is that (P ∪ R)∩ gS becomes gS (because already P ∩ gS
misses at most one element). Both gπ (P ∪ R) and gπ (P)
are produced by applying the same permutation in the same
set of cells. �

Lemma 4.6 Suppose P →∗ P ′. Then there exists a bijection
π : G\P → G\P ′ with support contained in ϕ(P), such
that P ∪ Q →∗ P ′ ∪ π (Q) for all Q ⊂ G \ P.
Proof Since P →∗ P ′, there is a sequence of patterns P �
P0 → P1 → · · · → Pm � P ′, thus there is a sequence of
permutations g1, g2, . . . , gm and a sequence of permutations
π1, . . . , πm of C such that solitaire applies at gi in Pi−1, and
Pi � giπi (Pi−1).

Let R ∩ P � ∅, and define Q � Q0 � P ∪ R.
Induction and the previous lemma show that the sequence
Qi � giπi (Qi−1) is well-defined (because solitaire applies
at gi to pattern Qi−1), and Qi contains Pi .

The entire evolution of the pattern comes from a sequence
of permutations applied to G, proving the claim about there
existing of a single permutation of π .

For the claim about the support, observe that each Pi is
contained in the filling closure ϕ(P). The only way solitaire
could apply at gi in Pi−1, without gi S being contained in
ϕ(P), is that actually giπi moves an element outside of ϕ(P),
which is impossible. �

In particular:

Lemma 4.7 Suppose P →∗ P ′. Then for any Q, we have
P ∪ Q →∗ R for some pattern R containing P ′.

Proof Take R � P ′ ∪ π (Q) in the previous lemma. �

4.4 Transporting excess

Fix again C � S � G for solitaire purposes.
Sometimes a filling closed set F contains a filling subset P

(i.e. F � ϕ(P)), which allows us to freely perform transfor-
mations on the excess sets. Intuitively,P canbemoved around
F by the solitaire freely enough that it can “drag other ele-
ments along” anywhere in F, and ultimately permute them
arbitrarily.

Definition 4.4 Suppose P , R � G. The R-restricted orbit of
P is the set of patterns Q � G obtained from P by applying
only solitaire moves only at g ∈ G such that gS ⊂ R.

Definition 4.5 Suppose P � G and F � ϕ(P). We say P
transports k-excess inside R if all of the patterns P � Q ⊂ R
where |Q|� k are in the same R-restricted S-orbit. We say P
transports k-excess if it transports k-excess inside F. We say
P transports excess (inside R) if it transports k-excess (inside
R) for all k.

A super-P pattern is Q ⊃ P such that ϕ(Q) � ϕ(P). In
terms of this notion,P transports k-excess if and only if every
for every 
 ≤ |P|+k, every super-P pattern with cardinality

 is in the same orbit, and P transports excess if and only if
every super-P pattern with the same cardinality is in the same
orbit. Note that in this definition P itself is allowed to have
excess, although in our applications it will not. To explain
the terminology, it is the excess on top of the excess of P
itself that its transported. An example is given in Fig. 16.

By definition, if P transports k-excess inside F, then it
transports (k−1)-excess.We show that in at least very special
situations, the converse is true.
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Fig. 16 A horizontal line transports excess on the lines above and under
it for the square solitaire on Z

2

Lemma 4.8 Suppose P � G and F � ϕ(P). Suppose
F\P � {p1, . . . , pn} and P transports 1-excess in Rk �
P ∪ {p1, . . . , pk} for all k. Then P transports excess.

Proof By induction on k and n, we show that P transports
n-excess in Rk for all k, n. For k � 0, this is trivial, and for
a fixed k, it is trivially true for n � 0, since in these cases P
is the only pattern to consider.

Consider then a pattern Q of size n + 1 inside Rk , such
that the claim holds for patterns up to size n, and holds for all
smaller values of k. If n +1 � k, thenQ is the only pattern of
its size, and the claim holds trivially, so suppose n +1 < k. If
Q does not contain pk , we may think of it as being contained
in Rk−1, inside which we can transport (n + 1)-excess freely.
Thus, it suffices to show that pk can be moved inside Rk−1
without involving elements outside Rk .

Actually, it is easier to show that we can move an element
into pk . Namely, since n + 1 � 1, we know that Q contains
some pi . Since P transports 1-excess, we have P ∪ {pi } →∗
P ∪ {pn}.

By Lemma 4.7, we then have P ∪ Q →∗ P ∪ R for
some R � pk . In fact, by Lemma 4.6, we can choose R\{pk}
freely by choosing Q freely, and the latter is possible since P
transports (n + 1)-excess inside Rk−1. �

Lemma 4.9 The solitaire preserves the set of patterns that
transport excess.

Proof Suppose P transports excess, and suppose Q →∗ P .
Let Q ⊂ R�Q ⊂ ϕ(Q). By Lemma 4.7, we have Q∪R→∗
P ′ for some pattern PR containing P. Since P transports
excess, all such PR with equal cardinality are in the same
orbit, therefore all patterns Q ∪ R with the same cardinality
are in the same orbit. �

4.5 Nice solitaire theories

Definition 4.6 Let G be a group, C � S � G. We say
(C, S, G) has a nice solitaire theory if the following holds: if
P, Q have the same filling closure, and neither of them has
excess, then P → ∗

C , SQ.

In our case studies below, we will show that G � Z
2 has

nice solitaire theory for C � S either the triangle shape {(0,
0), (1, 0), (0, 1)} or the square shape {0, 1}2. In both cases,
excess can also be fully understood.

Note that, at least ifG has finite fillings, then it is never true
that all patterns with the same filling closure and the same
excess are in the same orbit. Namely, let Q be any pattern
with excess, and P any smaller pattern with ϕ(P) � ϕ(Q)
(for example, P � S\{c}, Q � S for some c ∈ C). Then
it is easy to see that for g ∈ G “large” enough, the filling
closures of gQ∪ P and gP ∪Q are equal, and both have the
same excess, but they are not in the same solitaire orbit.

Example 4.1 Let k > 1 and l > 2k +2 be integers. LetG be a
group with a subgroup H isomorphic to Z/kZ×Z/lZ, i.e. a
torus with one side sufficiently larger than the other. Denote
a and b a pair of generators of H. Then S � {e, a, b} does
not have a nice solitaire theory.

Indeed, consider P � 〈a〉 and Q � b� l2 �〈a〉. Moving S
along 〈a〉, one can perform filling steps to add b〈a〉 to P.
By induction, H ⊂ ϕ(P), and in fact H � ϕ(P). Similarly,
ϕ(Q) � H .

Neither of the patterns has excess. This can be seen as
follows: If we have any set R ⊂ H with less than k points,
then one can see analogously to the arguments we give for
Z
2 that the filling closure will also involve less than k cosets

of 〈b〉. In particular, the filling closure cannot be H.
However,O(P) ⊂ 〈a〉(e+b+b2 + . . . bk−1) since to move

a point along b, there need to be another point to “push” it,

and similarlyO(Q) ⊂ 〈a〉b l
2 (e + b + b2 + . . . bk−1) so P and

Q cannot be in the same orbit. ©

5 Triangle solitaire on the plane

The triangle is the set T � {(0, 0), (1, 0), (0, 1)}. A T -
solitaire move is called a triangle move, and the T -solitaire
process is referred to as triangle solitaire.

We have T � T2 where Tn � {(a, b) ∈ {0, . . . ,
n − 1}2 | a + b � n − 1} is the more general n-triangle.
Sometimes, we refer to a generic n-triangle as simply a tri-
angle, and “the triangle” or “triangle shape” to refer to T .

In this section,we completely characterize the orbits of the
triangle solitaire, and prove various things about our favorite
orbit, namely line orbit, which is the orbit of the line Ln � {0,
. . . , n − 1} × {0}. Sometimes “a line” can also refer to a
translate of the line. By the edges of the n-triangle we refer
to the intersections of the edges of its convex hull with the
lattice Z

2; the line is one of the three edges of the n-triangle.
The set Ln has the n-triangle as its filling closure. One of

our main results is that all sets of cardinality at most nwhose
filling closure is Tn are in the solitaire orbit of Ln .

The results of this section were already stated in our pre-
vious paper (Salo and Schabanel 2023), with elementary and
triangle solitaire specific proofs. Here, we rely on the general
theory developed above to deduce immediately some results
and make other proofs faster.
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Fig. 17 The neighbors of the orange cell are the blue ones

5.1 Definitions and first properties of the triangle
solitaire

A useful graph structure to consider on Z
2 is the triangular

lattice. Specifically, the neighborhood of a point x ∈ Z
2 is

the one depicted in Fig. 17, it corresponds to the points which
can be involved in a triangle move with x. The neighborhood
of a patternA, denotedN(A) is the union of the neighborhoods
of its points. Two patterns A and B touch if A ∩ N (B) �� ∅

or equivalently B ∩ N (A) �� ∅.
Note that by squishing vertically by a factor of 1/

√
2, and

then shearing horizontal lines by 0.5, the triangular lattice
becomes invariant under rotation by 120 degrees, and trian-
gles become equilateral. Althoughwefind itmore convenient
to work with coordinates in Z

2, we apply this observation in
symmetry considerations.

Note that when expressed in coordinates Z
2, the 120-

degree rotation counterclockwise corresponds to the auto-

morphism of Z
2 given by the matrix M �

(
−1 −1
1 0

)

(when

multiplying column vectors from the left). Formally, we may
take the phrase “up to rotation” to refer to an applications of
M or M−1.

We begin with the observation that the choice of orienta-
tion of the line does not matter:

Proposition 5.1 For every n, the three edges of Tn are in the
same orbit.

Proof The first line of Fig. 18 explains by example how to
transform the horizontal edge into the diagonal, and the sec-
ond one how to transform the diagonal into the vertical edge

(of course this is just a rotated inverse of the first transforma-
tion).

�
This proof shows that the number of solitaire moves

needed to go from one line to another is at most O(n2). We
will see later that Ω(n2) steps are necessary, and that the
diameter of the orbit of the line, i.e. the maximal number of
steps needed to go from one pattern of the orbit to another,
is Ω(n3).

5.2 The filling process for the triangle

We now specialize the filling process for the triangle. This
specific process has been studied previously, in Kirchner
(2022). An example of triangle filling was given in Fig. 6

SinceZ
2 has the finite filling property and T is non-linear,

the filling process is terminating, and thus the filling closure
ϕ(P) is reached in finitely many steps.

Let us say that P fills if ϕ(P) � Tn , where n � |P|. In
Kirchner (2022), filling sets P were called fill matrices. We
will show that they in fact correspond to the elements of the
line orbit.

Lemma 5.1 For any pattern P, there are unique integers k1,
. . . , kr and vectors �v1, . . . , �vr such that ϕ(P) � ⋃r

i�1 �vi +
Tki ,

∑r
i�1 ki � |P| and N ( �vi + Tki ) ∩ ( �v j + Tk j ) � ∅ for

each i �� j .

We refer to ϕ(P) �⋃r
i�1 �vi +Tki as the fill decomposition

of P. (Note that this refers to the formal union rather than the
set, but it is easy to see that the set determines the values vi
and ki up to a permutation.)

Proof We prove this by induction on |P|. The case |P|� 1 is
trivial.

Now assume the result is true for patterns of size at most
n and let P be a pattern of size n + 1. Then if x ∈ P , P \
{x} satisfies the induction hypothesis so we can write ϕ(P \
{x}) �⋃r

i�1 �vi + Tki . We now have three cases to consider.

Fig. 18 How to transform one
edge into another for n � 5
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Solitaire of independence

Fig. 19 How to extend a triangle with a top neighbor or a subdiagonal
neighbor. The right neighbor case is symmetric to the top neighbor case

First, if x ∈ ϕ(P \ {x}) then ϕ(P) � ϕ(P\{x}), and the
inequality on the size of P clearly continues to hold, as the
right-hand size increase, but the left-hand side does not.

