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BARRLUND’S DISTANCE FUNCTION AND QUASICONFORMAL MAPS

MASAYO FUJIMURA, MARCELINA MOCANU, AND MATTI VUORINEN

ABSTRACT. Answering a question about triangle inequality suggested by R. Li, A. Barrlund
[2] introduced a distance function which is a metric on a subdomain of R”. We study this
Barrlund metric and give sharp bounds for it in terms of other metrics of current interest.
We also prove sharp distortion results for the Barrlund metric under quasiconformal maps.

1. INTRODUCTION

For a given domain G C R" with G # R", for a number p > 1, and for points 21, 25 € G,
let

|21 — 2]

(L) bapl2,22) zse%% ]z — 2P ¥ |2 — 2P
A. Barrlund [2] | studied this expression for the case GG = R" \ {0} and proved, answering
a question of R.-C. Li [16], that it is a metric. These facts motivated, in part, P. Hésto’s
papers [12] [13], where he proved that bg, is a metric in a general domain and studied also
some other metrics.

The triangular ratio metric si of a given domain G C R" defined as follows

|21 — 2|

(1.2) sa(z1,29) = sup 2,29 € G,

zeoc |21 — 2|+ [z — 2]
was recently studied in [5, [I1]. As shown in [II], this metric is closely related to the quasi-
hyperbolic metric [10, 8, 24] and several other metrics of current interest [14], 20] 19| 9.

We study the Barrlund metric bg, and compare it to s¢ = bg 1 . For the cases of a ball or
a half-plane we give in our main theorems and explicit formulas for bg o . To this
end, we first recall some properties of si. By compactness, the suprema in ([LI]) and (2]
are attained. If G is convex, it is simple to see that the extremal point 2, for (IL.2) is a point
of contact of the boundary with an ellipse contained in G with foci at z1, 25 .

We prove the following sharp inequality between the above two metrics.

Theorem 1.3. Let G be a domain in R™ and let p > 1. Then for all points z1, 2z € G
sa(z1, 22) < bap(21, 22) < 21_1/psG(zl, 29) .

Clearly, this inequality holds as an identity if p = 1. But perhaps more interesting is that
the right hand side holds as an equality for all p > 1 if G = {z € C : Im(2) > 0}, and
21,22 € G with Im(z;) = Im(29) .
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The metric sp is also connected with a classical problem of optics. The well-known
Ptolemy-Alhazen problem reads [2I]: ”Given a light source and a spherical mirror, find
the point on the mirror where the light will be reflected to the eye of an observer.” We con-
sider now the following two-dimensional version of the problem when two points zq, z5 are
in the unit disk D = {z € C : |z| < 1} and its circumference D = {z € C : |z| = 1} is a
reflecting curve. The problem is to find all points u € JID such that

(1.4) £(z1,u,0) = £(0,u, 2) .

Here £(z,u,w) denotes the radian measure in (—m, 7| of the oriented angle with initial side
[u, z] and final side [u,w] . This condition says that the angles of incidence and reflection are
equal, a light ray from z; to u is reflected at u and goes through the point z5 .

The equality (L4]) shows that the ellipse with foci z;, 29, passing through u, is tangent
at u to the unit circle. A point u = ¢ € OD satisfies (I4) if and only if 6, is a critical
point of f(0) := |e — z| + e — 25|, § € R. Note that f’(f) = Im (2w), where z = ¢”

and w = ZZ:2| + ZZ:Z‘, therefore f'(0) = 0 if and only if the radius of the unit circle

terminating at z is the bisector of the angle formed by segments joining z1, 25 to z.
Now for the case of the unit disk G = DD and z1, 20 € D and the extremal point zy € 0D,
for the definition ([I.2)), the connection between the triangular ratio metric

|21 — 2]

Spl21, 22) =
( ) |21 — 20| + |22 — 20

and the Ptolemy-Alhazen problem is clear: u =z satisfies (IL4]). This connection was recently
pointed out in [7].

Theorem 1.5 ([7]).  The point u in ([L4) is given as a solution of the equation
(1.6) zizut — (ZT + Z)ud + (21 + 22)u — 2120 = 0.

This quartic equation can be solved by symbolic computation programs. This method was
used in [7] to compute the values of sp(z1, 22) .

We also study the limiting case p = oo of the Barrlund metric. As pointed out by P. Hésto
[12], it was proved by D. Day in a short note [6] that the p-relative distance with p = oo is a
metric in G, for G = R™\ {0}.

We conclude our paper by studying the behavior of the Barrlund distance under Mobius
transformations and quasiconformal mappings defined on the upper half plane H and prove
the following theorem.

Theorem 1.7. Let f : H — H be a K-quasiconformal map and zy, 2o € H. Then forp > 1
bH,p(f(Zl>, f(Zg)) < 21_1/p41_1/KbH710(217 22)1/[{

Observe that this theorem is sharp.
We also formulate two conjectures.

Remark 1.8. After the publication of [7], we have learned more about the history of the
Ptolemy-Alhazen problem: e.g. the book of A.M. Smith [2I] provides a historical account of
Alhazen’s work on optics. Dr. F.G. Nievinski has kindly informed us about the papers of
P.M. Neumann [I7] and J.D. Smith [22], which also study this problem. The equation (LG
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appears also in [I7, (1), p. 525] and [22, p.194 line 1]. Note that in [7] we study this topic
from a different point of view.

2. PRELIMINARIES

We recall the definition of the hyperbolic distance pp(z1, 22) between two points z1, 2o € D
[3, Thm 7.2.1, p. 130]:
21722) _ |Zl - 22‘
2 \/|21 — 22+ (1= [z = [2/?)

The triangular ratio metric can be estimated in terms of the hyperbolic metric as follows.
By [11, 2.16] for 21,20 € D

(2.1) tanh ol

(21, 22)

(22) tann 221 p ol ze)

< sp(21, 22) < tan 5

Conjecture 2.3. The function
artanh sp(z1, 29)

satisfies the triangle inequality.

We have checked this conjecture using the aforementioned formula [7] for sp(z1, z2) based
on Theorem and found no counterexamples. Experiments also show that for points
0 <r <s<t<1we have the following addition formula

artanh sp(r, t) = artanh sp(r, s) + artanh sp(s, t)
and this equality statement also follows from formula ([27) below.

Let G C R™ be a proper open subset of R". As in [5], we define the point pair function
pe as follows for 21,29 € G :

21 — 2|
\/|Zl — 2’2|2 + 4d(;(21) dg(ZQ) ’
where dg(z) = dist(z,dG) . By [0, Lemma 3.4 (1)] if G is convex and z;, 22 € G C R", then
(24> SG(Z17 Z2) S pG(Z17 Z2) .

Theorem 2.5. If 21,2, € D,

pG(21>Z2) =

21—z
(26) S]]])(Zl, 22) S mD(zl, 2’2) = M
2 — |Zl + 22‘
Here equality holds if and only if z1,0, zo are collinear.
Proof. Fix z1, 20 € D, and let uw € 0D . Then by the triangle inequality we have
|21—Z2| |21—Z2| |21—Z2| _ |21—Z2|
lor—ul + ] —ul T 2u— (st 2)| T 2lul =+l 2 a2

Hence the inequality follows. The equality statement follows from the equality statement for
the triangle inequality. 0
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Note that the equality statement in (2.6]) implies for 0 < r < s < 1 that
1—7r
1—s’

Remark 2.8. The inequalities (2.4]) and (2.6]) are not comparable. We always have

1
(2.7) artanh sp(r, s) = 3 log

(21, 22)

sp(21, 22) < pp(21, 22) < tanh ro 5 <1.

Sometimes pp(21, 22) > mp(z1, 22) . On the other hand the function myp is unbounded. Finally,
forr;t € (0,1) we have pp(r,t) = mp(r,t) . It is easily seen that mp (¢, it) > mp(0, t)+mp(0, it)
for ¢ € (0.85,1) and hence myp is not a metric.

