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Abstract

Non-uniform cellular automata (NUCA) are an extension of cellular automata with multiple local rules in different cells.
We show that if the distribution of local rules is uniformly recurrent, or recurrent in the one-dimensional case, the Garden
of Eden theorem holds. We also show that for any one-dimensional non-recurrent distribution, there is a substitution of
local rules that defines a NUCA which does not satisfy the Garden of Eden theorem. Finally, we show that a one-dimen-
sional rule distribution asymptotic to recurrent distribution defines a surjunctive NUCA.
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1 Introduction

The Garden of Eden theorem states that a cellular automa-
ton, or CA for short, is surjective if and only if it is pre-
injective. One direction of the Garden of Eden theorem for
CA over integer grids was first proved by Moore in 1962
and the other direction by Myhill in 1963. It is known that
there are groups that don’t satisfy the Garden of Eden theo-
rem, specifically, the theorem is satisfied exactly when the
group is amenable (Ceccherini-Silberstein and Coornaert
2010; Moore 1962; Myhill 1963).

Surjunctivity is a broader notion that was introduced by
Gottschalk in 1973. A group is said to be surjunctive if all
CA over the group have the property that they are surjective
if they are injective. It is known that all sofic groups are sur-
junctive, but it remains an open problem whether all groups
are surjunctive (Gottschalk 1973; Ceccherini-Silberstein
and Coornaert 2010).

Finally, non-uniform cellular automata, or NUCA, are a
generalization of regular CA which operate with different
local rules in different cells. The local rules are given by a
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special configuration called a local rule distribution. It can
easily be seen that the Garden of Eden theorem does not
hold in general for non-uniform CA over integer grids. More
recently, conditions for the surjunctivity of non-uniform CA
have been researched (Sipper 1996; Dennunzio et al. 2012;
Phung 2023).

In this work we show that if a NUCA is defined by a
uniformly recurrent local distribution, it satisfies the Garden
of Eden theorem. More specifically in the 1-dimensional
case, we show that the theorem is satisfied if the distribution
is recurrent. Conversely, we show that for any one-dimen-
sional non-recurrent configuration, there is an assignment
of local rules to symbols such that the obtained rule distri-
bution defines a NUCA which does not satisfy the Moore
direction of the Garden of Eden theorem. We also prove the
analogous result for the Myhill direction. Finally we show
that all distributions asymptotic to recurrent distributions
are surjunctive, that is, they define NUCA which are surjec-
tive if they are injective.

2 General definitions
We define some general notation regarding configurations.

Definition 1 Let X be a finite set called a state set and its
elements states. Let d € Z,.. A configuration is a function
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c:Z% — ¥ and d is the dimension of the configuration. An
element T € Z% is called a cell and c(Z) is the state of cell .

The space YZ* come equipped with Cantor’s topology, and
is known to be compact.

Definition 2 Let X be a state-set and d € Z,.. A finite set
D C Z%is called a finite domain. A finite pattern of domain
Disafunctionp: D — 3.

Let c € 2. The pattern c|p € %P is the unique pattern
for which it holds that ¢|p (Z) = ¢(z) forall z € D.

Definition 3 Let D C Z¢ be a finite domain, p1 € »D and
F€Z LetE = {7+ 7|z € D}andpy € XF. The pattern
p2 is a translated copy of p1 if p1(Z) = p2(z + 7) for all
x€D.

Definition 4 For any x,y €7, we denote
[z,y] ={z €Z|z <2<y} A hypercube C CZ% is a
finite domain such that for some w € Z, and cell Z € Z<,

C={z+ (v1,...,vq)|Vi€[1,d]: 0 <v; <w}.

The constant w is called the width of C, and C is called w-wide.
Recurrence and uniform recurrence are general properties of
a dynamical system. The definitions here are equivalent to the
usual definitions for configurations under a shift dynamic.

Definition 5 A configuration ¢ € S2" is recurrent if for all
finite domains D C Z¢, thereis E C Z such that D # E and
¢|g 1s a translated copy of ¢|p. In other words, a configuration
is recurrent if every finite pattern that appears in the configura-
tion, appears at least twice (and hence, appears infinitely many
times).

The configuration c is uniformly recurrent if for every finite
domain D C Z4, there exists w € Z such that for any hyper-
cube of width w, the hypercube contains a translated copy of
c|p. In other words, a configuration is uniformly recurrent if
every pattern that appears in it, appears in every hypercube of
width w.

3 Non-uniform cellular automata
Non-uniform cellular automata are a generalization of cellular

automata with the possibility of having multiple different local
rules.

@ Springer

Definition 6 Let 3 be a state set, d € Z a dimension and
N = (#i1,...,7,,) a tuple of vectors n; € Z%, 1 <i < m
called a neighbourhood. A local rule is a function f : ¥X™ — X,

Notation 1 Let N = (nq,n2,...,7,,) be a neighbourhood,
z € Z%and D C 7. The neighbourhood of a cell is denoted as

N(z)={z+n|ne N}
and the neighbourhood of D is denoted as

ND)={z+n|ze€D,ne N}

Definition 7 (Dennunzio et al. 2013) Let N be a neighbourhood
of m € Z cells and R be a finite set of local rules ¥ — X.
A configuration 6 € RZ" is called a local rule distribution. A
non-uniform cellular automaton or NUCA for short is the tuple
A=(2,d,N,R,0). Let A= (X,d,N,R,0) be a NUCA
where N = (71, ..., o).

The global update rule of A is the function H, : ¥2° — 22

that maps any configuration ¢ € 2 to the configuration Hy(c)
such that

Hy(¢)(z) = 0(2)(Z + 7n,..., 7

forall z € Z<.

If the NUCA is clear from context, it is usually referred to by
its global update rule Hy. The global update rule of a NUCA
is continuous under Cantor’s topolgy (Dennunzio et al. 2012).

Definition 8 Let A = (X,d, N,R,0) be a NUCA where
N = (f1,...,7m). Let D C Z%be afinite domain. An update
rule over domain D is the function Hy|p : RIND)I 5 2P ot
maps any finite pattern p € XV(P) to the pattern

Hop(p)(z) = 0(2)(p(Z + 1), ... p(T + i)

forallx € D.

We introduce the concept of local rule templates to characterize
rule distributions. A local rule distribution template is a configu-
ration of symbols which function as templates for local rules.
Each symbol can then be assigned a local rule, which yields
a local rule distribution. This allows for making general state-
ments about distributions which are obtained from different
assignments to the same template.

Definition 9 Let R be a finite set of local rules, d € Z a
dimension and T a finite set whose elements are called rule
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templates. A configuration 7 € TZ" is called a local rule distri-
bution template and a function o : T' — R is called an assign-

ment of local rules. The rule distribution 7, € RZ" such that
Ta(x) = a7 (x)) is called T with assignment .

A uniform rule distribution is a valid assignment of any rule
template. A rule template is a limit on the non-uniformity of a
distribution.

4 The Garden of Eden theorem

The Garden of Eden theorem, or GoE theorem for short, states
tive on finite configurations. This can be stated more generally
by replacing the notion of injectivity on finite configurations
with pre-injectivity.