Second, if x is not in the neighborhood of ϕ(P\{x}) then
no additional filling can be done with it, therefore ϕ(P) �
ϕ(P \ {x}) ∪ {x} and, as {x} is a triangle (translate of T1),
we have the appropriate decomposition, and both sides of the
inequality are increased by 1.

Finally, assume x ∈ N ( �v1 + Tk1 ). Then we can extend
�v1 + Tk1 as in Fig. 19. By doing so we may lose the property
that the triangles do not touch, but if some do so we can
merge them by repeating the extension process. Notice that
if two triangles are merged, then the new triangle cannot be
larger than the sum of the sizes of the initial triangle, so the
inequality on the triangles’ sizes is still satisfied. (Merges
may be triggered recursively, but nevertheless no merge can
increase the sum of triangle sizes.)

�

Define the triangle excess of P as the difference eT (P) �
|P|−∑r

i�1 ki .

Lemma 5.2 Triangle excess is equal to excess.

Proof Excess is defined as

e(P) � |P|−rank(ϕ(P)),

and triangle excess is defined as

eT (P) � |P|−
r∑

i�1
ki .

where ki come from the fill decomposition of P. To show
these equivalent is the same as showing rank(ϕ(P)) �∑r

i�1 ki .
Since ϕ(

⋃r
i�1 �vi + Lki ) � ϕ(P), we have rank(ϕ(P)) �

∑r
i�1 ki . On the other hand, if we have fill decomposition

ϕ(R) � ϕ(P) �⋃
i �vi +Tki then |R|�

∑
i ki by Lemma 5.1,

so indeed rank(ϕ(P)) �
∑

i ki as desired. �

5.3 Characterisation of the solitaire orbit through
the filling

We can mimic the filling process using the solitaire, by using
lines in place of triangles, and pretending the excess elements
are not there, as in Sect. 4.3.

In line with the terminology in Sect. 4.4, we say a pattern
P is a superline if ϕ(P) � �v+Tn for some n, and P ⊃ �v+Ln .

Lemma 5.3 Let P be a superline, and suppose x touches P.
Then P ∪ {x} contains a superline in its solitaire orbit.

Proof Suppose P contains �v + Lm and ϕ(P) � �v + Tm . By
translational symmetry we may assume �v � (0, 0). First
suppose the exact equality P � Lm holds. If x ∈ Tm , the
claim is clear as P is already a superline.

Otherwise, up to rotational symmetry (and because of
Proposition 5.1), we may assume x is below P, i.e. x � (k,
−1) for 0 � k � m. Figure 20 shows how we can turn
P ∪ {x} into the line (0, −1) + Lm+1 � {0, . . . , m} × {−1}
by applying solitaire moves, again proving the claim.

Now consider the general case P ⊃ Lm and ϕ(P) � Tm ,
where we may again assume x /∈ Tm . We have ϕ(P) �
ϕ(Lm) so ϕ(P ∪ {x}) � ϕ(Lm ∪ {x}) by Lemma 3.5. Denote
T ′ � ϕ(Lm ∪ {x}).

We have Lm ∪ {x} →∗ Q for some superline Q with of
courseϕ(Q) � T ′, so by Lemma 4.6we have P∪{x} →∗ Q′
for some pattern Q′ ⊃ Q, and ϕ(Q′) � T ′. Thus Q′ is also
a superline. �

Lemma 5.4 Suppose that P, Q are (not necessarily disjoint)
superlines, and their filling closures touch. Then P ∪Q con-
tains a superline in its solitaire orbit.

Proof Up to rotational symmetry, translation, and exchang-
ing the roles of P and Q, we may assume ϕ(P) � Tm and
ϕ(Q) � �v + Tn where �v � (a, b) with a � 0, b � −1, and
n + b � m − a. To see this, we recommend the reader draw
a picture and argue geometrically: if n + b > m− a, then the
top corner ofQ sticks above the diagonal of P, in which case
the right corner of P will be inside Q or just next to it, and
we may exchange the roles of P and rotate and translate to
get to the situation n + b � m − a.

Since the filling closures touch, we have n � −b and
a � m. SinceQ is a superline and all edges of the triangle are
in the same orbit, Q′ � �v + {0}×{0, . . . , n−1} is contained
in some pattern in the orbit of Q. Note that the assumption
on n is precisely equivalent to the fact that vectors in Q′ with
positive second coordinate are contained in Tn . Now we can
simply apply the previous lemma successively to the vectors
in Q′ with negative second coordinate. �
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Fig. 20 How to extend a line with
a bottom neighbor

Fig. 21 Fetching an excess point

Lemma 5.5 Let P be a pattern with fill decomposition
ϕ(P) � ⋃

i �vi + Tki . Then the orbit of P contains a union
of superlines whose filling closures do not touch, and where
the corresponding lines are precisely the lines �vi + Lki .

Proof We start by observing that every pattern P can be
thought of as a union of superlines

⋃
i �vi + Tki , for exam-

ple by taking ki � 1 for all i, and having the �vi enumerate
P.

Let P ′ �⋃r
i�1 Qi be in the orbit of Pwith Qi superlines,

such that r is minimal. Then the filling closures of distinct Qi

do not touch: suppose ϕ(Q j ) and ϕ(Qk) do touch for j �� k.
Then by Lemma 5.4, Q j ∪ Qk contains a superline Q in its
solitaire orbit. By Lemma 4.7,

⋃r
i�1 Qi then contains a set

R ⊃ Q′ � Q ∪⋃
i∈[1, r ]\{ j , k} Qi in it solitaire orbit. Each

element of R which is not in Q′ can be added in one of the
superlines Qi orQ, since the union of their filling closures is
ϕ(P). Thus, we have found a pattern in the orbit of P which
can be written as a union of strictly less than r superlines.

For the final claim, we observe that the filling closure of P
must be precisely the union of the filling closures of the super-
lines, which determines the lines to be those corresponding
to the fill decomposition. �

Next, we show that the non-touching superlines can be put
in normal form.

Lemma 5.6 The line transports excess.

Proof By Lemma 4.8 it suffices to show that there is a linear
order p1, p2, . . . , pm on ϕ(Ln)\Ln � Tn\Ln such that Ln

transports 1-excess in Rk � P ∪ {p1, . . . , pk} for all k.
Note that m � |Tn\Ln|� n(n − 1)/2. We use the order (a,
b) � (c, d) if b < d or b � d ∧ a < c. Note that extending
this formula to all of Tn , Ln � {0, . . . , n − 1} × {0} would
form the minimal elements.

Figure 21 now explains the procedure for retrieving an
element from anywhere in the triangle to a position of the
form (k, 1), without involving any positions larger than the
retrived element. Figure 22 in turn explains how to move an
element from position (k, 1) to position (0, 1) (the reverse
can be done by inverting this process). This concludes the
proof. �

Since the line transports excess, we obtain that all super-
lines with the same filling closure and same cardinality are in
the same orbit. The representatives informed by the previous
proof are as follows: for 0 � k � n(n − 1)/2, we denote
by Pn, k the shape composed of a line of length n to which k
points were added by filling the triangle under the line from
top to bottom, and at each height from left to right. Examples
are shown in Fig. 23.
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Fig. 22 Pushing excess to the left

Fig. 23 From left to right: P4, 0, P4, 2 and P4, 4. The purple cells are the
excess

Theorem 5.1 (Characterisation of the orbits) If P is a finite
pattern then there are integers n1, . . . nr and k1, . . . kr and
vectors �v1, . . . �vr (uniquely determined by P) such that P →∗
⋃r

i�1( �vi + Pni , ki ), and the filling closures ϕ(Pni , ki + �vi ) �
Tni + �vi do not touch each other. Furthermore,

∑r
i�1 ni �

|P|−e(P) and ∑r
i�1 ki � e(P).

Proof The claim P →∗ ⋃r
i�1( �vi + Pni , ki ) follows by first

observing that the orbit contains a union of superlines whose
filling closures do not touch, and then using the fact the line
transports excess to put each superline in normal form Pni , ki .
For uniqueness, observe that (up to permutation) the vectors
�vi and values ni are determined by the fill decomposition,
and ki by the cardinalities of the sets P ∩ �vi + Tki .

For the last claim,we recall that e(P) is equal to the triangle
excess defined as eT (P) � |P|−∑r

i�1 ni , thus
∑r

i�1 ni �
|P|−e(P). Since solitaire preserves cardinality,

|P|� |
r⋃

i�1
( �vi + Pni , ki )|�

∑

i

(ni + ki )

so e(P) �∑
i ki . �

Corollary 5.1 Let P be a pattern with fill decomposition
ϕ(P) � ⋃r

i�1 �vi + Tki . Then P has no excess if and only
if P is in the solitaire orbit of

⋃
i �vi + Li .

Corollary 5.2 If P is a pattern, then P ∈ O(Pn, k) if and only
if ϕ(P) � Tn and e(P) � k.

Note that we now know the orbits for solitaire processes
on the planeZ

2 with all shapes of size 3. Indeed, such a shape
is either linear (and thus easy to analyse), or it is a triangle
shape on a finite index subgroup of Z

2, and the orbits in
different cosets of this subgroup are completely independent
(Remark 3.1), and are individually described by the triangle
solitaire.

Fig. 24 Left: An example of vertical stack. Right: A pattern that is two
kind of stacks is a line

Fig. 25 A pattern with 5 points in the 4 rightmost columns. The subpat-
tern delimited by the red line has excess so so does the whole pattern

5.4 Size of the line orbit

In what follows, we build a subset and a superset of the line
orbit and compute their size so as to get bounds on the size
of the line orbit.

Lets first build a subset of Ln . One can build an element of
the orbit of the line by choosing first one of the three corners
and then choosing a point on each line parallel to the edge
opposed to the corner as illustrated in the left part of Fig. 24.
Such pattern is called a horizontal, vertical or diagonal stack
depending on if the chosen corner is the top one, right one or
bottom left one. One can easily check by induction on n that
thos patterns are in the line orbit.

Assume that a patternP is for instance both a vertical and a
horizontal stack, thenP has exactly one point in each line and
in each column, so it is the diagonal line (see the right side of
Fig. 24). Therefore, when counting all three kinds of stacks,
only 3 patterns are counted twice. Since there are n! stacks of
one kind, there are exactly 3n!−3 stack patterns. Using Stir-
ling’s approximation, this gives the following lower bound
on the size of the line orbit:

Lemma 5.7 For all n � 1, |O(Ln)|� 3n!−3 � c1e−nnn+
1
2

for a certain constant c1 > 0.

Now let us build a superset of Ln . Let An be the set of
patterns P with size n contained in the triangle Tn such that
for each 1 � j � n, the number of points of P in the j right-
most columns of Tn is at most j. Ln ⊂ An since if a pattern
P is not in An , then there is a j such that the subpattern of P
composed of the j right-most columns of Tn has excess, so
so does P (see Fig. 25).
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Fig. 26 Here, e(P) � 1 but E(P) � {∅} so Ê(P) � 0

The sets An have been studied by Hanna (2022), who
proved that their size is

c
( e

2

)n
(n − 1)n−

5
2

with c � 4+2W (−2e−2)
e3
√
2π

where W is the inverse function of

f : z !→ zez (Lambert’s W function). Since the line orbit is
a subset of An , this equivalent translates to an upper bound
on its size up to increasing the constant:

Lemma 5.8 For all n � 1, |O(Ln)|� c2
( e
2

)n(n − 1)n− 5
2 for

a certain constant c2 > 0.

Combining these, we get the following bounds on the size
of the line orbit.

Theorem 5.2 There are constants c1, c2 > 0 such that
c1e−nnn+

1
2 � |O(Ln)|� c2

( e
2

)n(n − 1)n− 5
2 .

5.5 Excess sets for the triangle

We show that excess sets do not behave as intuitively as one
might hope, even for our simple triangle example. Namely,
it is tempting to think that if a set has excess, then we can
remove some of its points to remove the excess, i.e. that the
size of a maximal excess set in P always matches the excess
e(P). This is not true.