3. ON BARRLUND’S METRIC

In this section we will give explicit formulas for the Barrlund metric (ILT]) when p = 2 and
the domain is either the unit disk or the upper half plane and study some properties of the
Barrlund metric for 1 < p < oo.

3.1. Basic properties of the Barrlund metric.

Suppose that G is a proper subdomain of the complex plane and p > 1. Because sg(21, 22) =
bea(z1, z2) for all z1, 20 € G, it is natural to expect that some properties of s¢ might have
a counterpart also for bg,, p > 1. We list a few immediate observations and recall first the
notion of midpoint convexity.

Definition 3.2. [4 p.60] A domain G C R" is midpoint convez if for z,y € G also the
midpoint (z +y)/2 € G.

Obviously, every convex set is midpoint convex. If a midpoint convex set in R™ is closed or
is open, then the set is convex. In particular, every midpoint convex domain is also convex.

(1) If A > 0,a € C, and h(z) = Az + a, then bg, is invariant under h, i.e. for all
21,20 € G,

bn(ayp(h(21), M(22)) = bap(z1, 22) -

(2) bg,p is monotone with respect to the domain: If Gy is a midpoint convex subdomain
of G and zy1, 22 € Gy, then bg (21, 22) < bg, p(21, 22) , see Lemma B4l In particular,
if G is midpoint convex,

bap(21, 22) > sup{be\21p(21, 22) : 2 € 0G}.

(3) bg,p satisfies the triangle inequality, i.e. it is a metric.

Remark 3.3. Replacing 0G by R™ \ G in Definition (1)) we obtain a modified Barrlund
function that is is monotone with respect to the domain.

We show here that for p = 2 and n = 2 the monotonicity with respect to the domain (3)
does not hold for all domains G; C G C R".

(1) We first observe that by elementary geometry (Stewart’s theorem) for all x,y,w € R"

1 1
=2l + o=y = 2w = 5 (o +y) P+ 5o — gl



(2) The formula in (1) implies that for a domain D G R"™ and for x,y € D
[z —y| ‘
\/2d2 (3 (@ +y))+ 3lz —yl
(3) Fora > 0let S, = {z € C: Re(z),Im(2) € (—a,a)} be a square and G = Sy \ S,
and G = Sy \ Sa. With z = 3, z0 = —3 we have z1, 23 € Gh C G, but by part (2)
\/%_6 =bg, 2 (21, 22) < bga (21, 22) = \/%70 :

< oo0. If Gy C G C R" are domains, such that Gy is midpoint
bep(z,y) for all x, y€G1

bD2=Ty

Lemma 3.4. Let 1 < p
convex, then bg, ,(x,y) >

Proof. Fix z,y € G;. There exists a = a(p) € OG such that
[z — 9|
So—al +ly—aF

bG,p ([L’, y) =

if 1 < p < oo, respectively

|z — |
max {|z — al, |y — al}

bG,oo (ZL’, y) =

Since Gy is midpoint convex, Gy contains m = % (z +y). The intersection of the segment
[m, a] with the boundary 0G; contains at least one point, which we denote by d.
We prove that
max {|z —d|, [y — d|} < max{[z —al, |y —al}

and that
lz —dlP + ]y —d’ <|z—al’ +|y—al
ifl<p<oo.
Then | |
T -y
b o ) - _— b o
areel008) 2 e =l Jy —dfy =~ Y]
and | |
T -y
bGl (l’ y) - 2 bG, (xay)
! Se—dP +ly—df ~ "
if 1 <p<oo.

Let A € [0,1) such that d = (1 — A)a+ Am. For every z € R", (z —d) = (1 = \) (2 —a) +
A (z —m), hence

(3.5) lz—d < (1—=AN)]z—a|+A|z—m]|.
If p = oo, note that (B.5) implies
max {|z —d|,|ly —d|} < (1 —N)max{|z —a|, |y —a|} + Amax{|z —m]|, |y — m]|} .
But
36) |z—m|[=ly—m|= \I—m<1ﬂ$—ﬂ+w—aD<mwﬂx—ﬂ\y—ﬂ}
Then max {|z —d|, |y — d|} gmax{|x—a|,\y—a|}.
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If 1 <p < oo, inequality (B3] and the convexity of the function ¢ — ¢ on (0, 00) imply
|z —d < (1—=XN|z—al’+ X|z—m|’. Adding the inequalities for z = x and z = y we
obtain

[z —dl" + |y —d < (A=) (|z —al”+ |y —al’) + A(Jz —m|" + |y —m[").
Again by convexity, inequality ([B.6) implies |[x — m|” + |y — m|” < |z — a|” + |y — a|’. The

latter two inequalities yield |z — d|” + |y — d|” < |z —a|” + |y — a|". O
Remark 3.7. In the case p =1 we do not need to assume that G is midpoint convex. Let ¢
be a point belonging to the intersection [x,a] N OGy. Then |v —a| = |v — ¢| + |c — a|, hence
|v —al+ |y —a| > |z —c|+ |y — ¢, by the triangle inequality. Then
r—Y r—y
SGl(x>y) > | ‘ > ‘ | :Sg(llf,y)-

T le—d+ly—d T |z —a[+]y—d
Proposition 3.8. The Barrlund distance satisfies the triangle inequality.

Proof. The proof follows from a more general argument in [I2, Lemma 6.1], but for the
reader’s convenience, we give a short argument here. Denote b, = brn\j0y,- Let z,y,2 € G .
Because b, is a metric by [2], for u € G,
by(x —u,y —u) <by(r —u,z—u)+b,(z —u,y —u) <bg,(x,2)+bap(z,y),
hence
bp(z —u,y —u) < bgp(z,z) +bap(z,y) .

Taking the supremum over u € 0G, it follows that

bG,p(Ia y) < bG,p(x> Z) + bG,p(z> y) : O

Theorem 3.9. The Barrlund metric is monotone with respect to the parameter p: given a
domain G G R", for z;, 2o € G andp>r>1,

1_1
(3.10) bar (21, 22) < bap(z1, 22) <2777 bg (21, 22) -
In particular,
(3.11) sa(z1, 22) < bap(21, 22) < 21 VPsa(2, 2) .

Moreover, if n = 2, then

sup{bap(21, 22) : 21,20 € G} = 21717
Proof. The functions p +— ((a? +b7)/2)"/? and p +— (a? +b?)'/? are increasing and decreasing,
respectively, on (1,00) for fixed a,b > 0. The monotonicity and (BI0) follow from these
basic facts and ([B.10]) is the special case r = 1 of ([BI0)). For the proof of the last statement

fix x € G and z € G with d(z) = d(x,0G) = | — 2| and denote w = (z + 2)/2. Then for
a € (0,7/6) choose points ug, v, with

[tg — w| = |vg —w| =d(x)/2, |ug — va] = 2d(x) sinacos

v — | = | —v,| =d(x)cosa, |z —us| =]z — vy =d(z)sina.
Applying the definition (1)) to the triple u, , v, , 2 we have
2d(x) sin a cos «

— 9ol=1/p 1-1/p
o — =2 cosa — 2 ,
(x)¥/sin? a + sin®

b o (e} Z
Gm(u Vo) d



when o — 0. This convergence together with (B.11)) proves the claim. O

Remark 3.12.
(1) The supremum in Theorem B.9is attained for some domains, as shown below.

Let p > 1. Let G = D\ {0}, t € (0,1) and 2, = t, 20 = —t. For every z € 0D,
|21 — 2P+ |2 — 2|7 > 2177 (|21 — 2| + |2 — 22|)? > 2'7P|2; — 25| and both inequalities hold
as equalities for z = 0, hence bp (21, 22) = 2'7%. The same argument shows that this
holds in a more general case: if GG is a proper subdomain of R” and there exist z1, 20 € G,
zp € OG such that zyp = (21 + 22)/2, then bg (21, 22) = 2175 It follows that

sup{ sup bgp(z1,22) : G C R"is a domain} L

21,22€G

(2) We will see below in Theorem that the second inequality in (BI1]) holds as equality
forallp>1if G=H, 2z, 2, € H with Im (2;) = Im (29) .