Definition 10 Let c, e € Y2, The difference set of ¢ and e is
the set

diff(c,e) = {z € Z¢| ¢(z) # e(T)}.
If diff(c, e) is finite, ¢ and e are called asymptotic.

Definition 11 Let Hy be the update rule of a NUCA. Hy is pre-

injective if for all asymptotic configurations c, e € S22 such
that ¢ # e, it holds that Hy(c) # Hy(e).

The GoE theorem is known to hold for regular CA (Moore
1962; Myhill 1963), but it is also easy to see that neither direc-
tion of the theorem holds for NUCA generally. In this section we
show that the theorem holds for NUCA with uniformly recur-
rent distributions, and that in the 1-dimensional case, it holds if
the distribution is recurrent. First we state an auxiliary lemma
used in both proofs. It is a simple generalization of a lemma in
Dennunzio et al. (2013).

Lemma1 Let 0 € RZ". The d-dimensional global update rule
Hy is surjective if and only if the partial update rule Hy|c is
surjective for all hypercubes C C 7.%

Proof Let N be the neighbourhood of Hy. First assume Hy is
surjective. Let C' C Z% be a hypercube and p € 2. Clearly
there is a configuration c € %" such that ¢|c = p- Because
Hy is surjective, there is a configuration e € 32" such that

Hy(e) = c. Then Hyc(ejn(c)) = ¢jc =p and therefore
Hy)c is surjective.

Assume then that Hy ¢ is surjective for all hypercubes
C C 7% Let C; be a width i hypercube centered on the origin
forall i € Z,. Let c € »%" and (e5)$24 a sequence of con-
figurations e; € ¥2" such that Hyc,(esn(cy)) = ¢jc, forall
i € Z. Because Hy)c, is surjective, such a sequence exists.

Let ¢; = Hy(e;). Clearly the sequence (¢;)$2, converges
with limit lim;_, ¢; = ¢. By compactness of the Cantor
topology, the sequence (e;)$2; has a converging subsequence
(eij)‘j?‘;l. Let e = lim;_, €;;. Then by the continuity of
NUCA,

c= lim ¢; = lim ¢;
i—00 j—o0

lim Hg(e;;) = Hy(e).

i j—o0
Therefore Hy is surjective. U

Additionally, we define the support of a configuration.

Definition 12 Let ¢ € X be a state. The g-support of a con-
. d .
figuration ¢ € X2 is the set

supp, (¢) = {i € 2| (&) # q}.

4.1 Uniformly recurrent distributions

All NUCA with uniformly recurrent distributions satisfy the
GoE theorem. The proof is a modification of the original
proof for regular CA found in Moore (1962); Myhill (1963).

Lemma 2 Let d,s,n,r € Zy. For all sufficiently large
k € Z, it holds that

(Sn _1)kd <S(kn—2r)d.

Proof A proof for this lemma is also found in Moore (1962).
If s = 1, the inequality obviously holds. Assume s > 1. We
have

(Snd _ 1)kd < s(knf2r)d
& 1ogs(s"d - 1)kd < log, gkn—2r)!

okt logs(s”d —1) < (kn —2r)?

nd kn —2r\ ¢ 2\ ¢
< log, (s —1)<< ’ ) —(n—k) .
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Because log, (s"" — 1) < log, s"" = n¢, there is € € R,
suchthatlogs(s”d —1) = (n —e)“. Thenifk > 2, wehave

log,(s" — 1) = (n—¢e)? < <n - 2]:>d

0

d
Lemma 3 Let 6 € R be a uniformly recurrent rule dis-
tribution. If Hy is not surjective, then it is not pre-injective.

Proof Let r € Z be large enough that Hy can be defined
with radius- local rules. Let s = |3|. Suppose that Hy is
not surjective. Then by Lemma 1 there’s a domain D C VA
such that Hy p is not surjective. Because ¢ is uniformly
recurrent, there is n € Z such that any n-wide hypercube
in 0 contains a translated copy of 6 p.

Let g€ ¥ and k € Z . Let C C Z? be a hypercube of
width kn and C” a hypercube of width kn — 2r centred on
C. Let

K ={cex® | supp,(c) € C'}.

Now |K| = sl¢l = slkn=2r),

Hypercube C can be partitioned into k¢ hypercubes of
width n, each of which must contain a copy of | p in £. Con-
sider then the set Hy(K). Because Hy p is not surjective,
there is a finite pattern p € X with no Hg|p pre-image.
Then for each of the k% hypercubes in C, there is at least one
finite pattern with no pre-image. Because they are identical
outside of C, there are at most (s”d - 1)kd configurations in

Hy(K). Now by Lemma 2,

d

|Ho(K)| < (s — 1) < stn=20" = ||

for sufficiently large k. Therefore there must be configura-
tions ¢1,co € K such that ¢; # co and Hy(c1) = Hp(ca).
Hence Hy is not pre-injective. U

Definition 13 Let 7 € Z%. The 7-shift o; : DI AR
the function mapping c € ¥2% such that for all z € Z¢,

0:(6)(z) = c(T — 7).

@ Springer
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Lemma 4 Let 0 € R%" be a uniformly recurrent rule dis-
tribution. If Hy is not pre-injective, then it is not surjective.

Proof Let r € 2Z_ be large enough that Hy can be defined
with radius-% local rules. Let s = |X|. Suppose that Hy is
not pre-injective. Let c1, ca € Y2 e asymptotic configura-
tions such that ¢; # co and Hy(c1) = Hy(cz).

Because ¢; and co are asymptotic, there is a hypercube
D C Z% such that diff(c, co) is contained within a hyper-
cube centered on D whose width is at least 2r less than the
width of D. Let n € Z_ be large enough that every hyper-
cube of width 7 in # must contain a translated copy of 6| p.

Consider any hypercube E C Z? of width n. There is
y € Z¢ such that D' ={Z+y|z € D} C E and 6|p is
a copy of 0|p. Let p; = oy(c1)p and pa = oy(c2)|p. Let
then e, eq € Y% be configurations such that e;|p = p1,
es)p = p2 and e1(Z) = e2(z) forany z € Z*\ D. Consider
any cell 7 € Z. If N(z) Ndiff(e;,ez) = 0, then clearly
Hy(e1)(z) = Hp(ez)(z). If N(z) Ndiff(eq, e2) # 0 then T
is within 3 cells from a differing cell, and

Hy(e1)(7) = Ho(e1)(T — ) = Hp(c2)(T — §) = Ho(e2)(7).

Therefore Hy(e1) = Hp(ez), meaning that for any hyper-
cube of width n, there are two patterns p; and py which can
be replaced with each other without affecting the image.

Let C be a hypercube of width kn for some k € Z, and
C' a hypercube of width kn — 2r centred on C. If Hy is
surjective, then Hy ¢/ is surjective, meaning every pattern
in the domain C’ has a pre-image in the domain C. There are
g(kn—2r)? possible patterns in the domain C’. The hyper-
cube C can be partitioned into k¢ hypercubes of width n,
each of which must contain two patterns p; and ps such
that p; can be replaced by po without affecting the image of
C. If for each of these hypercubes we fix one of these two
patterns to be pi, then every pattern in the domain C’ has a
pre-image with no ps pattern in any hypercube. There are at
most (s — 1)*" such patterns.