Theorem 5.3 For the triangle solitaire,

(i) There exist patterns with arbitrarily large excess, which
contain no excess sets (in particular, phantom excess is
unbounded),

(ii) Visible excess (equivalently phantom excess) can vary
by an unbounded amount within one solitaire orbit,

(iii) There exist patterns where there are maximal excess set
of different cardinality.

Proof For the first claim, consider the pattern P in Fig. 26.
It is clear that its filling closure is the triangle, so e(P) �
1. However, this pattern has no nonempty excess sets. To

Fig. 27 The pattern obtained after one induction step. The patterns high-
lighted are the two smaller patterns combined. e(P) � 2 but we still
have E(P) � {∅}

Fig. 28 The blue and orange sets are both maximal excess sets but do
not have the same cardinality

see this, observe that the process of joining triangles always
merges two existing triangles to a larger one, namely two
T1s to T2, then two T2s to T4, and then two T4s to T7. If any
element is removed, then one of these pairs cannot be joined.

We see that in fact when any element is removed, the
entire bottom left corner of the triangle is left empty. This
allows us to continue the construction inductively: We can
add another triangle below whose top does not become filled
if any element is removed. Then together these triangles will
fill a large triangle to the bottom right from P, but if any
element is removed, then this triangle will stay empty in the
filling closure. We obtain more and more excess at each step,
but still have no nonempty excess sets (see Fig. 27).

For the second claim, observe that the pattern we con-
structed (with arbitrarily large phantom excess) has in its
orbit a pattern containing the corresponding line, and by
Lemma 4.4 any such pattern has excess equal to its visible
excess, since the line itself has no excess.

For the third claim, consider Fig. 28.
�
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Fig. 29 The action of the square
shape

Fig. 30 The neighbors of the orange pattern are the blue cells

6 A brief look at other shapes on the plane

6.1 The square shape

In this section we study the solitaire action induced by the
2 × 2 square shape {0, 1}2. We show that the theory can be
developed entirely analogously as for the triangle.

The action of the square rotates a square with a single
empty cell as depicted in Fig. 29.

The filling process for the square shape of course com-
pletes squares which are missing a single point. By analogy
with the triangle shape, we expect the orbit of a finite pat-
tern to be contained in non touching rectangles which can
be computed by filling the initial pattern, and those orbits
to be recognisable with only the shape of the filling and by
counting the amount of excess elements in each rectangle.

With respect to the square, a good notion of neighbors of
a point are the eight points surrounding it, and the neighbor-
hood of a pattern is the set of points which have two adjacent
points of the pattern as neighbors. (Note that this is precisely
the condition for being able to apply a square solitaire move.)

Examples are given in Fig. 30.
The notion of touching is then again defined as A touches

B if A ∩ (B ∪ N (B)) �� ∅.

6.1.1 Rectangles and crosses.

As already indicated, the natural analog of the triangle Tn for
the square solitaire is a rectangle Rm, n � {0, . . . , m−1}×{0,
. . . , n− 1}. A natural analog of a line Ln for square solitaire
is in turn a horizontal line intersecting a vertical line. We call
such a pattern a cross. Notice that the square-shape filling of
a cross is a rectangle of width the length of the horizontal
line and height the length of the vertical line.

Lemma 6.1 All crosses that fill the same rectangle are in the
same orbit.

Proof Using the moves described in Fig. 31, one can shift
the vertical line to the left. By reversing the moves, the line
shifts to the right. By rotating them, the horizontal line can
be shifted up or down.

�

6.1.2 Shape of the square filling

Lemma 6.2 With respect to the square shape, the filling of
any pattern P is a set of non touching rectangles R1, . . . , Rk

whose sizes satisfy
∑k

i�1(w(Ri ) + h(Ri )− 1) � |P|, where
w(Ri ) and h(Ri ) are respectively the width and height of Ri .

Again, we refer to
⋃

Ri as the fill decomposition of P,
and its uniqueness is clear.

Proof Let P be a pattern. First, notice that a maximal
connected subpattern Q of ϕ(P) has no neighbor because
otherwise a cell could be filled.

Now consider a maximal connected subpatternQ of ϕ(P)
that is not a rectangle. Then Q has an inner corner, thus Q
has a neighbor. Hence the result on the shape of the filling.

We now prove the inequality on the size of the rectangles
by induction on |P|.

If P is a single point, then ϕ(P) � P is a rectangle of
length and height 1 so the inequality holds.

Now assume the inequality holds for all patterns of size n,
and let P be a pattern of size n+1. Let x ∈ P , |P\{x}|� n, so
the rectangles that compose ϕ(P\{x}) satisfy the inequality.
If x is in one of those rectangles, then ϕ(P) � ϕ(P \ {x}),
and we have the inequality. If x is not in the neighborhood
of a rectangle then ϕ(P) � ϕ(P \ {x}) ∪ {x}, and again the
inequality holds.

Lastly, if x is in the neighborhood of rectangle Ri , for
example x is adjacent to the right size of Ri , then the filling
adds a column to rectangle Ri , augmenting its length by 1.

The rectangles may intersect, triggering a sequence of
merges. But if Ri intersects the neighborhood of another rect-
angle R j , then the filling merges them into a rectangle R that
satisfies w(R) � w(Ri ) +w(R j ) and h(R) � h(Ri ) + h(R j ),
and at least one of these inequalities is strict. From this, it
follows that the inequality continues to hold when rectangles
are merged. �

6.1.3 Characterisation of the orbits.

If the filling of pattern P is
⊔r

i�1 Ri then its square excess is
eS(P) � |P|−∑r

i�1(w(Ri ) + h(Ri ) − 1). We can see as in
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Fig. 31 How to shift the vertical
line of a cross to the left. All the
other movements are
symmetrical

Fig. 32 From left to right, L5, 4, 0,
L5, 4, 2 and L5, 4, 6

the case of the triangle, that square excess is equal to excess
in the abstract sense.

For a, b, k integers, let La, b, k be the L-shape of length a
and height bwith k points in the rectangle in generates, filled
from left to right and bottom to top. Examples are given
Fig. 32.

Lemma 6.3 Every cross transports excess.

Proof By Lemma 4.9 and Lemma 6.1, it suffices to show this
for one cross.We use the cross with the left and bottom edges
of the rectangle, i.e. Lm, n, 0.

Excess transportation can be now shown using Lemma 4.8
by using the lexicographic order, and is even easier than the
corresponding process for the triangle. Namely, by the pro-
cedure in Lemma 6.1 we can move the vertical line of a cross
so that it is next to an excess point, then move it down, then
move the vertical line back to the left, and transport the excess
point to get the final pattern Lm, n, 1.

This process only uses elements below the excess point in
lexicographic order, and we conclude from Lemma 4.8 that
the cross transports excess. �

Theorem6.1 (Characterisation of the orbits of the square) If
P is a pattern, then it is in the orbit of the pattern composed
of La, b, k-shapes corresponding to the fill decomposition of
ϕ(P) and adding the excess present in the rectangle. I.e.,
if ϕ(P) � ⋃k

i�1[(xi , yi ), (xi + ai , yi )] × [(xi , yi ), (xi ,
yi + bi )] and ki � |P ∩ Ri |−(ai + bi − 1) then P ∈
O

(⋃k
i�1 (xi , yi ) + Lai , bi , ki

)
.

Proof This is proved analogously as for the triangle: we first
show that we can apply the solitaire process to turn P into
a disjoint union of supercrosses (patterns containing a cross,
whose filling closure is the same as that of the cross) whose
filling closures do not touch. The union of the filling closures
of these super-crosses form the filling closure of P.

For this, we observe analogously to the case of the tri-
angle, that two touching supercrosses can be merged into a
supercross. Thus, a pattern in the orbit of P which is a union

of a minimal number of supercrosses will in fact be a union
of non-touching disjoint supercrosses.

Finally, we can use the previous lemma (the excess trans-
portation property of crosses) to put the super-crosses in the
stated normal form.

�

6.1.4 Size of a cross orbit

One may be able to build subsets and supersets of a cross
orbit with known cardinality in the same fashion as for the
triangle shape.

For the subset, a good candidate is the set of patterns built
recursively by adding a point on the column to the right or
the line to the top. More precisely, define R1, 1 � {(0, 0)}
and then for a, b > 0, patterns of Ra+1, b are obtained by
adding a point in {(a, j) | 0 � j < b} to a pattern of Ra, b

and those of Ra, b+1 are obtained by adding a point in {(i ,
b) | 0 � i < a} to a pattern of Ra, b. One may check that
these patterns are in the orbit of La, b, 0. We however do not
know how to count them.

For the superset, one may consider the patterns such that
no rectangle subpattern with bottom left corner (0, 0) has
excess, similarly to the overset for the triangle. It is clear that
this is an overset of the cross orbit but again, we do not know
how to count them.

6.2 General shapes S admit interaction
without merging

6.2.1 Polygons and fillings.

Consider a general non-linear shape S � Z
2, i.e. not con-

tained in any affine line. We say S ⊂ Z
2 is discrete-convex if

it is the intersection of a geometrically convex subset of R
2

and Z
2.

Recall that P → Q is an S-solitaire move if there is a
vector v ∈ Z

2 such that |P ∩ (�v + S)|� |Q∩ (�v + S)|� |S|−1
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Fig. 33 With S the red shape, the
blue pattern is an S-polygon but
not the orange one because the
right side is too short. Here the
solid lines correspond to standard
generators of Z

2, and dotted lines
show the dual lattice of
Z
2-centered unit squares

and P�Q ⊂ P2(�v + S). An S-filling step consists in adding
to a pattern such that |P ∩ (�v + S)|� |S|−1 the missing point
of �v + S. This process is confluent and when it exists, we
denote its limit ϕS(P).

Previously, the filling of a pattern had the “same shape”
as the shape used for the solitaire moves. The following def-
inition aims at generalising this idea for arbitrary S.

Definition 6.1 Given a shape S, an S-polygon is a pattern
obtained by intersecting Z

2 with a geometric polygon in R
2

with the same edge directions as the convex hull of S, each
edge being at least as long as the corresponding edge in S’s
convex hull (in terms of the number of lattice points). We
define the S-hull of P as HS(P) � Q ∩Z

2 where Q ⊂ R
2 is

the smallest polygon with (at most) the same edge directions
as S containing P.

Notice that an S-hull is not necessarily an S-polygon
since some edges might be too short. An example is given
in Fig. 33.

The following two lemmas are essentially the two-
dimensional version of Proposition 3.2. We give direct
(slightly informal) proofs.

Lemma 6.4 The S-hull of every set is well-defined, and is
finite.

Proof For each edge e of S, there is a corresponding nor-
mal vector �v (pointing outside), and points with positive dot
product with �v define a half-space He.

Given P ⊂ R
2, we can see P as a subset of R

2 and slide
copies of all these half-planes He as close to P as possible,
and finally take the convex polygon spanned by their edges.
�

Unlike in the case of the triangle and square, there never-
theless does not always exist a smallest S-polygon containing
a given finite set P ⊂ Z

2, because the edges in the S-hull can
be too short. This is in particular the case when P is smaller
than S, an example is given in Figure 34.

Lemma 6.5 The S-filling of pattern P is contained in its S-
hull.

Fig. 34 With S the red shape, the blue pattern has 3 smallest S-polygons
containing it

Proof Let L be a line parallel to an edge on S, then the filling
process can add points on the outer side of the line only if
there is already some point on the outer side. Therefore the
filling process cannot add points outside the S-hull. �

Remark 6.1 The notion of S-hull can be generalised to higher
dimensions, using faces instead of edges. Lemma 6.5 still
holds for higher dimension, simply replace lines by hyper-
planes in the proof.

In the case of the triangle shape and the square shape, we
were able to identify a set of domains (triangles and rectan-
gles) and a notion of touching, such that patterns contained
in domains that do not touch evolve entirely independently
in the solitaire and patterns filling domains that touch can
merge into a pattern that fill a bigger domain.