Several upper and lower bounds for s are given in [11]. Using these bounds and Theorem
one could find bounds also for the Barrlund metric.

3.13. The proof of Theorem The proof follows from Theorem 3.9 0J

We will next study a few problems which lead us to a formula for the Barrlund metric
when the domain is either the disk or the half-plane.

Problem A. For given z1, 25 € D, find the contact points and the corresponding parameter
value ¢ > 0 of “power p ellipses” {|z1 — u|? + |22 — u|P? = ?} and the unit circle.
This Problem A is closely related to the following Problems A’.

Problem A’. For z;,z5 € D and p > 1, find the points u on the unit circle 9D such that
/|21 — ulP + |22 — ul? is minimal.

Lemma 3.14. Any point u in Problem A’ is given as a solution of

p_q —1
(3.15) ((z12_1+ 1)u —zu? —zl) ’ (Zru® — 1) + ((2272+ u—Zu® — z2> (Zzu* —2) =0,

[NJ4S)

where we consider the principal branch of the complex power function.

Proof. We need to find the point u on dD such that |z; — u|P + |22 — u|P is minimal. Let

4

GO = (e =) + (22— =)

We remark that G is a real-valued periodic function that is differentiable on the real line.
Therefore, G(f) attains a global minimum at one point, which has to be a critical point of
G. For G'(0) = 0, setting u = ¢, we obtain (B.15). O

The above equation (B3] is no longer an algebraic equation for a general real number
p>1.

Next we give a counterpart of the above lemma for the upper half space.
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Lemma 3.16. Let 21,20 € H and p > 1. The function S, : R — R defined by S,(t) =
[t — 21" + |t — 22|" has a unique minimum point to. If Re (z1) = Re(22), then to = Re (z1) =
Re (z3), otherwise min{Re (21),Re(z2)} < to < max{Re(z1),Re(z2)} and t = ty is the
unique real solution of the equation.

(317) (t — Re (21)) |t - Zl‘p—2 = (Re (22) - t) ‘t - 22|p_2 .

Proof. For every t € R we have

Sit)=pY_ (t—Re(z)) |t — ="

k=1
and

Syt) =p Y [lt= 2" + (0= 2) (¢ = Re ()" [t — 2P~

Since S/ (t) > 0 for every ¢t € R, the derivative S} is increasing on R. Then S, is strictly
convex on R, hence, as tlirin Sp(t) = 400, it follows that S, has a unique minimum point [1§]
— o0

Theorems 3.4.4 and 3.4.5].

Note that a < min{Re (1), Re(22)} implies S} (a) < 0, while b > max {Re (21), Re (22)}
implies Sl’,(b) > (. Then the derivative S, has a unique zero ty, which is the unique minimum
point of Sy. It follows that
|21 — 2|

</|t() — Zl|p+ |t0 —22|p.

bH,p (21, 22) =

Case 1. Re(z1) = Re(z2)

The derivative S/(t) = (t — Re(21)) (|t = z1["72 + [t — 22[P™2), t € R has the unique zero
to = Re(z1) = Re(z2). Then
Im (z1) — Im (22)|

¢/Im ()" + Im (22)”.

bH,p (21, 22) =

Case 2. Re(z1) # Re(z2).
In this case,
min {Re (z1),Re (22)} <ty < max{Re(z1),Re(z2)}.

Here tg is the unique real solution of the equation
(3.18) (t—Re(z)) |t — zl\p_Q = (Re(z) — 1) |t — zg\p_Q )

In the following we will assume that Re(z;) < Re(z2), the case Re(z2) < Re(z)
analogous. For every t € R there exists a unique A = A(t) € R such that ¢ = (1 — A) Re (21)+
ARe (z2), and Re (21) <t < Re(z2) if and only if 0 < A(t) < 1. Then A = A\ := A(to)
unique solution of the equation

(3.19)  A|ARe (25— 2z1) —iIm (2)" > = (1 = A\)|(1 = M) Re (22 — 21) + iIm (z)[P2. O
Remark 3.20. For p = 2 we have S/(t) = 4t — 2Re (21 + 2) hence t; = 3Re (21 + ) and

we obtain an alternative proof of Theorem [3.24
In the general case, we can use ([BI9) for numerical computation of \,.



3.21. Barrlund’s metric for p =1.

3.21.1. The domain G = H. The upper half space {z € C : Im(z) > 0} is denoted by H.
Recall that the hyperbolic metric in H is defined by the formula [3| Thm 7.2.1, p. 130]

|Zl — 22\2

H.
2Im(z;)Im(zy) e

cosh py (21, 22) = 1 +

Equivalently [3, Thm 7.2.1, p. 130],
tanh (pH(21>Z2)) o |21 - Z2|

2 —‘Zl—§2|'

In the case p = 1, (BI7) in Lemma B10 is equivalent to

Assume that Re(z1) < Re(22). The above equality holds for t = (1 — A)Re (z1) + ARe (22),
A € (0,1), if and only if the triangles A(z1,t, Re(21)) and A(zy,t,Re(z2)) are similar, that
is, if and only if

Re (t —2z) Im(z) [t—z] A

Re (20 —t) Im(z) |z—t] 1-X

For p =1 we get \g = Im (27)/(Im (21) 4+ Im (23)), hence

‘t0—21| :)\0|21—Z_2‘ and |t0—22‘ :(1—)\0)|21—Z_2
hence we recover the formula

_ |21 — 29

SH(31722) = bH,1(21, 22) = m .
1 — 22

3.21.2. The domain G = D.

Remark 3.22. Substituting p =1 into (BI5) and canceling the denominators, we have

(71’ — 2)V/ (207 + Du — Zu2 — 2 = —(FZgu® — 2)/ (2171 4+ )u — Zru? — 2, .
Squaring the both sides and factorizing, we have
F. ((z_l — ) — (Zize — 21Z2)U + 29 — zl) =0.

The factor F' coincides with the left hand side of the quartic equation (L6l), and one of the
roots gives the minimum.

3.23. Barrlund’s metric for p = 2.
The power 2 ellipse is a circle. In fact, an equation of a power 2 ellipse |21 —w|?+ |z —w|? =

r? r > @ is expressed as 2w — (21 + 22)| = /2r2 — |21 — 2|2.
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3.23.1. The domain G = H.
Theorem 3.24. For z1, 2, € H we have

\/§|21—Z2| _ |21 — 2
VIzi— 2P+ Im(z + 2)2 ]z — mPE+ [z —m?
where m = Re(z; + 22)/2.

b[HL2(Zla 22) =

Proof. Fix z1, 29 € H and write z = (21 + 22)/2. We will find
min{(|z; — ul* + |z — ul?) : u € OH}.
By Remark B3 (1),

1
|lu — z’1|2 + |u— 22|2 = 2Ju — z|2 + §|21 — z2|2.

Then |u — 21|? + |u — 2|?* attains its minimum if and only if |u — 2| does, i.e. if and only if
u=m = Re(z; + 22)/2. In conclusion,

1
min{(|z; — u* + |22 — ul?) : u € OH} = 5(\z1 — 2)? + [Im(2; + 2) %)
and the desired formula follows. O

Remark 3.25. By the definition of sy, for 21,20 € H

|Zl - Z2| . |Zl - 22‘ (31722)

P
Su(21, 29) = = = tanh
(21, 22) |21 — 2| + |22 — 2] |21 — Z3| 2
where {2} = [21, %] NR [15, Prop. 4.2].
We have by Theorem

su(21, 22) < bua(z1, 22) < V2sy (21, 20) = ﬂtanhw = V2pu(21, 2)

(see also [12] Remark 6.2]).
Moreover, by o (21, 22) = V25w (21, 22) if and only if Im(z;) = Im(zy).