By Lemma 2, for sufficiently large k&, it holds that
(s — 1)k < s(kn=21" and therefore some pattern in the
domain C” has no pre-image. Therefore Hyc: is not surjec-
tive and hence Hy is not surjective. g

Theorem 5 Let 0 € RZ' be a uniformly recurrent rule dis-
tribution. The NUCA Hy is surjective if and only if it is
pre-injective.
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Fig. 1 The hypercube C defined in n
the proofs of Lemma 3 and Lemma
4, in dimension 2. Each of the -€

n n

smaller hypercubes it is partitioned
into contains a copy of 0| p 7-. T

Q\D\

— Yy |&kn

—
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Proof The statement follows from Lemmas 3 and 4. O
4.2 The 1-dimensional case
In the 1-dimensional case, the distribution needs only be

recurrent for the GoE theorem to hold. The proof is again a
modification of the original proof for regular CA.

Lemma 6 Let s,n,r € Zy. For all sufficiently large
m € Z.., it holds that
(sn . 1)msl€fnm < Sk72r

)

forallk € 7.

Proof By Lemma 2, for all sufficiently large m € Z, it
holds that

(sn o 1)m < Smn72T.

Then for all k € Z

kn

(S" _ 1)msk—nm < sm,n—QTSk—nm k—2r O

=5
Lemma?7 Letf € R be a recurrent rule distribution. If Hy
is not surjective, then it is not pre-injective.

Proof Let r € Z be large enough that Hy can be defined
with radius-r local rules. Let s = |X| be the size of the state
set. Suppose that Hy is not surjective. Then by Lemma 1
there are ¢, € Z such that Hp[; 5 is not surjective. Let
n=|j—i+1

Let m € Zy be large enough that
(s" — 1)mgk—nm < k=2r for all k € Z,. By Lemma 6,
such a number m exists. Because 6 is recurrent, it has infi-
nitely many copies of the pattern 6; ;;. Let C' C Z% be a
segment such that 6| contains m disjoint copies of 6); ;.
Let & be the length of C, and let C’ be a length k — 2r seg-
ment centered on C. Finally, let ¢ € ¥ and

K = {ce X% |supp,(c) C C'}.

@ Springer
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Now |K| =5l =3sk=2" Clearly any pair of con-
figurations from K is asymptotic. Consider the image
Hy(K). Because Hyj; ;1 is not surjective, there is a finite
pattern p € %[43) with no Hy)|; ;; pre-image. Then no trans-
lated copy can appear in the same position as a copy of
0)1:,;] in any configuration in Hy (k). Then there are at most
(s" — 1)™sk=mm configurations in Hy(K).

Therefore, due to the selection of m
|Ho(K)| < (s™ — 1)7"5’“_"m < gh2r = |K|.

Then there must be configurations c;,co € K such that
c1 # co and Hy(c1) = Hp(cz). Hence Hy is not pre-injec-
tive. O

Lemma8 Let 0 € RZ be a recurrent rule distribution. If Hy
is not pre-injective, then it is not surjective.

Proof Letr € 27 be large enough that Hy can be defined
with radius-5 local rules. Let s = |X|. Suppose that Hy is
not pre-injective. Let 1, ca € X2 be asymptotic configura-
tions such that ¢; # co and Hy(c1) = Hy(cz).

Because c; and c are asymptotic, there is a segment
[i + 7, —r] C Z such that diff(¢1, ¢3) C [¢ + 7,5 — 7]. Let
n = |i —j| + 1. Let py = c1)p; 5 and pa = cayp;,j1-

Let e; € ©% be a configuration containing a copy
of p; in some segment [i+y,j+y] where y € Z is
such that 6|4y i1y is a copy of ) ;. Let ez € »Zz
be the configuration obtained by replacing the trans-
lated copy of p; in e; with a translated copy of p2. Con-
sider cell z € Z. If N(z) Ndiff(e1,ez) = 0, then clearly
Hy(e1)(x) = Hg(ea)(x). If N(z)Ndiff(er,e2) # 0 then
the distance of x from a differing cell is at most 5. Then
reli+y+5,j+y— 5], and

Hy(ex)(x) = Ho(er)(x —y) = Hp(ca)(z — y) = Ho(ea)(x).

fn

.1 a4 1 1.1 |
N\~

Y

Fig.2 The operation of rules f,, and gn, top to bottom respectively
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Therefore Hy(e;) = Hy(ez), meaning a copy of p; can be
replaced with a copy of p without affecting the image of the
configurations, provided that the copy of p; lies in the same
cells as a copy of 0|; ;1 in 6.

Let m be as in Lemma 6. Let C be a segment of such that
¢ contains m disjoint copies of 6; ;. Since 6 is recurrent,
such a segment exists. Let &k € Z_ be the length of C. Let
C' be a segment of length kn — 2r centered on C. If Hy is
surjective, then Hg|c» is surjective, meaning every pattern
in the domain C” has a pre-image in the domain C.

There are s*~2" possible patterns in the domain C’. On
the other hand, because each copy of pattern p; that shares
its domain with one of the m disjoint copies of 0|; ;; can be
replaced with a copy of p without affecting the image, each
pattern in C” has a pre-image with no copies of p; on a copy
of these m disjoint positions. There are (s™ — 1)™s"(F=™)
such patterns. Because (s — 1)™s*~"™ < s¥=27 there is
some pattern in C’ with no pre-image. Therefore Hy|c is
not surjective and hence Hy is not surjective. O

Theorem 9 Let O € R” be a recurrent rule distribution. The
NUCA Hy is surjective if and only if it is pre-injective.

Proof The statement follows from Lemmas 7 and 8. O

5 Non-recurrent rule distributions

We now know that a 1-dimensional NUCA given by a recur-
rent rule distribution must satisfy the GoE theorem. Then,
given a recurrent distribution template, any assignment to
that template satisfies the theorem. In this section we show
that these are in fact exactly the templates that always satisfy
the theorem; for any non-recurrent template, there exists an
assignment which is pre-injective, but not surjective, and an
assignment which is surjective, but not pre-injective.

We begin by examining the special case of a distribution
of two local rule templates, where one of the two templates
can appears # times in a row at most once. We show that
for such a template, for any n > 1, and for both directions
of the GoE theorem, there is an assignment that does not
satisfy that direction of the theorem. Then, we reduce the
general case of a non-recurrent template to this special case.

5.1 Moore’s theorem

In this section we present a construction for assignments
to the aforementioned special case templates which give
distributions whose associated global update rules are pre-
injective, but not surjective. First we define some notation
and terminology used in the following proofs.
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Fig. 3 The rule distribution and
configuration used in the argu- 9 .
ment for non-surjectivity of Hy.

Pictured is the range seen by the

noted cells

C oo

— 7 _/
o~ o~
n n
Notation 2 Let n > 1 and X = Zs. The local rules f,, and n * ool
gn, are ones with neighbourhood N = (—n, ..., n) such that 0 | | | |g | f | f | f| |f | f|
Fuldc . n) = 4y ® ao, e [1]o] - foftfofof - Jo]o]

gn(@p,...yan) =a_pi1 D ... Day.
An illustration of these rules is in Fig. 2.