In fact, these setswere preciselyS-polygons: for a triangle,
the sets Tn are precisely the triangle-polygons, and rectangles
{0, . . . , m − 1} × {0, . . . , n − 1} are precisely the square-
polygons.

The following example illustrates that, unlike in the case
of the triangle and the square. However, for a general shape
S we can have two S-polygons sets which do not “merge”
(in that their union is closed under filling, and is not an S-
polygon), yet the solitaire process can in a nontrivial way
share a hole between the two sets.

Example 6.1 Consider the red shape S in Fig. 35, and the pat-
tern P formed by the orange, green and blue points. One can
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Fig. 35 An example of “non-merging shapes” with non-trivial interac-
tion

apply solitaire moves to the left (orange and green) of right
(blue and green) part separately, moving the hole arbitrarily.

If we move the hole in the orange part to the left, then we
can borrow a green point from the middle. This can freeze
the process in the blue part, until the element is returned.

The filling closure of the colored area is the area with the
orange and blue outlines, i.e. the filling process adds only two
points. This limit does not fit our notion of an S-polygon.©
Remark 6.2 For large S, one can form long chains out of
such non-merging S-polygons, and even cycles and other
planar graphs, where elements can be exchanged between
the various parts, but which do not merge into a discrete-
convex pattern.

We do not yet have clean descriptions of the processes
described in the previous example and remark, but we hope
to find a good way of cutting fillings into understandable
components.

Question 6.1 Is there a notion of S-components such that the
maximal S-components of a pattern closed under filling are
either S-polygons or single points (those component being
not necessarily disjoint), and the solitaire can be understood
as in the triangle and square case, except that distinct S-
components may share points?

6.2.2 Contours and Orbits.

One thing that doesworkwith general shapes is the notionof a
contour fromSalo (2022). It provides a natural generalization
of the line in triangle solitaire, and the cross (or an L-shape)
in the case of square solitaire.

Here we find it helpful to work with more general groups
G, to avoid getting caught up in geometric details, although
our particular emphasis will be on the groups Z

d .
Recall that a total order < on (the elements of) a group G

is bi-invariant if a < b ⇐⇒ ca < cb ⇐⇒ ac < bc
for all a, b, c ∈ G. Such orders exists for example for free
abelian groups and free groups.

Definition 6.2 Let us call s ∈ S a corner if there is a bi-
invariant order on G such that s is the maximal element of

S (it is then minimal for the inverted order, which is also
bi-invariant).2

The following fact is well-known:

Lemma 6.6 The (bi-)invariant orders on Z
d are fully

described as follows: First order vectors according to their
dot product with a unit vector �v. If the kernel of the projection
to the line spanned by �v has non-trivial intersection with Z

d ,
then this intersection is a finitely-generated abelian group of
smaller rank. Order it inductively.

In particular, our notion of corner agrees with the usual
notion of a corner in convex geometry. Figure 36 presents
few a examples on Z

2.

Definition 6.3 Suppose G is a group, S � G and suppose
c ∈ S is a corner of S. If P is a pattern, its S-contour with
respect to c is

CS, c(P) :� {x ∈ P | xc−1S �⊂ P}.

Note that the set of x such that xc−1S �⊂ P can be
expressed as “those x such that if g is the translation such that
gc � x , we have gS �⊂ P”, since gc � x ⇐⇒ g � xc−1.

Note also that if c � eG (which we may assume without
affecting the solitaire process by translating the shape), then
this simplifies to {x ∈ P | xS �⊂ P}.

Examples of contours on the plane are shown in Fig. 36.
The following result is essentially from Salo (2022).

Proposition 6.1 Any two contours of a given pattern with the
same shape have the same cardinality.

Proof By Salo, (2022, Lemma 28), if we pick any TEP sub-
shift with the given shape S � G, then all contours of a
domain P ⊂ G can be filled arbitrarily and their contents
uniquely determine a valid P-pattern. (In the terminology
of Sect. 9, the contours of P � G are independent and P-
spanning sets.)

The number of patterns with shape CS, c(P) is then pre-
cisely the logarithm (with base the size of the alphabet) of
the number of legal patterns on the domain P. In particular,
it does not depend on the choice of c. �

The above proof is rather indirect, as it involves the choice
of an arbitrary TEP subshift. We show that under some con-
ditions, one can apply the solitaire process to move between
two contours.

Definition 6.4 Suppose c, c′ ∈ S are two distinct corners of
S. We say c and c′ are sweep swappable if there exists a bi-
invariant total order onG such that c � min S and c′ � max S
with respect to this order.

2 It seems that here we need a bi-invariant order, while Salo (2022) only
needs a left-invariant order.
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Fig. 36 The dark blue points are
the contour of the light blue
polygon for shape S in orange
with respect to the red corner

Lemma 6.7 Let c, c′ ∈ S be sweep swappable. Then for any
P � G, the contours CS, c and CS, c′ are in the same solitaire
orbit.

Proof Let < denote a total bi-invariant order on G such
that c � min S and c′ � max S. By translating S on the
left (which preserves solitaire moves and contours) we may
assume c′ � eG . Let C , C ′ � P be the contours corre-
sponding to c, c′ respectively. Order S \ C in increasing
order as g1, . . . , gn . Now define C0 � C and inductively
Ci � (Ci−1 ∪ {gi })\{gi c}. We claim that this is a valid soli-
taire move, namely the solitaire move at gi that moves the
hole from gi c to gi .

For this, we need to show that |gi S ∩ Ci−1|� |S|−1, and
that gi /∈ Ci . The latter fact is clear since gi is larger than
any g j added previously. For the former, observe first that the
filling process following this solitaire process (i.e. the result
of applying filling moves at each g j S for j < i , which can
be proven well-defined by induction) would certainly have
added the remaining |S|−1 elements, since they are smaller,
thus either on the list of the g j , or in the initial contour C.

Thus it suffices to show that the application of a previous
solitaire move at g j S taking us from C j−1 → C j did not
remove any of the elements in gi S. But the removed element
when applying a move at g j is always g j c. Since c � min S,
and the order is bi-invariant, g j c ≤ g j s ≤ gi s for any s ∈ S,
with equality only if j � i and c � s.

We claim that we now have Cn ⊃ C ′, equivalently
P\Cn ⊂ P\C ′. To see this, suppose that gc ∈ P but
gc /∈ Cn . From gc ∈ P we have that gc ∈ Ck for some
k. From gc /∈ Cn we have that gc is of the form gi c for some
i (since it was removed at some point). The fact it was indeed
removed means that gS ⊂ P so gc /∈ C ′. �

In particular, by the previous proposition all contours are
in the same solitaire orbit whenever all the corners are in the
same equivalence class under the transitive closure of sweep
swappability.

The interested reader can try to order Z
2 so as to swap

any two borders in Fig. 36 by a sweep swap. We give a more
interesting example of this phenomenon on the free group.

Lemma 6.8 If S ⊂ Z
2 is a shape whose convex hull does not

have two pairs of parallel edges, then all its contours are in
the same solitaire orbit.

Fig. 37 On the left, an illustration on the circle representation of a poly-
gon. On the right, the notations used for the proof

Proof Consider the following representation of polygon S:
let �u1, . . . , �uk be the vectors normal to the edges of S, ori-
ented toward the exterior of S. Take a circle C with centre
O and represent edge ei by the intersection between C and
the half line with origin O and direction �ui , and each corner
by the arc between the two edges. We claim that corners a
and b are sweep swappable if a diameter ofC joins there arcs
(see Fig. 37).

Note that the open arcs corresponding to corner a consists
of the possible directions of unit vectors �v which make a
a minimal (or maximal) element of the corresponding order
Lemma6.6. Thus if a diameter joins two arcs, then the corners
are sweep swappable, thus the corresponding contours are in
the same solitaire orbit for all patterns.

Now notice that if there are no opposite points (which
corresponds to a pair of parallel edges) on the circle, then any
border can be crossed by crossing the circle twice. One pair
of opposite points is not a problem because we can simply
move along the circle in the opposite direction. �

In the case of Z
2, we can in fact describe a process that

allows to transform one contour into another it cannot be
swapped with.

Theorem 6.2 In dimension 2, all the contours of a pattern
are in the same orbit.

Proof If S has two parallel edges e and e′, let c and c′ be the
extremities of respectively e and e′ on the same side (such
that the line from c to c′ is not a diameter). Then the contours
C andC ′with respect to c and c′ can be exchanged as follows.
In C, as the other end of e′, b′, is diametrically opposed to c,
an S-solitaire step can be done there. Follow edge e′ from b′
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to c′ and at each step move the point in corner b′ to c. Then
follow e′ from c′ to b′ and move the point in corner c′ to b′.
Repeat at each line until you get C.

If looked at in the circle representation, this process allows
to exchange corners whose section can be joined by a line
parallel to a diameter, thus allow to cross it. Combined with
Lemma 6.8, it follows that all contours are in the same orbit.
�

The process described in the previous proof is the one that
we used to move a line along another with the square shape.
This is why studying this other example brings dynamics
the triangle didn’t reveal and in a sense those two examples
capture all the processes to convert a contour into another.

Remark 6.3 Aside from the fact that small shapes present
nice filling decompositions, another reason why things are
easier with small shape is that their solitaire moves can be
understandmore intuitively. For instance the triangle solitaire
can “rotate a point around another” while the square solitaire
“slides points along lines”. As the size of the shape grows, it
becomes harder both to understand what the movements are
and how to get to a configuration where a particular move
can be done.

7 Quantitative and algorithmic aspects
of convex solitaires

7.1 Complexity of the identification of the orbit
of a pattern

The characterisation of the orbits through filling and excess
provides a polynomial time algorithm to identify to which
orbit a given pattern belongs for the triangle and square soli-
taires.

The algorithm is the following for the triangle shape:

Algorithm 1 (Identify orbit) Data: pattern P. Result: the
canonical representative of the orbit of P.

1. Fill the pattern.
2. Divide the filling into triangles �v1 + Tk1 , . . . , �vr + Tkr .
3. Count the excess in each triangle, the canonical rep-

resentative of the orbit of the pattern is
⋃r

i�1 �vi +
Pki , e(P∩( �vi+Tki )).

It can easily be adapted to the square shape, and more
generally to shapes on Z

2 that have a nice solitaire theory.
This includes all convex 3 points triangles and 4 points con-
vex parallelograms by twisting the triangle and square cases.
Experiments suggest that some 5 points shapes such as the
trapezoid {(0, 0), (0, 1), (0, 2), (1, 0), (1, 1)} are also nice.

This algorithm has a total time complexity of O(n2) where
n � |P|: The first two steps are linear in the number of
points in ϕ(P) and |ϕ(P)|� n(n+1)

2 for the triangle shape so
they run in time O(n2). Step 3 is then linear so the total time
complexity of the algorithm is O(n2).

For shapes other than the triangle, it still holds for S-
polygons that |P|� |CS(P)|2 where CS(P) is a contour of
ϕS(P) with respect to S so the bound remains the same.

7.2 Number of steps needed to put a pattern
in normal form

One can use the argument in Lemma 5.3 and Lemma 5.4
to successively merge superlines following the process of
merging triangles in the filling process.

A single step of adding a new element into an existing
superline takes at most O(n2) steps: the process of turning
one edge into another using the solitaire process clearly takes
O(n2) steps, and adding an element once we have the correct
edge takesO(n) steps. Thus, after O(n3) stepswe have turned
any pattern of cardinality n into a union of superlines.

It suffices to show that a superline can be turned into the
canonical representative Pn, k in O((n + k)3) steps.

For this, the argument in Lemma 4.8 can be unraveled to
give a practical procedure for fetching the excess one element
at a time, at all times keeping the excess lined up, i.e. so that
at all times the pattern is of the form Pn, k � R.