3.23.2. The domain G = D.
Remark 3.26. Substituting p = 2 into ([3I3), we have

(z_1u2 —21)+ (z_2u2 —29) = (21 + 22)u2 — (21 +22) =0,

and u = ﬂ:m . Clearly, u = Atz gives the minimum.
|21 + 22 |21 + 22

Theorem 3.27. For z,2, € D

(328) b]D)’g(Zl, 22) = ‘Zl _ Z2|

V24 aP A 2= 20+ 2]
In particular, limg 1)s,—1 bpa(r,t) =1 fort € (=1,1).
Proof.
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FIGURE 1. Level sets {x + iy : bp2(0.3,z + iy) = c} for ¢ = 0.4,0.6,0.8,1.0
and the unit circle. Note that for ¢ = 1.0 the level set meets the points (£1,0)
in accordance with Theorem [3.27]

Case 1. 21 + 20 #0.
Writing u = (21 + 22) /|21 + 22| we see that u(z; + 22) = |21 + 22| and
|21 —ul® + |22 —ul? =2+ [21]* 4 |22 — u(z + Z2) — U(z1 + 22)
=24 ‘21‘2 + |22‘2 — 2‘21 -+ 22| .
Applying Remark and substituting into

|21 — 2]

bD72(Z1’Z2) - \/‘21 — u‘Z + |Z2 - u|2

yields the desired formula.

Case 2. 21 + 20 = 0.
For every z € 0D, the segment joining z to 0 is a median in the triangle A (z, 21, 29),
therefore

1
\z—zl\2+|z—z2|2:2+§\z1—z2|2.

Then bp 2(21,22) = |21 — 2’2|/\/2 + % |21 — 2’2|2> and

1
sla—al| = (al +1af 20+ ) — 2]z,
zZo=—21 2o=—21
therefore (3:28) holds. O

Let Bpa(a;c) ={z €D : bpa(a,z) < c}.
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Theorem 3.29. Let a and r be numbers satisfying bpa(a,a+7r)=cand 0 <a<a+r <1.
Then

{l]z—a| <r} C Bpala;c) C {|z| <a+r}.

Proof. We will prove that the inequalities bpo(a, a+re®) < bpo(a,a+r) < bpa(a, (a+1)e?)
hold for all § € R.

Observe that bp s (w, z) = \/2+|w‘2|1i|;|22|_2‘w+z‘ holds for w, z € D, by Theorem

At first, we will show (bp2(a,a + 7“))2 < (bpa(a, (a + r)ew))z. Let

w(®) = la—(a+1)e?)* (2+a®+ (a+7)? —22a+7)) =22+ a® + (a+7)? —2]a+ (a+7)e?)).

Then, u can also be written as

u(0) =2r*\/2(ar + a2) cos O + (2 + 2ar + 2a2)
+ 2((@ - 1)7”3 —+ (3a2 _ 4@)712 + (4@3 o 6a2 + 2CL>T + 2a4 o 4@3 + 2@2)
= 2a(r + a)((1 =7 —a)’ + (a — 1)*) cos 0.

Set t = cos and u(0) = u(t). Here we need to show @(t) > 0 holds for —1 <¢ < 1.

The function @(t) has the unique critical point ¢, and attains the maximum at the point.
Moreover, we have (1) = 0 and @(—1) = 4a(l —r — a)(r(2 — 2a — 7) + 2a(1 — a)) > 0.
Therefore, bpo(a,a + 1) < bpa(a, (a+ r)e?) holds for for all § € R.

The inequality

b]I)),g(CL, a+ 7“6i6) S b]]])72(a,, a+ ’l“) s

which holds by the proof of Theorem [3.34] completes the proof. O

It follows from (Z2]) that the closures of sp-disks centered at some point z; € D are compact
subsets of D. Looking at Figure [Il we notice a topological difference: the by »-disks centered
at some point (a,0),a € (=1, 1), with radius 1 touch the boundary dD at the points (£1,0).
Moreover, it follows from (3.28) of Theorem that bpo-disk Bpa(a;1) forms the elliptic

disk {z + iy : 2% + 1312 <1}.

Theorem 3.30. Let a and r be numbers satisfying bpo(a,a+71r) =cand 0 <a <a+r < 1.
Then

Bpa(a;c) C {|z —a] < R} ND,
where R is the number satisfying bp2(a,a — R) = c and —1 < a — R < a.

Proof. We will show that bp(a,a + 1) < bpa(a,a — Re™) holds for all § € R.
As the value R satisfies bpo(a,a + 1) = bpa(a,a — R), the equality

r R
V2+a2+(a+71)2—22a+r) a V24 a2+ (a— R)?—2]2a — R]
follows from Theorem Squaring the both sides,
(3.31) r*(24+a®+ (a— R)*—2|2a— R|) = R*(2+a*+ (a+7)* —2(2a +1)).
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Solving the equation ([3.31]) for R, we have

o | R 20— R >0 (ie 20(1 —a) — r(1+a) > 0),

0
"0t £ 90 — R < 0 (e 2a(1 —a) — r(1 4 a) < 0).

l—a

v

Here we consider the function

v(0) = |a+ Re®|* — 2|2a + Re®| = a® + 2aR cos§ + R* — 2v/4a? + 4aR cos 0 + R2.
Set t = cosf and v(#) = v(t). Then, v(t) is convex downward in —1 < ¢ < 1 since v has the
unique critical point and attains the minimum at the point.

At first, we will show that (bp2(a,a+ 7’))2 < (bpa(a,a+ Re™))” holds for R = g(_la__“z and
2a — R > 0. Let wy(t) = R*(2+a®>+ (a+7)? —2(2a+ 1)) — r*(2 + a* + 0(t)). Then, o,
is concave in —1 < ¢ < 1, and satisfies (1) = % > 0 and uy(—1) = 0. Therefore,
@1(t) > 0 holds for —1 < ¢ < 1 and the assertion is obtained for this case.

Next, similarly, for R = T(llfaa) and 2a — R < 0, we have @;(1) = ‘i“_’j (l—a=r)(1+a)+
(1 —a)?) > 0 and @;(—1) = 0. Therefore, (bps(a,a + 7“))2 < (bpa(a,a+ Rew))2 also holds
for this case.

From the above arguments the assertion of the theorem is obtained. ([l

Remark 3.32. The disk D(0,a + 1) = {|z| < a + r} in Theorem always satisfies
D(0,a+r) C D, but the disk D(a, R) = {|z — a| < R} in Theorem [3.30 may intersect the
unit circle. So, there is no inclusion relation between these two disks (see Figure[3).

2

FIGURE 2. The oval in the figure is the boundary of Bps(a;0.5) with a = 0.5.
The disk with center the origin indicates the upper bound in Theorem [3.29
The shaded region corresponds to Theorem [3.30

3.33. Inequalities of Barrlund’s metric for p € (1,00).
Let Bpy(a;e) ={z €D : bpyla,z) < c}.
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Theorem 3.34. The following holds forp >1 > a > 0,
{|]z —a| <r} C Bpyla;c),
where r is a number satisfying bp ,(a,a+r)=cand 0 <a <a+r < 1.
Proof. We will show the inequality bp ,(a, a4 re”) < bp,(a,a+r), that is, we will show that
(3.35) zienafm (Ja—zP+la+7r—2z) < Jggm (Ja = wl” + |a + re — w|?)

holds for all 8 € R.
The function |a — z|? + |a + r — z|? on the left hand side of ([3.33]) attains its minimum at
z =1 because 0 < a < a+r < 1. Therefore, we see that

(3.36) ZiéaafD (la=zPP+la+r—2z) =1 —a)+ (1—(a+7))".

Since the distance between the point a+7e and the unit circle is dp(a+7re?) = 1 —|a+re?|,
we have

inf (la—w/”+la+re” —wlP) > inf |a—ul’ + inf |a+re? —vf?
wedD uedD vedD

=(1—a)l+ (1-|a+re’|)".
Here, (1 —|a+7e”|)” > (1= (a+7))” holds as |a+ re?| < a+r (V0 € R). Hence, we have
; —apnlP W _ hlP) > (1 — q)P _ p_ _ S|P _ P
wlgafmﬂa w’ +la+re’ —wP) > (1—a)’+ (1 - (a+7)) zle%fu)(|a 2P+ la+r —zP),

and the assertion is obtained. O

1 1
Lemma 3.37. For z1, 2, € D\ {0}, 21 # 22, and p > 1 we have bp ,(21, 22) < be\B (z_’ z_)
1 22

11
In particular, sp(z1,22) < S| —, — |, also holds (the case of p=1).
P\ %" 2

Proof. At first, we observe that

1 1
1 1 Pl
21 22/ wedp </‘L —w|’ + |w— L[
z1 22
\Zl —Z2|

weop /[ 2a|P|1 — wz1|P + [21|P]1 — wzol?