Let @ € {fn,gn}%. Foreach cell z € Z, if (x) = f,, we
call x an f-cell and if §(x) = g,, we call it a g-cell. We say
that cell x sees cell y if y € N(z) and the state of y affects
the computation of the local rule at cell x. In these terms, an
f-cell x sees cells z — n and x, and a g-cell sees all cells in
therangexz —n+1,...,2+n.

For the sake of clarity, we omit the states of dummy
neighbours, and denote

f(a—mao) = fn((lfrh -

g(a'fn+17 s ,Qn) = gn(af’na s
when n is fixed and clear from context.

Lemma 10 Let n > 1 and X' =Zg. Let R = {fp, gn} and
0 € R” be a rule distribution with pattern g,(f,)". Then
there is a configuration ¢ € X% with no Hy -pre-image.

Proof Assume the n-long block of f-cells is in the seg-
ment [z + 1,z +n], meaning 0(z) =g,. Let c€ X%
be a configuration with ¢(xz) =1 and ¢(y) =0 for all
y € [z + 1,z + n]. This is illustrated in Fig. 3.

Now suppose there is e € % such that Hy(e) = c.
Because ¢(x) = 1, x sees an odd number of cells with state
1 in e. Therefore there are an odd number of cells with state
1 in e in the range [x — n + 1,z + n].

Then consider the f-cells. Each y € [z + 1,z + n] sees
y —n and y. Then the f-cells in total see the cells in the
ranges [t —n+ 1,z — n] and [x + 1,z + n], covering the
full range [z —n + 1,2 + n] seen by x. Additionally, no
two cells in [z + 1,2 + n] see the same cell. Then because
c(y) = 0forally € [x + 1,z + n], eachy sees an even num-
ber of cells with state 1. This then implies there are an even

Fig. 4 The obtained 6 and e. Indices of the cells are annotated on the
top row

number of cells with state 1 in the range [z —n + 1,z — n],
which is a contradiction. Hence ¢ has no pre-image. O

Lemma 11 Letn > 1 and ¥ =Zgp. Let R = {fpn, gn} and
0 € RZ be such that there is at most one length n block of
adjacent cells with rule f,, (and hence all other blocks of
adjacent rules f, are at most n — 1 cells long). Then Hy is
pre-injective.

Proof Suppose ci, co € X7 are asymptotic and ¢; # co. Let
e € X% be the configuration with e(z) = ¢1(z) @ ca(x).
Then e(z) = 1 if and only if ¢1(z) # co(x). Assume that
H@(Cl) = HQ(CQ).

Notice that Hy(cy)(z) = Hy(cz)(z) if and only if the
number of cells y seen by x such that ¢; (y) # c2(y) is even.
This is if and only if x sees an even number of cells y where
e(y) = 1, which in turn is if and only if Hy(e)(xz) = 0.
Hence Hy(c1) = Hy(cz) if and only if Hy(e)(x) = 0 for
allz € Z.

Let = € Z be the rightmost cell such that e(z) = 1.
Such a cell exists, because ¢; and co are asymptotic, but
not equal. Let us prove by induction for y =z +n —1
down to y = z that 6(y) = f,,. If (x + n — 1) = g,, then
Hy(e)(x +n—1) =¢(1,0,...,0) = 1, which is a contra-
diction. Therefore f(x +n — 1) = f,.

Suppose for some y € [r+1,z+n—1] and all
z € [y,x+n—1] it holds that 6(z) = f,. Then also
e(z—n) =0 for each z in the range, because if not,
Hy(e)(2) =e(z) ®e(z—n) =081 =Nob(y — 1) = f
if0(y — 1) = gn, theny — 1 would see exactly one cell with
state I, meaning Hy(e)(y — 1) = 1. Thenby induction, forall
y € [x,2 4+ n — 1] itholds that (y) = f,.Also then it holds
thate(r —n) =lande(r —n+1)=...=e(x —1)=0.

@ Springer
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Fig. 5 Illustration of the argu- y
paterns force anew epettion 0. 0
famosedontretoprow e € L1 1 v | [@lafe] - Jpfpafale] o jula]  i=n-
e J
6 9]/ ]9
e I | | |an_1|an|a1|a2| |an_2|an_1|a"|a1|a2| ey, anl k=n—2
U
U
6 Lol s[s] - [7]7]9]
o Tl - Elalalal - Tfalo el - Fofa] i
Fig. 6 Operation of rules 7, and d,,, top to 01 ntl

Note that there now is a length n block of f-cells in the
range [z, + n — 1], meaning that to the left of cell x there
can only be at most length n — 1 blocks of f-cells. The
obtained # and e are illustrated in Fig. 4.

Suppose then that somewhere in e there are two copies
of the same n-long segment back to back. That is, some-
where in e there appears the pattern ajas . .. ana1602 . . . ay.
Let y € Z be the leftmost cell of this pattern. Suppose also
that the n-block of f-cells is somewhere to the right of
cell y+n —1. We show that then e(y — 1) = a,. Sup-
pose e(y—1)=ap # an. Now O(y+n—1)=g,; if
Oy +n—1) = fathenHy(e)(y +n —1) = f(an,an) =1,
a contradiction.

Next we show that for all
z€y—1ly+n—2, 0(z) = fn. Let
k € [0,n — 1],andassumethatforall z € [y + k,y + n — 2]
it holds that (z) = f,,. Then also it holds that for all such z,
that e(z) = e(z — n). Therefore O(y + k — 1) = f,, indeed
if6(y +k—1) = g, then

Hﬁ(e)(y"”k*l) :g(ak+11v--;anflua’naala-u~,anflaa’n7(1/1-,-v'7ak‘)
=01 ®... 00,100, Da1D...Dap—1Day
= (al @al)$~'~€B(an—l@an—l)@(an@an)
=00...000...0001=1.

Now by induction, for any n>2 and all
z€[y—1,y+n—1], 0(z) = f,. But this is a contradic-
tion, because now we have a length n block of rules f, to
the left of cell y +n — 1 and hence e(y — 1) = a,,. This
argument is illustrated in Fig. 5.

Next, we inductively apply the previous argument to
show that there is a copy of the pattern a; ... a, immedi-
ately to the left of the original pair of identical patterns.
Suppose we know that immediately left of the cell y is the
pattern a; . . . a,, where i € [2,n]. Then we have the pattern
Qi...apA1 ...QA;—1G; ...Qpa71 - .. a;—1 in e and the block of
f-cells still to the right of its center, meaning by the previous,
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bottom respectively. The cells marked (1) are  ~, E;;
added together on the first track and the ones
marked (2) on the second track 01 "

1
5 (1)
"@

there is a cell with state a,_; immediately to the left of this
pattern. Then by induction, the statement follows.

Now by the preceding, there must be infinitely many cop-
ies of aj ... a, to the left in e. Then by the first part of the
proof, there are infinitely many copies of the pattern 1(0" 1)
in e. This is a contradiction, because it would imply there
are infinitely many cells z where ¢ (z) # c2(z), but ¢; and
¢ were assumed to be asymptotic. Hence Hy(c1) # Hy(cz)
and Hy is pre-injective. O

5.2 Myhill’s theorem

In this section we present a construction for assignments to
the special case templates which give distributions whose
associated global update rules are surjective, but not pre-
injective. First we define some notation used in the follow-
ing proofs.