One can use the procedure in Fig. 22 to move all excess
to the left on the bottom line, and the one in Fig. 38 to move
excess from the bottom line to the line above, if it is not
yet full. Figure 39 illustrates how one can fetch elements if
excess is already lined up.

Algorithm 2 (Transform a pattern to its canonical form)
Data: pattern P. Result: a sequence of solitaire steps that
turns P into the canonical representative of its orbit.

1. Merge the different components and form superlines
using the process described in Lemma 5.4

2. Fetch the excess with the process described in Lemma 4.8
(Fig. 40).

For the square shape, the same algorithm can be applied
by replacing superlines by supercrosses and noticing than an
excess point can very easily be moved along a line.

Naively implemented, this algorithm takes O(n2(n + k)),
where k denotes the excess: The first step takes O(n3), since
eachmerging takes O(n2) time andwemerge atmost n times.
The second step takes O(n2k) if we fetch the k many excess
points one by one, as each fetch takes O(n2).

One can in fact achieve O(n2 + nk). Such a process for
the triangle (resp. square) is as follows:
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Fig. 38 Pushing excess to the
right

Fig. 39 Fetching an excess point
with some excess already lined
up

Fig. 40 An example of how to
get back to the line from a
random element of its orbit

1. Form a vertical line (resp. a bottom left cross).
2. Move the line from left to right, and after moving it by

one column, use it to move down all the excess point to
its left to the bottom of there column. You now have a
horizontal line (resp. a bottom right cross) with piles of
excess on it.

3. Move the excess points to the right or left to form hori-
zontal lines on top of the bottom one.

Step one requires O(n2) moves. Step 2 requires again O(n2)
moves for the line movement from left to right and at most
n moves to move each excess point down since one point
cannot go down by more than n so a total of O(kn) moves.
Step 3 takes O(kn) moves for the same reason.

Theorem 7.1 For the triangle and the square solitaire, the
orbit of a patternwith n elements has diameter atmost O(n3).

This is in fact optimal for the line orbit in the triangle
solitaire.

Theorem 7.2 The diameter of the orbit of the line of length
n, seen as a graph, is Θ(n3).

Fig. 41 Left: The extension of Pn into Pn+1. Right: A schematic repre-
sentation of Pn+1 used in the proof

Proof We are going to build an infinite family of patterns that
require Ω(n3) steps to get back to the line.

Let P0 be the empty pattern. Pn+1 is inductively built by
extending Pn as described in Fig. 41 where the grey triangle
is the triangle in which Pn’s orbit is confined.

In pattern Pn+1,Ω(n2) steps are required to fetch the three
colored points.

Indeed, first notice that up to renaming points, the blue
point has tomove left to fetch the orange one, then the orange
one will have to move up to fetch the green one and finally
the green one will have to go down to prepare for the next
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Fig. 42 A pattern we conjecture is at Θ(n3) steps from the cross. Pn
(gray) is extended into Pn+1 by adding the green, blue, purple and pink
points, red and orange are here to show how it keeps growing

extension.Now let us analyse themovement of the blue point,
starting from the first moment it touches another triangle. To
move a point left, one need a point in the column at its left.
We’ll prove that this means that at some point in the process,
half of the points of the pattern have to be in the left half of
the triangle.

Mark the blue point, and whenever an unmarked point
is in the same column as a marked one, mark it. Consider
column i from the right, and the first marked point x to reach
it. Clearly the point x moves from column i − 1 to column i,
and this requires us to have an unmarked point in column i
to allow this. This point was unmarked, and is now marked.
Therefore, when the blue point has reached column 3n

2 (the
middle column), there are at least 3n

2 marked points, all of
whichwere in the blue triangle in Fig. 41 at some point during
the journey of the blue point.

The same reasoning on the orange and green point gives
that at some point of the process, between the first moment
the blue point moves, until the point where we are ready to
move the blue point of the next level, 3n

2 points were in the
orange triangle and the same amount in the green one. As the
pattern Pn only has 3n points, at least 3n

2 need to be moved
from one subtriangle to another, therefore there is a pair of
triangles that will share at least n

2 points. Those at least n
2

points will need to be moved by a mean distance of at least
n
4 , which requires at least

n2
8 steps. Thus pattern Pn requires

Ω(n3) moves to be transformed into a line. �

Conjecture 7.1 The orbit of a contour of cardinality n of an
S-polygon has diameter Θ(n3)

A good candidate for patterns far from a contour are the
ones built by adding points around a pattern so that each
point extends the filling closure of the pattern by a line, and
adding the points on successive sides so that the contour has
to be changed between the mergings. Such a pattern for the
square is shown in Figure 42. The natural method to put it
in normal form takes Θ(n3) moves. We have not proved that
this is optimal, but suspect that it is. The proof does not seem
to directly generalize, however.

7.3 Distance between two contours

Proposition 7.1 For any shape S, the transformation from
one contour to another cannot be done in o(n2) steps, for
some S-polygons of cardinality n.

Proof We define a metric on the set of finite subsets of Z
2

with a given cardinality byΔ(A, B) � min f :A∼B
∑

a∈A d(a,
f (a)) where d is the Euclidean distance on Z

2. As any move
with the solitaire moves exactly one point, by a distance at
most the diameter of S, the number of moves needed to trans-
form pattern A into pattern B is Ω(Δ(A, B)).

Let us first consider the triangle. Let n ∈ N, denote Hn �
[|0; n − 1|] × 0 and Vn � 0 × [|0, n − 1|] respectively the
horizontal and the vertical line of length n with origin 0.

Δ(Hn , Vn) � min
f :Hn∼Vn

∑

x∈Hn

d(x , f (x))

� min
σ∈S

n−1∑

k�0

√
k2 + σ (k)2 �

n−1∑

k�0
k � n(n − 1)

2

.
Let S be now a general convex shape, and suppose S has

at least 4 sides (the case of 3 edges being similar). Notice
that because of the triangular inequality, any bijection that
reaches Δ(A, B) must fix every point of A ∩ B. Consider a
family of S-polygons Pn for n ∈ I ⊂ N infinite such that
the contours of Pn have size n and there is a constant c such
that every edge of Pn has length at least n

c and two opposite
edges have distance at least n

c . One can be built by choosing
any S-polygon, then taking the family of polygons obtained
by multiplying the lengths of its edges by an integer.

Let C and C ′ be two contours of Pn . Pn is convex, so the
hypothesis on the length and distance of edges implies that
any two non consecutive edges of P are at distance at least n

c
of each other.

– If C and C ′ differ by exactly one edge, then there has
to be three consecutive edges of Pn , e, f , e′ such that
e ∈ C\C ′, e′ ∈ C ′\C and f /∈ C ∪ C ′. Since e and
e′ are not consecutive so Δ(C , C ′) � Δ(e, e′) � d(e,
e′)min(|e|, |e′|) �

( n
c

)2.
– Else, C and C ′ differ by two edges, e, f ∈ C and e′, f ′ ∈
C ′. If they are not consecutive, the inequality is obtained
just as above.

– If they are consecutive, for example f follows f ′, then by
the triangular case Δ( f , f ′) � α

( n
c

)2 with α > 0, by the

remark above Δ(e, f ′), Δ(e′, f ) �
( n
c

)2 and combining
both (depending on whether e and e′ are consecutive or
not), Δ(e, e′) � α′

( n
c

)2. Thus Δ(C , C ′) � Δ(e ∪ f ,

e′ ∪ f ′) � α′′
( n
c

)2

�
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Fig. 43 The symmetric patterns of L3 on the left and L4 on the right

This shows in particular that the paths of Proposition 5.1
have the minimal length up to a constant:

Corollary 7.1 For the triangle solitaire, the distance between
two distinct edges of Tn is Ω(n2).

In particular, while we would like to think of the lines as
the “center” of the line orbit, they are not unless we con-
sider O(n2) to be a small distance (which makes some sense
because the diameter Ω(n3) is much larger). A better can-
didate for that would be the patterns that are invariant by
rotationby120degrees. Those patterns are depicted inFig. 43
for n � 3, 4.We added the lines directed by−1 to emphasize
the 120 degree symmetry.

8 A few results on the free group

We denote by Fk the free group on k generators and represent
it by its Caley graph, i.e. the graph with vertex set Fk and
edges between two elements x and y if and only if there is a
generator a such that x � ay or y � ax . It is the 2k-regular
infinite tree.

8.1 Convex shapes on the free group have finite
filling

A shape S on the free group is connected if it is a connected
component of the Caley graph.

In what follow, we take k � 2 for the sake of simplicity
but the results also hold for greater k. We denote a and b the
generators of F2.

Theorem 8.1 If S is connected, then S has finite filling if and
only if |S|� 1 or S is not contained in a right coset of 〈a〉 or
〈b〉.

Proof The forward implication is straightforward.
For the backward implication, consider a finite initial pat-

tern P. Take any b-edge e in the Cayley graph, such that P
has nodes only on one side of it. Let E ⊂ F2 be the empty
side. Suppose we are able to get infinitely many nodes into
E. To do this you have to first position S so that you have
exactly one node in E in gS, then you have to position S to
get exactly one new node in E, and so on. Observe that:

Fig. 44 The Magnus order on the ball of radius 2 of the free group on
two elements, with 0 as the minimum and 16 as the maximum

1. As long as you have less than |S|−1 nodes in E, to add a
node in E you have to position S so that you use the edge
e.

2. All the edges of S that you so use have to be distinct,
when you add distinct nodes.

All in all, S has to have at least |S|−1 vertical edges. So it is
just a vertical (� b-directional) interval.

Similarly, unless S is a horizontal interval you cannot send
information to an empty side of an a-edge.

So if S is neither, then you can at most fill the geodesic
closure of A, and then at most |S|−1 nodes away from its
nodes. �

Webelieve that the free group has the same “finitely filling
shapes” as Z

d , i.e. those are the non-linear ones, but we do
not have a proof yet.

Conjecture 8.1 Let S ⊂ F2 be a shape, S has finite filling if
and only if it is not contained in a coset of a cyclic subgroup
〈g〉.

8.2 Orbits of contours in the free group

The free group admits many bi-invariant orders, indeed a
whole Cantor set of orders (Deroin et al. 2016). The best-
known one is the one dubbed Magnus order in Salo (2022).
We omit the definition here,3 but the Fig. 44 gives the order
of the ball of radius 2. This order can be used to perform a
sweep swap between two contours of any shape.

3 In brief, the order comes from the lexicographic order, where the
sequences used for the ordering comes from the upper central series,
i.e. nilpotent quotients of the group.
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Fig. 45 Sweep swap from the
a-contour to the a−1-contour

For example, let S � {e, a, b, a−1, b−1}. Then the max-
imal element of S is a and the minimal element is a−1. In
the sweep swap from the a-contour to the a−1-contour, we
go down this order, and swap the maximal element of gS
with its minimal element whenever possible. This is shown
in Fig. 45.

In particular, in any TEP subshift with the shape S, fol-
lowing the solitaire gives a bijection between the contents of
the two contours.

Since the free group has many orderings, the following
seems likely.

Conjecture 8.2 For any shape S on Fk and any S-filling
closed set P, all the S-contours of P computed with respect
to a corner, are in the same S-solitaire orbit.

Here, by corner we mean again a maximal (or minimal)
element with respect to a left-invariant order. By Lemma 6.7,
it would suffice to show that for any two corners x, y of
a set S, we can find a sequence of corners x1 � x , x2, . . . ,
xk � y such that xi , xi+1 are sweep swappable, i.e. some left-
invariant order has minimal element xi and maximal element
xi+1 in S.

In Salo (2022), a family of convex sets called tree convex
sets is defined for subsets of a free group. This gives another
natural notion of corner for a finite set. We do not at present
know if this coincides with the notion of corner as defined
through orders.

8.3 Triangle solitaire on the free group

The tree structure of the free group limits the size of the orbit.
Intuitively, contrary to the solitaire on Z

d , it is no longer
possible to bring points from different area and use them

together to make new moves. We illustrate this by studying
the orbit of the line for the triangle solitaire on F2.