Suppose that the functions

w — €/|zl—w\1’+|w—z2|p and w > {’/|z2\1’|1—wz1|p+\z1|p\1—wz2|p

defined on 0D attain their minima at u € JD and v € JD, respectively.
21 — 2|

Therefore, we have bp (21, 22) = </| T e an
21— u U — 2y
. (i l) _ |21 — 2|
C\D,p Zl’ 29 </|22|p|]_—U2’1|p—|—|2’1|p|1—’1122|p
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Then, for 2z, 2z, € D, we have
22" |1 — vz [P + [21]P[1 = v22f? < [22fP[1 =z [P + [21]P[1 — uzo
= |2o|P|u — 21| + |21 Plu — 22|? < |u — 21|P + |u — z2|P .

The first inequality holds from the assumption that the denominator attains minima at v,
and the second equality holds from uz = 1. Hence,

|21 — 2 |21 — 2|
Yu—zP+lu—zP  alPll —vaP + 2l — vz
holds, and the assertion is obtained. ]

We give next a lower bound for by ,, p > 1.

Theorem 3.38. For z;,2o € H and p > 1 let

|21 — 29 B Im(z;)

T)(21,29) = , = .
p(21:2) |21 — o] /P + (1 — a)? Im(z) + Im(z,)
Then
2 — %
(339) bH,p(zla ZQ) Z Tp(Zl, Zg) Z H = SH(Zl, 22) .

In particular, by 1(z1, 20) = 11 (21, 22) = su(z1, 22). For p > 1 the first inequality [3.39) holds
as an equality if and only if Re (z1) = Re (22) orIm (21) = Im (22).

|21 — w

Proof. Fix 21,29 € H and let {w} = [z1,Z2]) N R. By geometry = « and hence

|21 — Za
|21 — w| = |2z — Z»| . By the definition,

|21 — 2] |21 — 2o

21,22> Z = .
{/\zl—w|f”+\z2—w|i” |21 — Zo| /P + (1 — )P

Now we consider the equality cases.
Fix p > 1. The equality by ,(z1, 22) = T}, (21, 22) is equivalent to

bH,p(

|2’1 —Z2| o |2’1 —Z2|

— P — P — P — P
Nz —wlf + |22 — 3615%%21 2" + |22 — 2|

Assume that z; # 2z5. Then the above equality holds if and only if
(3.40) |21 — 2P + 2o — 2|" > |21 — w|” + |22 — w|” for every z € OH..

Sufficiency By Holder’s inequality, |21 — 2|” + |22 — 2|" > 2177 (|21 — 2| + |22 — 2])” . By the
definition of w, we have

mi%(|21—C|+|Zz—C|) = |z —w|+ [z —w|,

Ced
hence
|21 — 2P + |z — 2P > 2P (|21 — w| + |z — w]|)P for every z € OH.
Case 1. Assume that Im (21) = Im (25). Then a =1 and |21 — w| = |20 —w| =1 |21 — %],
therefore

2P (|zy —w| + |z —w|)P =2 |21 —wl’ = |z —w + |z —w]P.
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It follows that ([3.40) holds.
Case 2. Assume that Re (z7) = Re (23). Then w = Re (21) = Re (23). For every z € 0H
we have

2 — 2l = \/Re>(3x — 2) + Im? (24) > [Im (21)] = |2% — w

for k = 1,2, therefore, (3.40) holds.
Necessity Denote Re (z;) =z for k = 1,2. Then w = (1 — ) 21 + axs.

Let f(t) = |z1 —t[" + |22 —t|", t € R. Since ¢ = w is a minimum point, it follows that
f(w) =0
But f/(t) = p(|z1 — t["2(t — x1) + |20 — t["2 (t — 25) ), t € R. Then
Fw) = p(la—wP (w—21) + 20 — w7 (w — 7))

= pla =A@ —a1) (@ = (1—a)"").
We see that f'(w) = 0 if and only if Re (21) = Re (2) or @ = 1 (i.e. Im (1) =Im (22)). O
Remark 3.41. According to numerical tests, we have the following particular values
To(14i6,—2+1i3) =3/5, To(—4+i4,4+1i12) =4/5,
Ty(—t+it,1+i)=1 foralp>1,t>0.
Theorem 3.42. For z;,2o € H and p > 1 let

Uy(z1, 22) = % , a=+/Im(z)2+ 2, [ =+Im(2)%+ 3,
¢ = |Re(z1 — 29)| /2.
Then
(3.43) b (21, 22) > Up(21, 22) -
Proof. Fix z1, 29 € H and let u = Re (21 + 22)/2. The Pythagorean theorem yields
|21 —uf =a, |z —u[=5,
and hence by the definition of the Barrlund metric the claim follows. OJ

We will compare below the above lower bounds 7}, and U, for the Barrlund metric.

Lemma 3.44. For z, 2z, € H let

_ ] — Im (z) -
m = §(Re (z1) + Re (22)), a= )t YT (1 — a)Re(21) + aRe (2)
U, (21, 29) := |21 — 2| T, (21, 2) = |21 — 2o

CfIm—alP+m -l Clw—al +|w— 2zl
If p > 2, then

Up (Zl, 2’2) 2 Tp (Zl, 22) .

Proof. We will use Lemma BTGl Let S,(t) = |t — 21" + |t — 22|", t € R. We proved that the
derivative S, is increasing on R and has a zero to, which is the unique minimum point of S,
since S, is decreasing on (—oo, ty] and increasing on [tg, 00).
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With our notations,
|21 — 2

wmm&wwm0%WW”—wmeﬂ.

If p =2, we proved that S,(m) < S,(t) for every ¢t € R, in particular S,(m) < S,(w), hence
Up (Zl, 2’2) 2 Tp (Zl, 22).

Assume now that p > 2.
We have to compare m, w and t.
1

m—wz(a——)Re( 2):2Im(z1+z2)
If Im (21) = Im (29) or Re (21) = Re (22), then m = w and U, (21, 22) = T}, (21, 22) for every
p > 2 and the claim follows.
Now assume that Re (z1) # Re (z2) and Im (21) # Im (2).
Let g,(A) = S, ((1 — M)Re (21) + ARe (22)), A € [0,1]. We have
9p(X) =pRe (22 — 21)

X [A}ARe (22 — 21) — ilm (zl)}”‘2 —(1=X)| (1 =X)Re (22 — z1) +ilm (zg)\H]

(345) Up (Zl, 2’2) — Tp (Zl, 2’2) =

Re (Zl - Zg) Im (Zl — ZQ) .

Then
1 D 1 . P2
9 (5) =5Re (22— 2) bRe (22— 1) —ilm ()| — ‘QRe 2 — 21) 4 iIm (2,) :
Then )
Re (21 — 29) Im (2 — Z2)9p<§) <0,
since p > 2.

Case 1. Re (21 — z9) Im (21 — 22) > 0.

We have w < m. On the other hand, g, (%) < 0, hence m < ty. Since w < m < ty and S,
is decreasing on (—o0, tg], we have S,(w) > S,(m).
Case 2. Re (21 — z9) Im (21 — 22) < 0.