Notation3 Fora,b € Z,,wedenotea ®b =a+b mod 2.
Foray,...,a, € Zy, we denote

n
@ai:al@...@an.
=1
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Notation 4 Let n>1 and X =7Zy X Zs. For any
a = (a1,a2) € X, we denote aM) = aq and a® = a,.

Definition 14 The local rules ~,, and §,, are ones with neigh-
bourhood (0, ..., n + 1) such that

7”(007 e 7an+1)(1) = aél) S a;}-ﬁ)-l D 0’82)7

n(ag, - ant1) ) = @ai,
i=1

n+1
’yn(ao, . ,an+1)(2) = (5n(a0, ey an+1)(2) = @ai,
=1

for all ag,...,ap1 € X. These rules are illustrated in
Fig. 6. Like previously, if for z € Z it holds that §(z) = v,
we call x a y-cell and if 0(z) = 0,,, we call x a d-cell.

Lemmai12 Letn > 1and X = Zgy X Zg. Let R = {00}
and 0 € R” arule distribution with pattern §,,(vy,)"6,,.. Then

there are asymptotic configurations c,e € 5% such that
¢ # eand Hy(c) = Hy(e).

Proof Assume the length n block of «y-cells is in segment
[z,2 +mn —1]. Let c,e € ©% be such that c(y) = (0,0)
for all y € Z and e(z + n) = (1,0), e(y’) = (0,0) for all
y €7,y # x+n. Clearly ¢ and e are asymptotic and
¢ # e, and because the local rules in 6 only add modulo 2, it
holds that Hy(c) = c.

Next we show that Hy(e) = c. For any cell y € Z that
doesn’t see cell « + n, clearly Hy(e)(y) = (0,0). Consider
then cells that see = + n. Because both - and §-cells only
see n 4 1 cells to their right and none to their left, the only
cells that can see = + n are in the segment [x — 1,z + n].
Foranyy € [z,z +n — 1],

T r+n

o 7V VY o

Fig. 7 The cells seen by cells in the pattern 0y (vn)"dn in the case
where n = 3. Cells seen by only ~y-cells are highlighted in solid colour
and cells seen by both §- and ~y-cells are highlighted in striped colour

Hy(e)(y) =e(y)V @ e(y+n)M @ e(y)®

—0®0®0=0,
n+1

Hy(e)(y)® = Pely+i)® =0e...00=0,
i=1

Because none of the cells sees the first track component of
x + n. For cells z — 1 and = + n, we have

Hy(e)(z - 1)V =Pe(z-1+i)P =0a...
i=1

Hy(e)(x +n)Y = @e(az +n+i)V=0a...
i=1
n+1

Hy(e)(z —1)? = @e(a: —1+)®P =0a...
=1
n+1

Hp(e)(z+n)? =Pe@@+n+i)? =0a...00=0,

i=1

because neither sees the first track component of =z +n
either. Hence for all y € [z — 1,z + n], Ho(y) = (0,0).
Therefore Hy(e) = ¢ = Hp(c). This argument is illustrated
in Fig. 7. g

Lemmail3 Letn > land X =7y X Zg. Let R = {yn,0n}
and 0 € R” a rule distribution with at most one length
n block of adjacent ~-cells. The global update rule Hy is
surjective.

Proof Let ¢ € 7. We show that there is e € X% such that
Hy(e) = c. Our local rules have the property that flipping
the state of any one cell flips the state of every cell in the
image that can see it. We use this fact to construct the pre-
image e cell by cell. First we fix some initial cells to state
0. We then find cells x (on either track 7) in an order where
each cell sees exactly one cell e(y)") where the pre-image
has not been defined yet. Suppose the modulo 2 sum of the
already defined cells seen by e(x)(") is a. We then "reserve"
e(y)Y) for c(z), by defining e(y)¥) = a @ c(z)?. Then
obviously Hy(e)(y)) = a @ e(y)¥) = c(z)®. We pro-
ceed by induction, and thus show that a pre-image can be
defined for an arbitrary configuration c.

Let k£ < n be the length of the longest block of y-cells in
6. If there are no ~y-cells, it is easy to see that Hy is surjec-
tive, so assume k > 1. For the sake of clarity we assume a
block of y-cells is in the segment [1, k]. This does not effect
the result because the defined configuration can be shifted to
match the distribution. Then let
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0O 1 2 k k+1 n n+1 n+k+1
010 010 Ay | O |Bgqa| Qo | -+ | Gy
a; | 0 0 0 0 bo b1 bz bk bk+1

o v )

Fig. 8 Beginning the construction of the pre-image when k£ < n. The indices of cells are annotated above. Cells marked a; and b; are cells reserved
for fixing the state of Hg(e) (%) on track 1 and 2 respectively, where ¢ € [0, k + 1]. The rules assigned to each cell are annotated on the bottom

Fig.9 Beginning the construction O 1
of the pre-image in the case that

n n+l 2n+1

k=n

0

Ay | O [Apga| Qo e | ay,

O bO bl b2 e bn

bn+1

o 7

2

0
a1 0| -

v

7o

-1 0 1 m—1m n—1 n n+l1 n+m
a_i|a, | a | - |G o@m i
b_y| by | - |bobii] O
o 7 70

Fig. 10 Construction of the pre-image going to the right. The relative indices of cells are annotated above. Cells marked a; and b; are cells reserved

for fixing the state of Hy(e)(t)

(D)W =e2)® = .
= 6(2)(2) =

=e(n—1)Y =¢en+1)M
—e(n)® =0,

and

e(n)® = c¢(0)W,
en+i+1)W =¢)P, whenie{2,...,k—1},
e(n+k+1)D =e(k)D @ c(k)®
et 2)® = { ek + D @ (@111 el) V). itk <n-1
ck+ 1M @e(n)® & (P2 Hhrle(y)™M), otherwise,
e()® =e(n+2)M @ (1),
nti

en+i+1)®@ = ( @ e(j)(2)> @ (i), whenie{0,...k+1}.

j=i+1

Now Hy(e)(x) = c(x) when x € [0,k + 1]. For each cell
x() there’s a reserved fixing cell whose state is the sum of
c(z) and the states of all the other cells seen by z(*), mod-
ulo 2. Then because Hy(e)(z)® is the modulo 2 sum of the
cells seen by c(x)®), clearly Hy(e)(z)® = c(x)®. O
These states are also well defined, because their definitions
only reference already defined states. For example, the
track 1 cell O sees the cells 0,...,n on track 1, and cells
0,...,n — 1 were fixed to be state 0, so we reserve the cell

@ Springer

on track 1 and 2 respectively. Crossed out cells are cells whose state has already been defined in e

n in the pre-image for fixing the state of ¢(0)(!). This con-
struction is illustrated in Figs. 8 and 9. Next we inductively
define the rest of configuration e.

x>k+1. Assume that
e(x+n)? have already been

Case 1 Suppose
e()@ ez +1)P ..
defined. Then let

n

e(x4+n+1)@ = @eaﬁ—&—](z) @ c(x)?,
j=1

meaning Hy(e)(2)? = c(z)?. Now e(z)? is inductively
defined for all z > k + 1.