Let S � {e, a, b} with a and b the generators of F2. We
call 〈a〉 the horizontal direction and 〈b〉 the vertical one. Let
Ln � {e, a, a2, . . . an−1} the horizontal line of length n.
Notice that ϕ(Ln) � Ln ∪ Ln−1, i.e. the filling only adds one
line on top on the original one. This is because contrary to
Z
2, a and b do not commute so we cannot use b and ab to

add a point at b2.
Now consider the line orbit. From Ln , solitaire moves can

move a point at ai to either aib or ai−1b (except e can only
be moved to b and an−1 only to an−2b). If such a move is
done, for example ai → aib, then the moves ai+1 → aib
and ai−1 → aib are no longer possible, all the other moves
remaining possible, and two new moves become possible:
ai−1 → ai and ai+1 → ai , but doing one of thosewould lead
to the same result as replacing the first move by ai±1 → ai .
Therefore, an element of the line orbit is obtainedby choosing
for each point if we move it up, left up or not.

Lemma 8.1 Encoding E for the point was not moved, B for
movement along b and A for movement along a−1b, the
line orbit under the triangle solitaire on the free group is
described by the set of word of length n on {E , A, B} with
no subword BA, starting with E or B and ending with E or
A.

This can be rewritten as a regular language equation:

O(Ln) � (({a} + {ab} + {a,
ab} ∪ a({ab} ∪ a)∗ ∪ a) ∪ a)∗({a} + {a,
ab} ∪ a({ab} ∪ a)∗∅)

where (X ∪ a)kY � X ∪ aX ∪ a2X ∪ . . . ∪ akY .
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Fig. 46 An automaton recognising O(Ln). The automaton reads the
pattern from right to left, considering the content of ak and akb as a
letter with 1s standing for points and 0s for empty cells

Remark 8.1 This is equal to the line orbit under the triangle
solitaire on Z

2 when restrained to two horizontal lines. This
particular case is regular and was studied in Kirchner (2022).
An automaton recognising it is depicted Fig. 46.

Corollary 8.1 The size of the line orbit on the free group is

|O(Ln)|� 1

2n
√
5

(
(3 +

√
5)n − (3−√5)n

)
.

Notice that this is very small compared to the line orbit on
Z
2.

9 Connection to TEP and permutive subshifts

9.1 TEP and examples

Recall that forG a group,C � S � G andA a finite alphabet,
a (C, S)-TEP set of patterns is a set T ⊂ AS such that for
each c ∈ C , for all π : S\{c} → A, there is a unique p ∈ T
such that p|S\{c} � π , and a (C, S)-TEP subshift is a set X of
configuration x ∈ AG such that for all g ∈ G, x|gS ∈ T for
some (C, S)-TEP set of patterns.

TEP stands for “totally extremally permutive”, a term we
explain in the following section. The TEP subshifts (with a
specific choice of C for a given shape S, discussed below)
were introduced in Salo (2022) by the first author. Here, we
develop the connection to solitaire in slightlymore generality.
(In Salo (2022), the definition of TEP is in fact generalized
in another direction, to “k-TEP subshifts”, but they do not
seem to admit a notion of solitaire.)

Next we recall a result from Salo (2022) which is one of
the main motivations for studying TEP subshifts.

Definition 9.1 Let G be a group. A convex geometry on G is
a set C of finite subsets of G such that:

(i) C contains ∅.

(ii) C is closed under finite intersections.
(iii) G can be written as an increasing union of sets from C.
(iv) If C , D ∈ C and C � D, then we can find g ∈ D\C

such that C ∪ {g} ∈ C.

This last property is called the corner addition property. We
say C is invariant if C ∈ C =⇒ ∀g ∈ G : gC ∈ C and
midpointed if gh−1, gh ∈ C ∧ C ∈ C =⇒ g ∈ C , where
g, h ∈ G. The corners of S � G with respect to C are the
elements s ∈ S such that S \ {c} ∈ C.

On the groupZ
d , themain example of amidpointed invari-

ant convex geometry is the family of intersections of real
convex sets with Z

d , already discussed in previous sections.
In Salo (2022), convex geometries are constructed on many
other groups as well, in particular on the free group we have
the geometry of tree convex sets (whose definition we omit
here).

One of the main result of Salo (2022) is the following:

Theorem 9.1 Let G be a group and C a midpointed invariant
convex geometry on G. Let S � G and C the corners of S
with respect to C. If X is a (C, S)-TEP-subshift (for example
any S-TEP subshift) on the group G defined by a TEP set
T ⊂ AS, then whenever D ∈ C, a pattern p ∈ AD appears
in X if and only if p is locally valid, meaning whenever
gS ⊂ D we have g−1x |S∈ P.

In other words, in TEP subshifts, locally valid patterns
(meaning patterns whose S-shaped subpatterns are in T up
to a shift) on convex domains are globally valid, meaning
extend to a configuration of X.

Remark 9.1 This theorem shows that TEP subshifts are a
“syntactically defined” class of SFTs which have decidable
languages (indeed uniformly in the defining family of for-
bidden patterns AS\P), assuming the convex geometry is
nice enough. This is in contrast to general SFTs, which are
known to have undecidable languages in general. Given an
SFT, evenwhether it is empty is awell-known classical unde-
cidable problem (Berger 1966).

9.2 Permutivity

Muchof the theorymakes sense under theweaker assumption
of permutivity, which we define below.

Definition 9.2 Let G be a group, and let C � S � G. Let A
be a finite alphabet and X ⊂ AG be a closed set. We say X is
(C, S)-permutive if for each c ∈ C and g ∈ G there exists a
function fg : AS\{c} → A such that for every g ∈ G, x ∈ X
and p ∈ AS we have

g−1x |S� p =⇒ fg(p|S\{c}) � pc.
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An (S, S)-permutive subshift is called simply S-permutive.

In the term TEP (totally extremally permutive), “permu-
tivity” refers to permutivity, “extremal” to the fact that C
is thought of as the set of “extremal vertices” or “corners”
of S. “Total” refers to the fact that the restriction to S\{c}
is always AS\{c} when c ∈ C , which is not required in the
previous definition of permutivity.

A set X that is permutive in the previous sense may not
be a subshift. When all the functions are the same, i.e. ∀g ∈
G : fg � f , the condition simplifies to

∀p ∈ X |S : f (p|S\{c}) � pc,

which is a property of TEP subshifts (but the assumption
about surjectivity of projection to S \ {c} is missing).

A special case of permutivity was studied by Franks and
Kra (2020) under the name polygonal subshifts. This special
case is S � Z

d withC the set of corners of S in the geometric
sense, andX is a subshift. (Note that for the solitaire theory to
cover this family, it is again important that we study general
(C, S)-solitaire instead of just the case C � S.)

The term permutive comes from the following lemma
(whose proof is straightforward and omitted).

Lemma 9.1 Let G be a group, and let C � S � G. Let A
be a finite alphabet and X ⊂ AG be a closed set. If X is
(C, S)-permutive, then for any g ∈ G and distinct c, c′ ∈ C,
writing T � G\{gc, gc′}, we have for all x ∈ AT a bijection
π : A→ A such that

x � agc ∈ X |T∪{gc} ⇐⇒ x � π (a)gc
′ ∈ X |T∪{gc′}.

Furthermore, the permutation π only depends on
x |gS\{gc, gc′}.

9.3 Independent sets

Definition 9.3 LetG be a group, and let X ⊂ AG be a closed
set. The topological independence sets TI(X ) are the sets
T ∈ P(G) satisfying X |T� AT .

If μ is a Borel probability measure on X, then a finite set
T � G is equidistributed if the μ([p]) � μ([q]) for any p,
q ∈ AT . The μ-independence sets Iμ(X ) are the closure of
the equidistributed finite sets T � G in the product topology
of P(G).

Note that as stated, both types of independence sets depend
on the alphabet A. One may always use the effective alphabet
(symbols that actually appear in configurations) unless stated
otherwise.Note that the assumptiononμ in particular implies
that if T is equidistributed then all patterns AT are in the
support of themarginal distribution ofμ onT , in otherwords,
TIμ(X ) ⊂ TI(X ) for any Borel probability measure μ on X.

Fig. 47 The red letters correspond to elements of T , which is an inde-
pendent set for A � Z/3Z but not A′ � Z/2Z

For simplicity, we concentrate mostly on sets of topolog-
ical independence, but shift-invariant measures are of great
interest in symbolic dynamics, so we include them in Theo-
rem 9.2 below.

Example 9.1 Consider the triangle shape {(0, 0), (0, 1), (1,
0)}, an abelian group alphabet, and the TEP rule where the
value at (0, 1) must be the sum of the values in the other
positions, on Z

2. Consider the set T � {(0, 0), (2, 0), (0,
2)}. It is not independent for the group A′ � Z/2Z with
addition modulo 2; one can check by a calculation that the
values must sum to 0.

However, it is independent for A � Z/3Z (still with addi-
tion). Using the notation depicted in Fig. 47, let a, b, c be
arbitrary. The rule gives a � x + y, x � b + z and y � c + z
so 2z � a − b − c. Now remember that in Z/3Z, we have
2 � −1. This gives z � c + b − a, then x � c − b − a and
y � b − c − a which does not contradict a � x + y. ©

Theorem 9.2 Let G be a group, let C � S � G be as above,
and let X ⊂ AG be a (C, S)-permutive closed set. Then
the sets of topological independence TI(X ) are closed under
the (C, S)-solitaire. If μ is a Borel probability measure on
X, then the μ-independence sets are closed under (C, S)-
solitaire. Both sets are down sets under inclusion, and are
topologically closed subsets of P(G). If X is shift-invariant,
then TI(X ), Iμ(X ) are shift-invariant sets.

Proof We start by proving the last three claims. First, the set
TI(X ) is obviously down, and Iμ(X ) is down because it is the
closure of finite μ-independent sets, which in turn are down
because for T ′ ⊂ T � G, the measure on AT ′ is determined
by the one on AT by the natural projection from AT to AT ′ ,
where all fibers have equal cardinality.

Topological closedness of Iμ(X ) is true by definition. For
TI(X ) it suffices to show that X |P� AP if and only if X |Q�
AQ for any Q � P . But this is immediate from the fact that
π : X → X |P is a continuous map between two closed
subsets of Cantor space (which are compact Hausdorff).

If X is shift-invariant, then shift-invariance of TI(X ) and
Iμ(X ) are trivial.

Now we show closure under solitaire. Let T ⊂ G be a set
of topological independence, meaning X |T� AT . Suppose
T → C , ST ′ meaning

|T ∩ gS|� |T ′ ∩ gS|� |S|−1 ∧ T�T ′ ∈ P2(gC).
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Let T \T ′ � {gc}, T ′\T � {gc′} By the definition of (C, S)-
permutivity ofX, there are functions f � fg, c : AS\{c} → A
and f ′ � fg, c′ : AS\{c′} → A, such that for every g ∈ G we
have

g−1x |S� p =⇒ f (p|S\{c}) � pc

and

g−1x |S� p =⇒ f ′(p|S\{c′}) � pc′ .

Let U � T ∩ T ′ and V � T ∪ T ′. Note that T \U , T ′\U
are singleton sets contained in gC, and similarly for V \ T ,
V \ T ′. Now, fix x |U∈ AU , let E ⊂ A be the set of symbols
a ∈ A such that x |U�agc ∈ X |T , and E ′ ⊂ A the set of
symbols a ∈ A such that x |U�agc′ ∈ X |T ′. Clearly E � A
by the assumption that T ∈ TI(X ). Our task is precisely to
show that E ′ � A.

We give a bijection between these sets. For this, observe
that for x ∈ X , the restriction x|T uniquely determines x|V
and thus x |T ′ (using the property of f ′), and the restriction
x |T ′ uniquely determines x|T . In particular, there is a bijec-
tion between X |T and X |T ′, which can only change symbols
in the symmetric difference of T , T ′. This is only possible if
indeed E ′ � A (since E � A), concluding the proof for the
sets of topological independence.