Now w > m and g, (%) > 0, hence m > ty. Since w > m > t; and S, is increasing on
[to, 00), we have S,(w) > S,(m). In both cases inequality (3.45) shows that U, (z1, z2) —
Tp (Zl, 22) Z 0. ]

3.46. Barrlund’s metric for p = co.
Let G C R™ be a proper subdomain. Let

|21 — 21|

b Z1,29) = sup .
Goolon22) = SO el 2 — ]}

For G = R"\ {0}, D. Day [6] proved that b~ is a metric.
Note that max {|z; — w|, |22 — w|} = lim {/|z; — w[P + 22 — w|P. It follows that
pP—00

1
bap(21, 22) < baoo(21,22) < 20bg (21, 22)

for all z1,29 € Gand 1 <p < 0.
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Recall that the power p ellipse E, is written as |z — z1|P + |z — 22|? = r?. We have the
following result for the shape of the power oo ellipse.

Lemma 3.47. The power oo ellipse is given by

Ey @ Hz— 2| <rand|z— 2| <r}.

Proof. The assertion holds from lim {/|z — 21|P + |2 — 2|P = max{|z — 2], |z — 29| }. O
p—00

3.46.1. The domain G = H.
Theorem 3.48. For z,z, € H
2|Re (21 — 29)]
|21 — 22
|21 — 22|
max{Im (z1), Im (29)}
where Z = —221—=222 __ 1fRe (2) # Re (22) .

(21—22)+(Z1—722)

Proof. Assume first that Re (21) # Re(z2). Let Z be the intersection point of the real axis
and the perpendicular bisector ¢ of the segment [z1, z5]. The line ¢ and Z are given by

if min{Re (z1),Re(z2)} < Z < max{Re(z1), Re(22)},

bH,oo(Zla 22) =
otherwise.

Z121 — 2229

(21— )+ (7 —%2)

121 — 29222 and Z =

U: (Zi—Z)e+ (51 —20)Z =

Then, we need to consider the following two cases.

FIGURE 3. The left and right figures indicate the case (Il) and (2) respectively.

(1) min{Re (z1), Re(z2)} < 2z <max{Re(z1), Re(z2)}
The limit lim ¢/|z; — 2P + |2 — 22|P = max {|z; — 2|, |22 — 2|}
p—o0

attains the minimum at z = 2 and its minimum is
(21 — 2) (21 — %)
2Re (21 — 29)

|21 — 2| =

Therefore in this case,
2|Re (21 — 22)|
|21 — 2

bH,oo(Zla 22) =
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(2) Z <min{Re(z1), Re(z2)} or max{Re(z1), Re(z2)} < 2
In this case,
max {|z; — 2|, |22 — 2|}
attains the minimum at the finite endpoint of the interval (for example, point Z on
the Figure ) where Z belongs and the minimum is max{Im (z;), Im (z3)}. Then

|21 — 2]

i 00(21, 22) = max{Im (z1), Im (22)}

If Re(z1) = Re(22), then the above formula also holds. O

An upper bound of by (21, 22) is given as follows.

Proposition 3.49. For z;, 2, € H

|Zl —22\

brp(21, 22) < max{Im (z1),Im (2,)}

Proof. From Theorem B9, (BI0), the inequality
su(21, 22) < bup(21, 22) < broo(21, 22)
holds. Also, from the proof of the above lemma the inequality
| max{Im (z1),Im (22)}| < |2 — 2]
(k =1,2) holds. Therefore, we have
2|Re (z1 — 29)| |21 — 2o
|21 —2z2]  — max{Im(z1),Im(29)}’

and the assertion is obtained. O

3.46.2. The domain G =D.
Lemma 3.50. Suppose 21,2, € D satisfy r = |z1| < |z|. Set 21 = re®? .
Then, the following ), (3) and (3) are equivalent to each other.
(1) bpoo(z1, 22) attains its supremum at u = 5 = e
2) me{lz—€?|<1-r}nD.
(3) the power oo ellipse lim,, o {/|2 — 21| + |2 — 22|P = 1 —r tangents to the unit circle.

Proof. ) < @) The power oo ellipse in (3) is written as
Nlz—zn|<1l—rand|z—2|<1-r}

The circle |z — z;| = 1 — r is inscribed in the unit circle, and the point % = ¢ is the point
of tangency of these two circles. In this case, if power oo ellipse with foci z; and 2, tangent
to the unit circle at a point in its “arc”, the point of tangency is also given by u = e (see

the left figure in Figure []). Clearly, the converse also holds.

(@ = @) From the above argument, the following is also obtained: if the unit circle tangent
to a power oo ellipse at a point in “arc”, bp (21, 22) attains its supremum at the tangent
point u = % )

Here we consider the case when the unit circle intersects with a power oo ellipse at one of

the vertices. Let D be the set consisting of the points zo in which bp o, attains its supremum
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P

Z1 Z1

FIGURE 4. The power oo ellipse and the set {|z — | <1 —r} ND.

at a vertex of corresponding power oo ellipse. Then, for each boundary point zo € 0D,
bp.oo (21, 22) attains the supremum at the vertex u = €@ of power oo ellipse.

Now, let ¢ be the line passing through e and €%, and z* the reflection point of z; with
respect to the line ¢. Then, we have

0 z+e%Pz=c 4% and 2f =€+ (1—r)e¥.
The trace of z* forms the circle
(3.51) |z — e =1—r,

as the point €? ranges over the unit circle. Clearly, if we choose the point 2, in the inside of
the disk ([B.51]), the unit circle tangents to a power oo ellipse with tangency a point in “arc”.

@) = @) From the above argument, it is clear that if 2, is in the disk |z — e?| < 1 — 7 (and
2o € D), the power oo ellipse with foci 21, 25 is inscribed in the unit circle and the tangent
point is a point in “arc” part of the power oo ellipse. As the distance from z; to the unit
circle is 1 — 7, the power oo ellipse is written by lim, ,o ¢/[z — 21[P + [z = 2P =1—7. O

Theorem 3.52. Let z1, 2z € D\ {0} be distinct points. Then

|21 — 2o

. Zf|21‘§1_}22—z_1} or |ZQ|§1—‘Z1_Z_2
bID) (Zl 22) = L= mln{|zl‘7 ‘Z2|} |21 [z2] |7
o 21— 7 otherwise

min{|z’—zl|, |z”—zl|}

Here 2’ and z" are the intersections of the perpendicular bisector of the segment [z, z3| with
the the unit circle 0D, and are given by

CED IRy bk el 1—(@)2
’ |21 — 22| \ 221 — 22| 2|21 — 2
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Proof. Let 21,29 € D. Denote M(z) := max {|z — 21|, |z — 22|}, 2 € C and m := minM(z).

z€0D
Then
b, oo (21, 22) = M
m
If 21 = 29, then m = 1 — |z1| and bp oo(21,22) = 0. If 21 = 0 # 23 or 25 = 0 # 2z, then
m = 1. In the following we assume that 2y, zo € D\ {0} are distinct.
The perpendicular bisector £ of the segment [z;, 25| has the equation £ : L(z) = 0, where

Liz)=GFI—Z) 2+ (21 —20)Z — (|z1|2 — \z2|2) :
The closed half-planes determined by L are H; = {z € C: L(z) > 0} and Hy = {z € C: L(z) < 0}.

Since L(z;) = |21 — 2|* > 0 and L(z) = —L(z) < 0, we have z, € Hj,\ £ for k = 1,2. Note
that L(0) = |z,|> — |z |* and

M(2) |z — 29| if 2z € Hy,
2) =
|z — 2| if z € Ha.

Then m = min {my, my}, where m; := min |z — z1| and my := min |z — z5|.
z€ODNH> z€dDNH,
The minimum in the definition of m; is attalned at z = f ZL € Hs, respectively at some

|21]

ze{Z, 2"} if 7 € Hi. Then my =1 — | 21| if 7€ Hy and my = min {|2' — 21|, |2" — 21|}
if Zl < H1
Denote mg = l—min {|z1], |22|} and my := min {|2" — 21|, |2 — 21|} = min {|2' — 25|, |2" — 22| }.
Note that m4 > ms.
We will assume that |z1| < |z9|, equivalently, 0 € Hy. The case |23| < |z| is similar.
0 € H; yields % € Hs,, otherwise by the convexity of H; we get z, € H;, which is false.
So, 0 € Hy implies mg my.
If 0 e H, and € Hy, then my = my, hence m = my. If 0 € H; and Z € H,, then
my=1—|z|= m3 § my, hence m = ms.
We obtain
my if (0 € Hy and € Hy) or (0 € Hy and € Hy),
"7 s i (0 € Hy and 2 € Hy) or (0 € Hy and eHl)

In particular there are the following special cases. If 0 € Hy N H2 (i.e. |z1] = |#2|), then
‘Z € H; and 2 ‘ | € H,, hence m = my. If 2 |Z £ |Z € Hi N Hy, then m = m3 = my.
Since L(‘Z }zg |21\‘ — (1 — |z1])?, we have 7 € H if and only if
21
E(Zl,ZQ) = |R2 — m - (1 - |Zl|) S 0,
1

i.e. zy belongs to the closed disk bounded by the circle C; centered at %, passing through
21.