We define the cells on track 1 by blocks of v-cells.
Assume first that e(2)(D, e(z + 1)), ... e(x +n —1)D)
have already been defined. If 0(x) = §,, and O(xz — 1) = §,,,
let

n—1

elz + n)(l) _ @ e(x +])(1) D C(x)(l),
j=1
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meaning  Hy(e)(z)) = c(z)®. If 6(z) =7, and
O(xz — 1) = §,, then x is the leftmost cell in a length m block
of v-cells, where 1 < m < k. Then let

ew+i+n+1)M =e@+i)Vae@+i)? @ cl@+i)®
when i € {0,...,m — 1},

n—1 ntm
e(z 4+n)Y = @ ez +7)V | @ @ e(x+ )Y | @ c(z+m)D.
j=m+1 j=n+1

This is illustrated in Fig. 10. These states are indeed
well  defined. The states e(z),...,e(x+m—1)
are defined by assumption. Using this, states
e(x+n+1),...,e(x+n+m) can be defined induc-
tively. Then every cell seen by « + m except the first track
component of = 4+ n has already been defined, because the
furthest right cell  + m can see the first track component
ofisz +mn + m.

Now Hy(e)(z +3) M = c(x +4)D for  all
i € {0,...,m}. Then by induction Hy(e)(x) = ¢(x) for all
x>k+1.

Case 2 Suppose x < 0. First assume that
e(x+2)@ e(z4+3)?, ... e(x+n+1)? have already
been defined. Let

n+1
e+ 1) =c@)® o | Pex+)® |,

j=2

meaning Hy(e)(2)? = c(z)?). Now e(z)? is inductively
defined for all z < 0.

Again, we define the «cells on track 1
by  blocks of  ~-cells. Assume then  that
e(x4+2)M e(z+3)D ... Je(x+n+ 1)1 have been
defined. If 6(x) = 6,, and O(x + 1) = 4, let

e(z+1)W =c(x) & @e(az + )M

j=2

meaning  Hy(e)(x)M) =c(2)M. If 6(z) =7, and
O(xz + 1) = J,, then x is the rightmost cell in a length m
block of v-cells, where 1 < m < k. Then let

—ml—m2—m 0 1 2

A ppfo | +o- a, (@ ay

—m

b—mblfm b—l bo bl
> v S

Fig. 11 Construction of the pre-image going to the left

e(x =)V =clz—)Vae—itn+ 1)V e —i)@
when ¢ € {0,...,m — 1},

ez + 1)WY = (%9 e(z — i)m) D (Yéne(x + i)(1)> @ c(x —m)D.
Jj=0 Jj=2

This is illustrated in Fig. 11. These states are well defined:
for each i € {0,...,m — 1}, e(x —)(®) was defined ear-
lier and e(x — i +n + 1)(Y) is defined by assumption since
m < n. Then every cell seen by x — m has been defined
except for the first track component of = + 1.

Now Hy(e)(x — i) = ¢(x — )M for all
i € {0,...,m}. Then by induction H (e)(z) = c(x) for all
z < 0.

Now Hy(e)(z) = ¢(x) for all z € Z, because for each
2 there is a reserved fixing cell, whose state is the mod-
ulo 2 sum of ¢(2)® and all other states seen by z:(*). Hence
every ¢ € %7 has a pre-image, meaning Hy is surjective.

5.3 General non-recurrent templates

Next, we reduce the general case of a non-recurrent rule dis-
tribution template to the special case from Sects. 5.1 and
5.2.

Definition 15 Let T be a set of rule templates and 7 € T%
be a non-recurrent rule distribution template. Let n > 1 be
such that there is a pattern ¢; ..., in 7 that appears only
once. Let f'and g be local rules with state set 3. and neigh-
bourhood N = (—r,...,r) forsomer € Z;,r > n.

The rule set R. y,4 is such that for each ¢ € T there is
hi € R ;4 with state set Z, x X and neighbourhood N
which maps

,ar))

(m_pya—y)y...,(Mmp,a.)) = (mo, fla—p,...

if t =t,, and if in segment (m_,,...,m,) there is a
length n + 2 sub-segment (a, 1,...,n,b), where a # n and
b # 1. Otherwise h; maps
(m—r,a—p),...,(My,a)) = (Mo, g(a—r,...,a)),

for all (m;,a;) € Zy, x X.

Let’s first clarify the function of the rule set R+ r ;. Config-
urations in (Z, x )% consist of two tracks, a static back-
ground track, and an action track that the local rules actually
operate on. In the background track, the configuration con-
tains a guess as to where in the word ¢; . . . ¢,, the template
in its cell is. Each rule in our assignment knows which tem-
plate it is assigned to, so it can check if the guessed template
is correct. If it is not, the rule g is used on the action track.

@ Springer
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Fig. 12 Example of the chosen rule
set and assignment, where n = 4.
Which rules are used on the binary
track are annoted on the bottom

T

by | L by | b

row. The string of guesses 1...4 is

highlighted. There are two correct

guesses in this string and hence the 2
rule f'is used in two cells

3112343

0(0

L(Ooj1]1(0]1

9 9

If the guess is correct, the rule further checks if the guess
m is part of the sub-string 1...n of a string al...nb on the
background track, where a # n and b # 1. If it is, the rule
fis used on the action track, and otherwise rule g is used.
Note that the local rule does not know whether the other
guesses in this string are correct, only the guess in its own
cell. An example is illustrated in Fig. 12.

Notation 5 Let X = A x B for some state sets 4 and
B. For any ce€ X%, M) € AZ, ) ¢ B? are such that
c(x) = (W (z),c?(x)) forall x € Z.

Lemma 14 Let 7 € T7 be a non-recurrent rule distribution
template and n > 1 such that there is a length n pattern
ty ...ty in T that appears only once. Let be R, = {f, g}
be a set of local rules with alphabet Y. Let Ry = R 4
and o : T — Ry an assignment that maps «(t) = hy for
allte T.

Suppose that the update rule Hy is surjective (respec-
tively pre-injective) for all § € R% such that there is at most
one length n block of adjacent rules fin 6. Then the update
rule H is surjective (respectively pre-injective).

Proof Let B(c) = {e € (Z, x £)?|e) =M} for any
¢ € (Zy, x ¥)” be the set of configurations that share the
background track of ¢. For all e € B(c), rules f'and g are

used in the same cells, meaning there is a § € R% such that
H. (e)® = Hy(e®) forall e € B(c).

Furthermore, because pattern ¢; ... ¢, appears in 7 only
once, the pattern hy, ... h;, appears only once in 7,. Then
for any e € B(c), there is at most one length n block of cells
where rule f'is used, because there is at most one length n
block of correct guesses for the templates in e that are also
a part of the substring 1...n of al ... nb, where a # n and
b # 1, in the background track. Therefore 6 has at most one
block of adjacent rules f.
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Suppose then that for every such 0, Hy is surjective. Let
c1 € (Z, x ¥)?andf € RYsuchthat H,_(e)? = Hy(e?)
for all e € B(cy). Then because Hy is surjective, there is
c2 € X% such that Hy(cp) = c§2). Let then c3 € (Z,, x ¥)Z
such that cgl) = cgl) and céz) = cg). Then ¢3 € B(c1) and
hence H,_(c3) = c;. Therefore H._ is surjective.