Ifμ is a probability measure, the proof is similar. Namely,
suppose T is a limit of finite patternsQ such thatμ is uniform
on the finite patterns X |Q . Then fix Q ⊃ gS and let P �
X |Q . We have that the distribution on the legal patternsP ′ �
X |Q\{gc} ∪ {gc′} is also uniform, because as above we have
a bijection between P and P ′. Now T ′ is a limit of such
patterns Q\{gc} ∪ {gc′} � T ′. �

The solitaire also has applications also to sets that are not
independence sets for a TEP subshift:

Remark 9.2 If μ is a Borel probability measure on a (C, S)-
permutive X, then the set of P � G such that μ is
equidistributed on the patterns X |P (without assuming X |P�
AP !) is also closed under the solitaire process, by a similar
proof as above.

The fact the topological independence subshift is closed
under solitaire is the original motivation for the study of the
solitaire process. The S-TEP subshifts are an interesting class
of subshifts (generalizing the Ledrappier subshift and space-
time subshifts of bipermutive cellular automata), and the sets
of topological independence are interesting class of subshifts
of the group (which in the Ledrappier case forms a matroid
Salo 2022).

9.4 Spanning sets

We now define a kind of dual notion to topological indepen-
dent sets.

Definition 9.4 Let G be a group, D ⊂ G, and X ⊂ AG

closed. Then P ⊂ G is a D-spanning if there is a function
f : X |P→ X |D such that for all x ∈ X , x |D� f (x |P ).
We use the term “spanning” as an analog of “indepen-

dence”, roughly as the terms are used in linear algebra and
matroid theory.However, theG-spanning sets are often called
expansive or coding sets. In the case G � Z

d an expansive
subspace H � Z

d is precisely one such that H+Br∩Z
d isG-

spanning (Boyle and Lind 1997), where Br is the Euclidean
ball of radius r. For the cellular automata minded it might
also be natural to call this the determined set, as we have
deterministic (local) rules for it in the following sense:

Lemma 9.2 Let G be a group, and let X ⊂ AG be a closed
set. Let P be aD-spanning set. Then for all g ∈ D there exists
a finite set Pg � P and a function fg : X |Pg→ A such that
for all x ∈ X, we have xg � fg(x |Pg ).
Proof Suppose there is a function f : X |P→ X |D such
that for all x ∈ X , x |D� f (x |P ). Note that the graph of
this function is just Y � {(x |P , x |D) | x ∈ X}, which is the
continuous image of the compact space X, thus Y is compact.
A function with compact Hausdorff codomain and closed
graph is continuous (this is one of the closed graph theorems
from general topology Kelley 2017), thus we conclude that f
is continuous.

Now the claim is proved as the Curtis-Hedlund-Lyndon
theorem: the clopen partition {[a]g | a ∈ A} has clopen
preimage in f , and inclusion in a clopen set depends on only
finitely many coordinates. �

It is obvious that if P is both Q-spanning and R-spanning,
then it is (Q ∪ R)-spanning. It is also clear that the set of
sets Q for which P is Q-spanning is closed in the product
topology ofP(G). This gives rise to the following definition.

Definition 9.5 Let G be a group, P ⊂ G, and X ⊂ AG

closed. The spanned set ψX (P) of P is the maximal subset
D of G such that P is D-spanning.

Lemma 9.3 Spanned sets form a closure system.

Proof By definition, we need to show P ⊂ ψX (P) (exten-
sivity), P ⊂ P ′ =⇒ ψX (P) ⊂ ψX (P ′) (monotonicity) and
ψX (ψX (P)) � ψX (P) (idempotency). All of these proper-
ties are obvious from the semantics of the operator (and also
easy to verify from the formal definition). �

Sets P such that ψX (P) � P are called spanning-closed.
Our particular interest is in spanning sets in TEP subshifts.
The following is immediate from the definitions, but we give
a detailed proof.
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Lemma 9.4 Let G be a group, let C � S � G and let
X ⊂ AG closed and (C, S)-permutive. Let P � G. Then P is
a ϕ(P)-spanning set. In other words, the spanned set always
contains the filling closure, or in a formula ψX (P) ⊃ ϕ(P)
for all P ⊂ G.

Proof By definition of the filling process, we produce ϕ(P)
from P by constructing a sequence of sets P0 � P , P1,
. . . such that Pi+1 is obtained from Pi by taking gi such
that |gi S ∩ Pi |� |S|−1 and |giC ∩ Pi |� |C |−1, and letting
Pi+1 � Pi ∪ {gi ci } where gi ci /∈ Pi .

Now let x ∈ X be arbitrary. We prove that x |ϕ(P) is
uniquely determined by x |P by following the chain Pi . First,
x |P0� x |P is trivially determined by x |P . Now suppose x |Pi
is determined already.

By the definition of (C, S)-permutivity, there is a function
fgi : A

S\{ci } → A such that

g−1i x |S� p =⇒ fg(p|S\{ci }) � pci .

Note that g−1i x |S contains the same data as x |gi S , and pci �
x |gi ci . so we are precisely saying that the pattern x |Pi+1 is
uniquely determined by x |gi S , in particular by x |gi S\{gi ci }.
The set gi S\{gi ci } is contained in Pi since because |gi S ∩
Pi |� |S|−1 and gi ci /∈ Pi . Therefore, x |Pi+1 is determined
by x |Pi . �
Lemma 9.5 Let G be a group, let C � S � G and let
X ⊂ AG closed and (C, S)-permutive. Then (C, S)-solitaire
preserves the spanned set.

Proof Suppose P → Q. We know that solitaire preserves
the filling closure, ϕ(P) � ϕ(Q). Then we calculate

ψX (P) � ψX (ψX (P)) ⊃ ψX (ϕ(P)) ⊃ ψX (Q).

The other inclusion is symmetric. �
Lemma 9.6 Let G be a group, let C � S � G and let
X ⊂ AG closed and (C, S)-permutive. Then every spanning-
closed set is filling-closed.

Proof Suppose ψX (P) � P . Then Lemma 9.4 we have P ⊂
ϕ(P) ⊂ ψX (P) � P so ϕ(P) � P . �

It is tempting to conjecture that in natural situations, the
spanned sets of a TEP subshift would in fact correspond to
filling closures. We will see in Sect. 9.7 that this fails in the
very classical Ledrappier subshift (which is the spacetime
subshift of the two-neighbor XOR CA).

There is an obvious connection between the cardinalities
of independent and spanning sets in a general subshift:

Definition 9.6 LetG be a group, and let X ⊂ AG be a closed
set. For P � G, write rankspan(P) for theminimal cardinality
of a set R ⊂ P such thatψX (R) ⊃ P . Write rankindep(P) for
the maximal cardinality of a set Q ⊂ P such that X |Q� AQ .

Proposition 9.1 Let G be a group, and let X ⊂ AG closed
set. Then

rankindep(P) � rankspan(P)

Proof The inequality rankindep(P) � rankspan(P) holds in
general (Without assuming permutivity). Namely, suppose R
is such thatψX (R) ⊃ P . This means that x|R determines x|P
for all x ∈ X , so in particular |X |R |� |X |P |. If X |Q� AQ

and Q ⊂ P , then certainly |X |P |� |AQ |, so we must have
|X |R |� |AQ | and taking base-|A| logarithms we get |R|�
|Q|.

This means every spanning set is larger than any indepen-
dent set, in particular the minimal cardinality of a spanning
set is larger than the maximal cardinality of and independent
set, proving the inequality. �

Similarly, there is a connection between the filling rank
and the spanning rank.

Proposition 9.2 Let G be a group, C � S � G, and let
X ⊂ AG be a (C, S)-permutive closed set. If P is closed
under filling, then rankindep(P) � rank(P), where rank(P)
is computed with respect to (C, S)-solitaire.

Proof Let R ⊂ P satisfy ϕ(R) � P . Then in particular R
is a P-spanning set contained in P. Thus its cardinality is at
least as large as that of a minimal P-spanning set. �

Alternatively,we can say that thefilling process is only one
way to find spanning sets, and thus we expect that minimal
spanning sets of a pattern can be smaller than the minimal
sets that fill it.

9.5 Bases and filling bases

Definition 9.7 Let P � G and let X ⊂ AG be closed. We
say T � P is a topological (resp. μ-) basis of P (with
respect to X) if it is topologically (resp. μ-)independent and
P-spanning.

We concentrate on topological bases, but by using the TEP
measure from Salo (2022) one has analogous results for the
μ-version.

While the bases of a TEP subshift are of great interest,
there is not much we can say about them in general. Indeed,
even in TEP subshifts with the triangle shape, the family of
bases depends on the subshift. The following related defini-
tion is more amenable to analysis through the solitaire, and
we will show that for the triangle shape on the plane, it does
not depend on the subshift.

Definition 9.8 Let P � G be a filling closed set, and let
X ⊂ AG be closed. We say T � P is a filling basis of P if it
is independent and its filling closure equals P.
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In the conference version (Salo and Schabanel 2023), we
called “filling bases” as “bases”, but we feel now that it is
better to use the generic term for a concept that is not TEP
or solitaire specific.

Now, the following is obvious:

Lemma 9.7 Any filling basis for a filling closed set is a basis
for it.

Lemma 9.8 Let P be a (filling) basis for F � ϕ(P). Then
every pattern in its solitaire orbit is also a (filling) basis for
F.

Proof Independent sets are closed under solitaire, filling clo-
sure is preserved under solitaire, andF-spanning is preserved
under solitaire. �

We prove that in TEP subshifts, every convex set has a
filling basis (in particular, a basis).

Theorem 9.3 Every convex set P in a TEP subshift contains
a filling basis.

Proof Let G be the group, C the convex geometry, P ∈ AS

be the (C, S)-TEP set (so C are the corners of S with respect
to C).

Let F be finite convex set. By iterating the corner addi-
tion property from ∅, adding elements from F, we obtain an
increasing sequence of convex sets F0 � ∅, F1, . . . , Fk � F
where k � |F | and Fi+1\Fi is a singleton. It is shown in Salo
(2022) that for any pattern D ∈ AFi the set of locally valid
patterns on AFi+1 which extend D are either completely free
(any symbol can be chosen at g ∈ Fi+1\Fi ), or are uniquely
determined (and there is a possible choice).

Let g1, . . . , g
, 
 ≤ k, be the elements where we have a
free choice. Then no matter how we make the free choices,
we end up with a locally valid pattern on F. By the previous
theorem, these patterns are globally valid, so the set {g1, . . . ,
g
} is independent.

When we add a corner whose contents cannot be freely
chosen, the reason for this is precisely that a filling move can
be applied. Thus, the gi form a filling basis. �

Recall that if S � G and and c ∈ S is a corner of S. The
S-contour with respect to c of a pattern P isCS, c(P) :� {x ∈
P | xc−1S �⊂ P}. The following theorem is immediate from
the proof of Lemma 5.21 in Salo (2022) and is another source
of bases in the orderable case.

Theorem 9.4 Let G be any left-orderable group, let X be
an (C, S)-TEP subshift with C the corners of S. Then the
S-contour of every convex set is a filling basis for it.

Since solitaire preserves bases, one can now compute
many bases by simply applying solitaire moves to a basis,
for instance the contour of a convex set, which is easy to
compute.

Fig. 48 A tetrahedron in the lamplighter group, with nodes on the same
“row” (coset of

⊕
i<0 Z2) labelled the same

Example 9.2 We continue the lamplighter example with the
same shape S � {e, a, ab−1}. Note that this group is not
torsion-free (ab−1 is of order 2), so it is not left-orderable.

It is easy to show that in any TEP subshift, the bottom
elements (those with the lamplighter at position 0, labelled
1 to 8 in Fig. 48) actually form a filling basis: we showed
that the filling closure contains the tetrahedron (and in fact it
contains nothing more).