Note that ‘22 — ﬁ‘ > 1 — |z| and }zl —
triangle inequality.

| > 1 — |z1| whenever z; # 0 # 2, by the

\Zzl

The formulas for m and the above analytical characterizations of 0 € H; and of % € H;
for j, k € {1,2} imply the claim.
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Moreover, 2', 2" are the roots of the quadratic equation
@z - 3)2% = (|l — |2f*) 2 + (21 — 22) = 0,
as z € {#/,2"} implies L (1) = L(z) = L(z) = 0. O

Remark 3.54. The formula (3.53)) is invariant to rotations around the origin.
It follows that min {|z’ — 21|, |z — z1|} = |2* — 2|, with

21— 2 |Zl\2—\32|2 . |Zl\2—\32|2 ’
2* = + i -signum (Im (Z720) ) /1 — | =———

- |Zl—2’2| 2|Zl—2’2| 2|Zl—2’2|

where we assume Im (Z7z2) # 0.
If Im (Z722) = 0, i.e. 0, 21, 25 are collinear, then |z — z;| = |z — 21| and we can choose
any z* € {#/,2"}.

4. BARRLUND’S METRIC AND QUASICONFORMAL MAPS

In this section we will study how Barrlund’s metric behaves under quasiconformal map-
pings. We first consider the case of Mobius transformations.

The main property of the hyperbolic metric is its invariance under the Mobius self-mapping
T, :D—=D,z+— =2 |a| <1, of the unit disk:

po(Ta(z1), Ta(z2)) = pp(21, 22)

for all z1, z5,a € D . In other words, the mapping 7T, is an isometry. Now making use of (22I),
Theorem B9, and the properties of the triangular ratio metric, we can prove that 7, is a
Lipschitz mapping with respect to the Barrlund metric. The proof is based on [I1, Theorem
4.8] and the same proof would also give similar results for Mébius transformations between
half planes.

Theorem 4.1. Let p > 1. For a, z1, zo0 € D we have

by (T, T < 22—% .
Dp(Ta(21), Tu(22)) < 1+ bp (21, 22)2

Proof. By [I1l, Theorem 4.8] sp(7,(21), Tu(z2)) < QM’”))2 and by Theorem B.9sp < bp,, <

14sp(z1,22

21_%8113) on . The claim follows using the fact that ¢ — 5 is increasing on [0, 1]. O

We give a generalization of [5, Theorem 3.31] for n = 2, which can be extended to the case
n > 2.

Theorem 4.2. Let 1 < p < oo and a € D. Then T, : (D,bp,) = (D, bp,) is L-bilipschitz

with L= 54,

Proof. For every u,v € D,

where a* = a/ |a|> and b = (1 — |a|?) /@
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Let z1, 20 € D be distinct points. We prove that

1 al
T+ |a |bm>p(zl,22) < bpp(Tu(21), Tu(22)) <

If 1 <p< oo, for every w € 0D

Dpler, 2 w) = ({/|T (=) ¥ (Z1>)|P_+T|T(z2|2> T ( )lp)/ <Vlzl—‘zlp_+z2||@—wlp)

B |21 — w|” + |2z — w|’ 1/p
A\ Pz —wf +dP |z — w]f ’
where ¢ 1= |29 — a*| / |w — a*| and d := |z — a*| / |w — a*|.

Since |w — a*| < 1+a| " and |z — a*|, |22 — a*| > |a| ™' =1, we have ¢,d > (1 —|a|) /(1 +
|a|). Therefore, Q,(z1, 2, w) < 4 —: I, hence

1+ |al
1 —|al

(4.3)

b]D),p(Zla 22)-

1—|al
|T (21) = Ty (22)] < I |21 — 2o
/T (1) (WP + T (z2) = Ta ()"~ /]zr — w0’ + 22 — w]”

< Lbpp(z1, 22).
As T,(0D) =0D, taking supremum over all w € JD yields
L+la|
1= al
Having 7' = T_,, it follows similarly that bp,(z1,22) < 1+IZ}pr( a(21), Tu(22)). Then
(#3) holds.

If p = oo, for every w € 9D

Bler, 22,w) = <max{|Ta (z1)|T—a%2w_)|ﬁg2()z|z) - T (w)l}) / <ma><{lzl|z—1 ZU|Z,2||22 - wl})

max {|z1 — w|, |22 — w|}

bpp(Ta(21), Ta(22)) <

bD’p(Zl, 22) .

- max {c |z —w|,d |z —w|}’
with ¢, d as above. Then
|Ta (21) — Tu (22))] < I |21 — 2|
max {|T, (z1) = To (w)|, [Ta (22) = To (w)[} = max{[z1 —w|,[22 —wl}
< Lbp (21, 22),

hence bp oo (T0(21), Tu(22)) < if‘“‘bnm(zl,@). As above, it follows that ([L3) also holds for

lal

Conjecture 4.4. By the above results we see that there exists for p € [1,00],a € D, the least
constant R(p,a) such that for all z;,z9 € D

b p(Ta(21), Ta(22)) < R(p, a)bpy(21, 22) -
On the basis of computer experiments we expect that the following inequality holds for
p=12
R(p,a) <1+ |al.
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In the case p = 1 Conjecture [£.4] was formulated in [5] and it was shown in [5, Thm 1.5]
that R(1,a) > 1+ |a] . We now extend this last inequality for all p.

Theorem 4.5. Forall1 <p<oo anda €D R(p,a) > 1+ |al .

Proof. We may assume a # 0, as R(p,0) = 1. Denote a = arg (—a). Then T, (re'®) = fﬁﬁl‘ el
for all r € [0,1).

Let 0 <r <s<1. Forall t €eR,
s—r

Y —rp+(1—s)p

bmp(re“, seit) =

and bp o (re’, se’) = ==L,
Note that 0 < e T, (re’) < e=*T,(se™) < 1.
Assume that 1 < p < co. Then
‘ ' stlal _ r+la]
bop(Ta(re®), Tu(se™)) = e R
r+|a s+la
- gy 4 - 2y
) (1+Jal) (s = 1)
YA+ sla)? (1 —r)p + (1+ra)? (1 - s)

Therefore,

(I—rp+(1-sp
(1—=r)P+(1+r]a)?’(1—s)

stla|l _ r+]al

S prey ic sla]  T4r]a 1+|a|)(s—r
Slmllarly, b]D),oo(Ta(re ),Ta($6 )) = 1+1‘_‘1r:j‘{\“ L= ((1:—3‘\11'\))((1—7*))’ hence

bpoo(Ta(re'), To(se™))  1+|al
bp.oo (1€, se't) 1+ slal

As s — 0, it follows that r — 0 and R(p,a) > 1+ |a| for 1 < p < 0. O

R(oc0,a) >

By [5 Corollary 3.30] and Theorem (extended to include the case p = o0), we obtain

Proposition 4.6. Let f : G — Q be a Mébius transformation onto S, where G, € {D, H}
and let 1 < p < oo. Then f: (G,bg,) — (Q,bq,) is L-Lipschitz with L = 22747 if G = D,
respectively L = 217 if G = H.