Suppose then that for every such 6, Hy is pre-injective.
Let c1,co € (Zy, x £)” be asymptotic configurations with
1 #co If cgl) + cél) then clearly H, (c1) # Hr, (c2)
because the background track is static. Assume then that
cgl) = cél), meaning c?) # cf). Then B(c1) = B(ca),
meaning there is 6 € R% such that H,_(c1)® = Hy(c\?)
and H,_ (c3)® = Hg(céz)). Now because Hy is pre-injec-
tive, H,_(c1)® = Hg(cgz)) # Hy (cg)) = H, (c2)® and
hence H,_(c¢1) # H:_(c2). Therefore H, _ is pre-injective.

0

Theorem 15 Let T be a set of rule templates and T € T be
a non-recurrent rule distribution template. There exists a set
of local rules R and assignment o ©: T — R such that H,
is pre-injective, but not surjective.

Proof Let n > 1 be such that there is a length n pattern
t1...t, in 7 that only appears once. Let R’ = {f,, gn }. By
Lemma 11 we know that for all # € R’Z such that a length
n block of rules f,, appears at most once, Hy is pre-injec-
tive. Let R = R, ¢, 4, and a : T — R such that a(t) = hy
forall t € T'. Then by Lemma 14, H,_ is pre-injective.

Next, assume the pattern ty...t, is in the
cells [z+1,z+n], meaning 7(z+4)=1t; when
1<i<n. Let then c¢€ (Z,xX)* be such that

clx4+n+1)D £1,¢(x)V £n,c(x+i)P =i  when
1 <i < mn,and c® is a configuration with no pre-image as
in the proof of Lemma 10, for a rule distribution where the
n block of f~cells is in the range [z + 1, = + n]. Now rule f,,
isusedincellsz 4+ 1,...,2 4+ nand rule g,, is used in x. By
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Lemma 10, ¢ then has no pre-image and therefore H, is not
surjective. g

Theorem 16 Let T be a set of rule templates and T € T be
a non-recurrent rule distribution template. There exists a set
of local rules R and assignment o : T — R such that H_
is surjective, but not pre-injective.

Proof Let n > 1 be such that there is a length n pattern
t1 ...t in T that only appears once. Let R’ = {v;,, 6, }. By
Lemma 13 we know that for all € R’Z such that a length
n block of rules ,, appears at most once, Hy is surjective.
Let R =R, s, and a : T — R such that a(t) = h, for
allt € T'. Then by Lemma 14, H,  is surjective.

Next, assume the pattern t;...t, 1is in the
cells [z+1,z+n], meaning 7(z+4) =1t when
1<i<n. Let ce€(Z,xX)? be such that

D =eM c(x+n+1W0 £1,¢(@)D £n, cle+i)D =i
when 1 <7 <n and 0(2), e@ are asymptotic but different
configurations with the same image as in Lemma 12, when
the n block of ~y-cells is in the range [z + 1,z + n]. Now
rule 7y, isused incells z + 1, ...,z + n and rule 6,, is used
inx and z + n 4 1. Then by Lemma 12, ¢ and e are asymp-
totic differing configurations with the same image, meaning
H_ is not pre-injective. g
A similar reduction to the preceding can be achieved by
using a technique found in Salo (2014). Using this method,
the assignment can be defined with a fixed number of states,
not depending on the number of templates.

Fig. 13 The wrapping of € (above) to 1, (below). The arrows indicate
the direction of the wrapping

6 Surjunctivity

Surjunctivity is the property of a cellular automaton that if
its global update function is injective, then it is surjective.
Surjunctivity is implied by the Garden of Eden theorem, so
it is known to hold for regular CA over integer grids.

Furthermore, then we also know that surjunctivity holds
for NUCA with a recurrent rule distribution. In this section
we show a property of a rule distribution that implies sur-
junctivity, and show that every distribution asymptotic to a
recurrent distribution has said property.

First we define NUCA over a finite space Z,, for some
n € Z4. The definition is analogous to a typical NUCA.
Intuitively, if a normal NUCA is thought of as acting on a
bi-infinite "tape", a NUCA over Z,, acts on a finite, circular
tape.

Definition 16 Let n € Z,, R a rule set over state set
> and with neighbourhood N = (nq,...,n,,), where
Ni,...,Nm € Zy,. Let 9 € R% be a rule distribution over
the finite set Z,,. The tuple A = (X, Z,,, N, R, ) is a non-
uniform CA over finite space, and its global update function
Hy : $% — %% s the one that maps ¢ € %™ such that

Hy(c)(z) = ¢(z)((x + nymodn), ..., (z + n, modn)),

forall x € Z,,. If 4 is clear from context, it’s usually referred
to by its global update rule.
For any k € Z, we denote (00, k) ={x € Z|z < k} and
(k,oo)={x € Z|xz > k}.

Lemma 17 Let ¢ € R” be a recurrent rule distribution. Let
LI €L, P <] and U= Pl(so,i)y V= Plig) W= Pl(j00)-
Either every finite suffix of u is a subword of w or every finite
prefix of w is a subword of u.

Proof Suppose x is a suffix of # and y is a prefix of w such
that x is not a subword of w and y is not a subword of u.
Then the word xvy cannot appear infinitely many times in ¢;
if it did, either x would be a subword of w or y a subword of
u. Then ¢ isn’t recurrent, which is a contradiction. Therefore
either x must be a subword of w or y must be a subword of u.

O

We show that for any distribution 6 with the property
shown for recurrent distributions in Lemma 17, the NUCA
Hy will be surjunctive.

Lemma 18 Let 0 € R” be a rule distribution. Let i,j € 7.

such that i, €7, ©1<j u= 9‘(00_,0, w= QMOO), and
assume that either every finite suffix of u is a subword of w
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Fig. 14 The unwrapping of ¢,, and €,, into ¢ and e in Case 2 of the
proof of Lemma 13

or every finite prefix of w is a subword of u. Then if Hy is
injective, it is surjective.

Proof Assume Hy is not surjective. Let X be the state set
of rules in R and assume that all rules are at most radius r.
Assume that every suffix of u is a subword of w. The other
case is identical.

Foranyn € Z, letu, = 0|;_, ;_1) be the length n suf-
fix of 0| (0,4). Let my, be the length of the segment from 7 to
the rightmost cell of the leftmost copy of u,, to the right of ;.
Let then ¢),, € R%m» be such that ¢,,(x mod m,,) = 0(z)
for all z € [¢,7 + m,, — 1]. We can think of ¢, as the seg-
ment of ¢ ranging from w,, to a copy of u,,, wrapped around
in a circle with the two copies overlapping each other. This
is illustrated in Fig. 13.

Because Hjp is not surjective, by Lemma 1, for large
enough n the function Hy,, is not surjective. Since ¥Zmn
is finite, Hy,, is not injective. Let then ¢,, e, € YZmn be
configurations such that ¢, # e, and Hy,, (¢,,) = Hy,, (ex).
Now there are two cases.