A simple ad hoc argument shows that indeed any con-
tents is possible in this set (in that it extends to a global
configuration), i.e. that the set is independent. First, to fill
the tetrahedron from any given values of the bottom nodes,
we simply note that the shape deterministically gives unique
values for each node (in that it applies exactly once with the
top node a translated to any particular non-bottom node).

To extend to a global configuration, we note that geometri-
cally the group’s full Cayley graph is obtained by repeatedly
extending the tetrahedron upward (by adding a copy of the
existing tetrahedron “behind” the present one, and joining
them by new top nodes); and extending it downward by
adding a copy on the right, and joining them by new bot-
tom vertices. For the copies, we can always simply copy the
existing values. When extending upward, one can again use
determinism, and to extend downward one can pick every
second value arbitrarily, and use the TEP rule to fill the rest.

TEP subshifts with this shape all allow the same solitaire
to be played, but they can have somewhat different properties
dynamically. If we use an abelian alphabet A and require that
gS-contents sum to 0 for all g, then it is easy to see that all
cosets of

⊕
i<0 Z2 are constant (these are indicated in Fig. 48,

and geometrically mean moving to “horizontal neighbors”).
However, this is no longer true if we use a noncommutative
group structure, let alone in a general TEP subshift. ©
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9.6 Computing translations between patterns
memorilessly

Definition 9.9 Let N � {0, . . . , n − 1} and let A be an
alphabet. A simple k-permutation of AN is a permutation π

that only reads and modifies at most k elements of N . More
precisely, it is one for which there exists π ′ : AM → AM

with M ⊂ N and |M |� k, such that

π (x)i �
{
xi if i /∈ M
π ′(x |M )i if i ∈ M .

If |A|� 3, then a simple permutation refers to a simple
2-permutation. If |A|� 2, then it refers to a simple 3-
permutation.

The reason that in the case |A|� 2 we use simple 3-
permutations is that in this case simple 2-permutations are
affine for the natural vector space structure, and thus do not
generate all permutations.

If X is a TEP-subshift and P,Q are bases for the same set,
then there is a natural bijection π : X |P→ X |Q , namely the
one with graph {(x |P , x |Q) | x ∈ X}.

Lemma 9.9 Let P →n Q, then for any identifications of P
and Q with N � {0, . . . , |P|−1}, the permutation of AN

corresponding to the natural bijection π : X |P→ X |Q can
be computed with O(n + |P|log|P|) many simple permuta-
tions.

Proof We first show that this is true for simple |S|-
permutations.

We start by showing that this is true for some identi-
fications between P and N , and between Q and N . Let
P0 � P → P1 → · · · → Pn � Q be a sequence of solitaire
moves.

Start with any identification between P0 and N , and when
applying a solitaire move, copy the identification for all cells
except the ones in the symmetric difference. When we use
this identification of Pi+1 and N , it is clear that the operation
of determining the contents of Pi+1 from those of Pi is a
k-simple permutation.

Finally, for any other identification between Q and N , it
suffices to sort this final result, for which |Q|log|Q| simple
2-permutations suffice.

To show that simple |S|-permutations can be turned into
simple permutations, one can apply Lemma 3.2 of Salo
(2022). �

9.7 Bipermutive cellular automata
and the Ledrappier subshift

Astandard source ofTEP subshiftswith the triangle shape are
bipermutive cellular automata. Recall that a cellular automa-
ton (here, one-dimensional) is a function f : AZ → AZ (for
finite alphabet A) that is continuous and shift-commuting.

A cellular automaton always has a local rule F :
A{
, ..., r} → A such that f (x)i � F(x |{i+
, ..., i+r}) for all
x ∈ AZ, i ∈ Z. We say a cellular automaton is bipermutive
if, taking 
 maximal and r minimal, we have 
 < r and F
satisfies that F(au) �� F(bu) and F(ua) �� F(ub) whenever
u ∈ Ar−
 and a, b ∈ A are distinct letters. (Here, we identify
words and patterns with an interval shape in the natural way.)

Lemma 9.10 Let f : AZ → AZ be a bipermutive cellular
automaton and let F : A{
, ..., r} → A be a local rule for it
with 
 maximal and r minimal. Then

X � {x ∈ AZ
2 | x(a, b+1) � F(x(a+
, b), . . . x(a+r , b))}

is a (C, S)-TEP subshift, where

S � ({
, . . . , r} × {0}) ∪ {(0, 1)}

and

C � {(
, 0), (r , 0), (0, 1)}.

Proof This result follows from the observation that bipermu-
tivity implies that a is determined by the pair (u, F(ua)) and
by the pair (u, F(bu)); and that for each u ∈ Ar−
, F(ua)
and F(au) can take any values (since an injective function
between finite sets of equal cardinality is surjective). �

Remark 9.3 The subshift X can be defined for any cellular
automaton, and is called the spacetime subshift. It follows
from the theory in Salo (2022) that every element of AZ

appears on rows of this subshift in the TEP case. More gen-
erally, this holds for surjective cellular automata. For general
cellular automata, the set of configurations appearing on the
rows is precisely the limit set of the cellular automaton.

The theory developed in Sect. 5 applies to all bipermutive
cellular automata with r − 
 � 1, as in these cases (up to
shearing) the shape S above is precisely the triangle, and
C � S.

A TEP subshift of special interest, and having the triangle
shape, is the Ledrappier subshift, which is the spacetime
subshift of the XOR cellular automaton on alphabet A � {0,
1}, defined by f (x)i � xi⊕xi+1 where⊕ is addition modulo
2. Equivalently, this is the TEP subshift where the allowed
T -patterns are p ∈ AT such that

∑
p � 0 where addition is

again modulo 2.
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Fig. 49 A T6-spanning pattern that does not fill T6. The filling of the
pattern is shown in grey

This example shows that spanned sets can be larger than
filled sets.

Proposition 9.3 There exists a triangular TEP subshift X
such that we can find n, and P ⊂ Tn such that ψX (P) � Tn
but |Tn|−|ϕ(P)| is arbitrarily large. Indeed, the Ledrappier
subshift is such.

Proof Observe that the restriction of the Ledrappier subshift
to the subgroup 2Z

2 of index 4 is 2T -permutive. This can
be verified by a direct computation (x0, 2 � x0, 1 ⊕ x1, 1 �
x0, 0 ⊕ x0, 1 ⊕ x0, 1 ⊕ x0, 2 � x0, 0 ⊕ x0, 2 and symmetries).
(Abstractly, we may deduce it from the fact the subshift is
algebraic: we can see configurations as infinite series in poly-
nomials in two commuting variables with coefficients in Z2,
and T corresponds to an annihilating polynomial p. Then
p(x , y)2 � p(x2, y2) because the field has characteristic 2,
see e.g. Kari and Szabados 2020.)

It follows that P � L2n ∪ {(2n + 1, 0), (0, 2n + 1)} spans
T2n+2: L2n spans T2n , then one can add the diagonal edge of
T2n+2 using 2T and the last diagonal can then be added with
regular filling steps. This pattern is depicted in Fig. 49 for n
� 3.

On the other hand, for sufficiently large n, the filling clo-
sure of P is T2n ∪ {(2n + 1, 0), (0, 2n + 1)}, as this set is
closed under T -filling. The difference in cardinality can be
arbitrarily large. �

Remark 9.4 Notice that the spanning sets depend on the TEP
interpretation and not only on the shape S. For example, keep-
ing the triangle shape but taking the S3-TEP subshift shown
in Fig. 3c, one can no longer deduce x0, 2 from x0, 0 and x2, 0
since we no longer have x1, 0 ◦ x1, 0 � x1, 0.

9.8 Filling bases for triangular TEP subshifts

We continue with TEP subshifts with the triangle shape, and
show that the filling bases of a triangle (with respect to a TEP
subshift with the triangle shape) correspond to the line orbit.

Let XR be a TEP subshift for some R ⊂ AT and fix some
n ∈ N. Recall from Salo (2022) that the pattern q ∈ ATn

appears in XR (i.e. is equal to the restriction of some x ∈ XR

to Tn) if and only if it does not explicitly contain a translate
of a pattern in AT \ R.
Theorem 9.5 The following are equivalent for P ⊂ Tn, and
a TEP subshift X ⊂ AZ

2
with the triangle shape:

1. P is a filling basis (with respect to X),
2. P fills (i.e. has filling closure Tn and no excess),
3. P is in the line orbit.

Proof The equivalence of the last two items is a special case
of Corollary 5.1.We show that (1) implies (2) and (3) implies
(1).

Suppose thus first that P is a filling basis. Then by def-
inition ϕ(P) � Tn . Since the line is a filling basis, it is
Tn-spanning, and thus X |Tn cannot have cardinality larger
than |A|n . Thus we cannot have more than n elements in P
since P is independent. Now, we know that any filling set
with at most n element is in the line orbit.

The line is an independent set byRemark9.3, andof course
fills, thus it is a filling basis. The property of being a filling
basis is preserved under solitaire (Lemma 9.8), thus every
pattern in the line orbit is a filling basis. �

Note that the first item talks about a specific (but arbitrary)
TEP subshift, since in the definition of the filling basis we
require that X |T� AT for the specific subshift. The other
two items only talk about the abstract solitaire process, i.e.
the set of bases is independent of A and R.

The solitaire process allows us to translate patterns on one
basis to ones on another,more space efficiently than the direct
method suggests, indeed we give a polynomial time in-place
algorithm for this.

We now specialize Lemma 9.9 to the triangle case. If P ,
Q ⊂ Tn are bases, any pattern p ∈ AP uniquely determines
a pattern in q ∈ AQ in the natural way, by deducing the
unique extension of one pattern to Tn and then restricting to
the domain of the other. If we biject P and Q with N � {1,
. . . , n} we obtain a bijection ϕ : An → An .

Recall that when |A|� 3, a simple permutation of
An is one that ignores all but two cells. If the cells
are 1, 2, this means that for some π̂ ∈ Sym(A2) we
have π (a1a2a3a4 · · · an)i � π̂ (a1a2)a3a4 · · · an for all
a1a2 · · · an ∈ An . In general, one conjugates by a reordering
the cells. If |A|� 2, a simple permutation may look at three
cells.
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Theorem 9.6 The bijection ϕ can be computed with O(n3)
simple permutations.

Proof This is a special case of Lemma 9.9, observing that
n log n � n3. �

10 Prospects for future work

10.1 On the triangle solitaire

While we know the diameter of the line orbit (for the triangle
shape), and some bounds on its cardinality, we do not have
a good understanding of its shape.

Problem10.1 Describe the shape of the line orbit as a graph,
with solitaire moves as edges.

Question 10.1 What does a random element of the line orbit
look like?What is its expected distance from the line?Can the
uniform distribution on the line orbit be sampled efficiently?

Althoughwehave no particularly strong evidence oneway
or another, we conjecture a nice formula for the size of the
line orbit:

Conjecture 10.1 There are constants 2
e � c � e and d such

that |γ (Ln)|� Θ
(( n

c

)n+d
)
.

10.2 On general groups and shapes

Question 10.2 Forwhich groupsG, and subsetsC � S � G,
do we have a nice solitaire theory?

Question 10.3 Does G � Z
2 (or more generally Z

d) have
nice solitaire theory for all C � S?

An interesting class of shapes are the simplices {�v ≥
0 |∑ �vi ≤ 1} in Z

d . We do not even know whether G � Z
3

has a nice solitaire theory for the pyramid {(0, 0, 0), (1, 0,
0), (0, 1, 0), (0, 0, 1)}.
Question 10.4 Which groups G have the finite filling (resp.
solitaire) property?

10.3 Other questions

We introduced in Sect. 4 the notion of an excess set. What
can be said about the family of excess sets as a set system?
How canwe determine themaximum cardinality of an excess
set? We do not know the answers even for the triangle case.

We also mention the following problem:

Problem10.2 Describe the bases of triangles for the Ledrap-
pier subshift, in the sense of Sect. 9.5. Can they be described
by a variant of the solitaire process?
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