We also recall some notation about special functions and the fundamental distortion result
of quasiregular maps, a variant of the Schwarz lemma for these maps. For r € (0,1) and
K > 0, we define the distortion function

pr(r) = p~ (u(r)/K),
where p(r) is the modulus of the planar Grotzsch ring, see [, pp. 92-94], [23] Exercise 5.61].
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Lemma 4.7. [23] Theorem 11.2] Let f : D — G, D,G € {B",H"} be a non-constant
K -quasiregular mapping with fD C G. Then for all z, z9 € D,

tanh $pi (f(21), f(22)) < @i (tanh $pp (21, z0)) < 477VE (tanh $pp (21, Zz))l/K ~
4.8. Proof of Theorem [I.7l By Theorem and Lemma [4.7]

b (1), f(22)) < 270 s(F(22) f(z2)) = 2717 tann P20 T2))

1/K
< A1-V/K 91=1/p (tanth(zl’Z2>)

2
= 41_1/K 21—1/10 (SH(Zl, 22))1/K S 41_1/K 21—1/]3 bH,p(zb ZQ)I/K .o
Remark 4.9. Theorem [[.7]is sharp in the following sense. If p = 1, then the conclusion is
su(f(21), f(z2)) < 47 s (2, 20) "

and the constant 4"~/ cannot be replaced by any number ¢ < 1. Moreover, if p =2, K =1,
the result says that

b (f(21), f(22)) < V2bsa(z1, 22) "
The constant v/2 is sharp, because by numerical experiments this constant is attained if
h(x) = x/|x|*, which maps H onto itself, and z; = ic, 20 = 2 + it where ¢ > 0 and ¢ > 0 are
close to zero.

We generalize [11, Theorem 4.4], using also some ideas from [I3| Proposition 2.2].

Theorem 4.10. Let G, D C R"™ be domains and 1 < p < co. Let f: G — D be a surjective
mapping satisfying the L-bilipschitz condition with respect to the p-Barrlund metric, for some
L>1, e

(4.11) bap(21, 22) /L < bp,(f(21), f(22)) < Lbgp(21, 21)

for all zy,z5 € G. Then f is a quasiconformal homeomorphism (either sense-preserving or
1
sense-reversing), with the linear dilatation bounded from above by Ar L2,

Proof. The first inequality in (4I1]) shows that f is injective, hence f is bijective. We will
prove that f is continuous. Since the inverse f~! also satisfies the L-bilipschitz condition
with respect to the p-Barrlund metric, it will follow that f~! is continuous, therefore f is a
homeomorphism.

Let 21,20 € G.

It is easy to see that

|21 — 2]

4.12 b p(21,22) < Tn
(4.12) (21, 22) (o217 + de(z2)) 77

hence, for all 21, z5 € G,
|21 — 20| > (da(21)? + da(22)")" 7 by (21, 22).
Now let w € 0G with dg(z1) = |21 — w|. Then

|21 — 2o

b > g > .
G,p(21722) = 0(21722) = |Z1 — w| T |w — 22|
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But |w — 2| < |21 — w| + |21 — 22/, hence bg (21, 22) > |21 -2

e Ty ERE—— By symmetry, we get

as in [I1] the stronger inequality

> |21 — 2
|21 — 22| + 2min{dg (21) ,da(z2)}
If 0 < bgp(21,22) < 1 this implies

(4.13) bG,p(Zl, 2’2)

2min{dg (#1) ., dg(22)}
: )
ba,p(z1,22)

|21 — 23] <

Fix z € G. For every u € G\ {z} we have f(u) # f(z) and using inequalities corresponding
to (AI3) and (EI2)), respectively, we get

2(f(2)) 2 min {dp (f(u)) . dp(f())} |

W) el S YT T w6l SNONIO)
oo 11 (e +de())'” 1 do(z)
~ Lbgy(u,z) — L lu — z| ~ Llu—z]|

If 0 < |u— 2| < 7dg(z) it follows that 0 < bp,(f(u), f(z)) <1 and

u — 2|
dg(2) — Llu—z|

We conclude that f is continuous at the arbitrary point z € G.

|[f(u) = f(2)] < 2Ldg(2)

The linear dilatation of the homeomorphism f at z € G is defined by

) Ly(z,r)
H =1 —
) (=)

Y

where Ly(z,7) :=sup{|f(z1) — f(2)| : |21 — z| = r}and ly(z,r) ;== inf {|f(z1) — f(2)] : |21 — 2| =7},
If u € G with 0 < |u — z| < $dg(z), revisiting inequalities (ZI4) we get

2min{dp (f(w)),dp(f(z))}

Flw) = 1) < 1 '(dc(u)pl-i-dc‘(z)p)l/p '

On the other hand, for every v € G,
£ = £ = (dolf@) +dp(F @) boulF0). F(2))
> Ldp(f)Pdo(f(2)P) byl 2)
> g (atreraser)” o= 12 nfn_{;('; ) do(2)}

For every € with 0 < ¢ < dp(f(z)) consider § (¢, z) > 0 such that |f(z1) — f(z2)| < € for
every z; € G with |z — z| < d(g, 2).
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Let 0 < r < min{1dg(z),d (¢,2)}. Assuming that [u — 2| = |v — 2| = 7 we obtain from
the above inequalities

|[f(u) = f(2)| _ [ 22min{dp (f(u)),dp(f(2))} 2min{de (v),de(2)} +7

@) =G do(f(0)pdp(F(2)P)P (da(up + da(2))' P = Lr

Then
L¢(z,1) <2 2dp(f(2)) 2dg(z) +r .
(z) 7 (dp(f(2) = edp(F(2))7 ((da(z) = )P + da(2)?) " = Lr

As r tends to zero, we conclude that

2" rdp(/(2))
((dp(f(2)) = e)rdp(f(2)))""

hence letting £ — 0 it follows that Hy(z) < 4r 2, O

Hf(Z) S L2

As expected, the above result has a counterpart in the case p = cc.

Theorem 4.15. Let G, D C R" be domains and let f : G — D be a surjective mapping
satisfying the L-bilipschitz condition with respect to the oo-Barrlund metric, for some L > 1,
i.€.

(416) me(zl, ZQ)/L S prO(f(Zl), f(ZQ)) S Lme(zl, 2’2)

for all z1,zo € G. Then f is a quasiconformal homeomorphism (either sense-preserving or
sense-reversing), with the linear dilatation bounded from above by 4L2.

Proof. Clearly, f is a bijection. For every z1, 2, € G,

|Zl —22\

max {d¢ (z1),dg(z2)}

|21 — 2
|21 — 22| + 2min {dg (21) ,dg(22)}
If 0 < bg (21, 22) < 1 then

< b oo(21,22) <

2min {dg (21),dc(22)}
1 —1 '

ba, 00 (21,22)

Fix z € G. For every u € G \ {z} we have f(u) # f(z) and

|21 — 22| <

2 (f(2)) 2 min {dp (f(u))  dp((2))} |

Y s T ) — 1(2)] % o (F(), F(2))
- 1 - 1 max {dg (u),dc(z)} - 1 dg(z) ‘
= Lbgeo(u,z) =~ L lu — z| — Liju— 2|

As in the proof of Theorem EEI0, the continuity of f follows. Moreover, f~! is continuous on
D. It 0 < |u — z| < $dg(z) it follows that 0 < bp oo (f(u), f(2)) < 1 and

2 min {dsg (f(w) . dra(f(2))}
) — £(2)] < M"_l -
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For every v € G,

[f(v) = f(2)] = max{dp (f(v)),dp(f(2))} bp.ec(f(v), f(2))

> Zmax {dp (£(0)  dol(f(2)} b0 2
> L (dp (/) 4o () b

13 |v — z| + 2min{dg (v) ,da(2)}

If 0 <r < fde(2) and |u — z| = |v — z| = r, the latter inequalities yield

|[f(u) = f(2)| | 22min{dp (f(u)),dp(f(2))} 2min{dg (v),de(2)} + 7
[f(v) = f(2)] = max{dp (f(v)),dp(f(2))} max{de (u),da(z)} — Lr
Then
L¢(z,r) o 2dg(z) +r
li(z,7) s2L dg(z) — Lr’
hence H;(z) < 4L O
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