Case 1: For infinitely many n, the ¢, and
en differ within 2r of the segment [i, j], that is,
diff(cp, e,) N [i — 2,5 + 27] # (. Let then ¢, e], € X2
be configurations such that ¢, (z) = ¢,(x mod m,) and
el (x) = ep(z mod my,) for all z € [i —n,i+ m, — 1]
and c,(y) =€l (y) for all y ¢ [i —n,i+m, —1] The
configurations ¢/, and e/, can be thought of as ¢, and e,
"unwrapped" and "embedded" into some configuration over
Z.

@ Springer

Let then (c;,,,e;, )x be a sequence of pairs of these
unwrapped configurations, where the indices 7, are the ones
where c,,, and e, differ within 27 of [7, j]. By compactness,
this sequence has a converging subsequence with alimit (c, e).
Now c # e, because diff(c], el )N [i—2r,j+2r] #0
for all k. In addition, because Hy, (cn,)= Hy, (en,)
for all %, it holds that for any finite domain D C Z there
is m € Z such that Hy(c,, )(D) = He(ey, )(D) for all
k > m. Therefore Hy(c) = Hy(e), meaning Hy is not
injective.

Case 2: For all large enough n, c,, and e,, are identical
within 27 of [i, j]. Let ¢, e € X% such that for some such
n, c¢(z) =cy(x mod my,) and e(z) =e,(x mod m,)
for all z€[j+1,i+m, —1] and c(y) =e(y) for all
y ¢ [j + 1,i+ m, — 1]. This is illustrated in Fig. 14.

Clearly ¢ # e, because ¢, and e,, differ somewhere in
the segment [j + 1,4 + m,, — 1]. For any cell x that is at
least r cells away from diff(c, ), the neighbourhood of x is
identical in ¢ and e, hence Hy(c)(z) = Hy(e)(x). For any
cell y that is within r cells of diff(c, e), its neighbourhood is
within 27 of diff(c, e). Because Hy, (¢,) = Hy, (en), then
Hy(c)(y) = Hy(e)(y). Therefore Hy(c) = Hy(e), meaning
Hy is not injective.

Hence in either case, Hy is not injective. Therefore if Hy
is injective, it is surjective. g

Theorem 19 Let 0 € R” be asymptotic to a recurrent rule
distribution ¢ € R”. If Hy is injective, it is surjective.

Proof Let i,j € Z, i < j be such that diff(6,¢) C [i, ]
and let u = @|(x0,i) and W = P|(j,o0). By Lemma 17, either
every finite suffix of u is a subword of w or every finite pre-
fix of w is a subword of u. Then because ¢ and 6 are identi-
cal outside of [7, j], by Lemma 13, if Hy is injective, it is
surjective. g

7 Conclusions

We find that the Garden of Eden theorem holds for NUCA
if the local rule distribution is uniformly recurrent. In the
1-dimensional case we find that every assignment to a given
rule template defines a NUCA that satisfies either direction
of the Garden of Eden theorem, if and only if the template is
recurrent. Finally we find that all rule distributions asymp-
totic to a recurrent distribution are surjunctive.

The Garden of Eden theorem for NUCA should still be
examined in other groups. As for surjunctivity, we have
shown a property of a template that guarantees surjunctiv-
ity, but know nothing about the converse. It may be useful to
examine the complement of the underlying property which
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gives us surjunctivity, and see whether this guarantees the
existence of non-surjunctive assignments.

Author contributions K. Paturi (née P. Paturi) wrote the main manu-
script text and J. Kari provided large portions of the proofs of theorems
3,4 and 5. Both authors reviewed the manuscript.

Funding Open Access funding provided by University of Turku (in-
cluding Turku University Central Hospital). We would like to acknowl-
edge the financial support of Magnus Ehrnroot foundation and the
Research Council of Finland project 354965. This work was partially
supported by the HORIZON-MSCA-2022-SE-01 project 101131549
"Application-driven Challenges for Automata Networks and Complex
Systems (ACANCOS)".

Data availability No datasets were generated or analysed during the
current study.

Declarations
Competing interests The authors declare no competing interests.

Open Access This article is licensed under a Creative Commons
Attribution 4.0 International License, which permits use, sharing,
adaptation, distribution and reproduction in any medium or format,
as long as you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons licence, and indicate
if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless
indicated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permitted
use, you will need to obtain permission directly from the copyright
holder. To view a copy of this licence, visit http://creativecommons.o
rg/licenses/by/4.0/.

References

Ceccherini-Silberstein T, Coornaert M (2010) Cellular automata and
groups, 1st edn. Springer, Berlin, Heidelberg

Dennunzio A, Formenti E, Provillard J (2012) Non-uniform cellu-
lar automata: classes, dynamics, and decidability. Inf Comput
215:32-46. https://doi.org/10.1016/j.ic.2012.02.008

Dennunzio A, Formenti E, Provillard J (2013) Local rule distributions,
language complexity and non-uniform cellular automata. Theor
Comput Sci 504:38-51. https://doi.org/10.1016/j.tcs.2012.05.013

Gottschalk W (1973) Some general dynamical notions. In: Beck A (ed)
Recent advances in topological dynamics. Springer, Berlin, Hei-
delberg, pp 120-125

Moore EF (1962) Machine models of self-reproduction. In: Bellman
RE (ed.) Proc Symposia in Appl Mathe, pp. 17-33

Myhill J (1963) The converse of Moore’s Garden-of-Eden theorem.
Proc Am Math Soc 14(4):685—-686

Phung XK (2023) On invertible and stably reversible non-uniform cel-
lular automata. Theor Comput Sci 940:43—59. https://doi.org/10.
1016/j.tcs.2022.09.011

Salo V (2014) Realization problems for nonuniform cellular automata.
Theor Comput Sci 559:91-107. https://doi.org/10.1016/j.tcs.201
4.07.031

Sipper M (1996) Co-evolving non-uniform cellular automata to per-
form computations. Physica D 92(3):193-208. https://doi.org/10.
1016/0167-2789(95)00286-3

Publisher's Note Springer Nature remains neutral with regard to juris-
dictional claims in published maps and institutional affiliations.

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/j.ic.2012.02.008
https://doi.org/10.1016/j.tcs.2012.05.013
https://doi.org/10.1016/j.tcs.2022.09.011
https://doi.org/10.1016/j.tcs.2022.09.011
https://doi.org/10.1016/j.tcs.2014.07.031
https://doi.org/10.1016/j.tcs.2014.07.031
https://doi.org/10.1016/0167-2789(95)00286-3
https://doi.org/10.1016/0167-2789(95)00286-3

	﻿On the surjunctivity and the Garden of Eden theorem for non-uniform cellular automata
	﻿Abstract
	﻿1﻿ ﻿Introduction
	﻿2﻿ ﻿General definitions
	﻿3﻿ ﻿Non-uniform cellular automata
	﻿4﻿ ﻿The Garden of Eden theorem
	﻿4.1﻿ ﻿Uniformly recurrent distributions
	﻿4.2﻿ ﻿The 1-dimensional case

	﻿5﻿ ﻿Non-recurrent rule distributions
	﻿﻿5.1﻿ ﻿Moore’s theorem
	﻿﻿5.2﻿ ﻿Myhill’s theorem
	﻿5.3﻿ ﻿General non-recurrent templates

	﻿6﻿ ﻿Surjunctivity
	﻿7﻿ ﻿Conclusions
	﻿References


