
Super-level Sets and Exponential Decay: A Synergistic Approach to
Stable Neural Network Training

Jatin Chaudhary, University of Turku, Finland
Dipak Nidhi, University of Turku, Finland
Jukka Heikkonen, University of Turku, Finland
Harri Merisaari, University of Turku, Finland
Rajeev Kanth, Savonia University of Applied Sciences, Finland

This paper presents a theoretically grounded optimization framework for neural network training that integrates an Expo-
nentially Decaying Learning Rate with Lyapunov-based stability analysis. We develop a dynamic learning rate algorithm
and prove that it induces connected and stable descent paths through the loss landscape by maintaining the connectivity
of super-level sets 𝑆𝜆 = {𝜃 ∈ R𝑛 : L(𝜃 ) ≥ 𝜆}. Under the condition that the Lyapunov function 𝑉 (𝜃 ) = L(𝜃 ) satisfies
∇𝑉 (𝜃 ) · ∇L(𝜃 ) ≥ 0, we establish that these super-level sets are not only connected but also equiconnected across epochs,
providing uniform topological stability. We further derive convergence guarantees using a second-order Taylor expansion and
demonstrate that our exponentially scheduled learning rate with gradient-based modulation leads to a monotonic decrease
in loss. The proposed algorithm incorporates this schedule into a stability-aware update mechanism that adapts step sizes
based on both curvature and energy-level geometry. This work formalizes the role of topological structure in convergence
dynamics and introduces a provably stable optimization algorithm for high-dimensional, non-convex neural networks.
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1 Introduction
There has been significant progress towards the development and deployment of neural network models. The
deployment of a neural network model demands high accuracy and precision, and hyperparameter optimization
plays an important role towards building such a model. The researchers’ community has been actively analyzing
learning rates and loss functions to make the network more stable across datasets, and prevent overfitting
[1][2][3]. Optimizing neural networks involves minimizing a complex and often non-convex loss function over a
high-dimensional parameter space. These non-convex landscapes present significant challenges as gradient-based
methods can become trapped in suboptimal regions of the loss landscape, often driving the training towards an
overfitting scenario. In the following sections, we delve into the mathematical foundations that link dynamic
learning rates with super-level sets, and loss function crucial to understanding stability and convergence in

Authors’ Contact Information: Jatin Chaudhary, orcid: 0000-0002-4139-5315, jatin.chaudhary@utu.fi, University of Turku, Turku, Finland;
Dipak Nidhi, orcid: 0000-0002-1040-5007, dipak.nidhi@utu.fi, University of Turku, Turku, Finland; Jukka Heikkonen, orcid: 0000-0002-2468-
5708, jukka.heikkonen@utu.fi, University of Turku, Turku, Finland; Harri Merisaari, orcid: 0000-0002-8515-5399, haanme@utu.fi, University
of Turku, Turku, Finland; Rajeev Kanth, orcid: 0000-0003-1109-1211, Rajeev.Kanth@savonia.fi, Savonia University of Applied Sciences,
Kuopio, Finland.

This work is licensed under a Creative Commons Attribution International 4.0 License.

© 2025 Copyright held by the owner/author(s).
doi: 10.1613/jair.1.17272

Journal of Artificial Intelligence Research, Vol. 83, Article 21. Publication date: July 2025.

https://orcid.org/0000-0002-4139-5315
https://orcid.org/0000-0002-1040-5007
https://orcid.org/0000-0002-2468-5708
https://orcid.org/0000-0002-2468-5708
https://orcid.org/0000-0002-8515-5399
https://orcid.org/0000-0003-1109-1211
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/deed.en
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1613/jair.1.17272


21:2 • Chaudhary, Nidhi, Heikkonen, Merisaari & Kanth

neural network training. We will explore how adaptive learning rates, particularly those with exponential decay,
systematically influence the optimization landscape. This discussion aims to bridge theoretical insights with
practical strategies, enhancing both the efficacy and understanding of neural network training in local minima or
saddle points [4]. Despite these difficulties, substantial progress has been made in understanding and enhancing
optimization trajectories in neural networks. Recent theoretical advancements have highlighted concepts like
’loss landscape smoothing’ and adaptive gradient methods,’ indicating that certain learning rate configurations
can improve optimization conditions [5].

Neural network training presents multiple challenges, particularly in optimizing the learning rate, managing
the loss function, ensuring stability, and preventing overfitting. The learning rate is a critical parameter that
dictates the step size during gradient descent. An inappropriate learning rate can lead to slow convergence
or even divergence. The loss function, which measures the discrepancy between predicted and actual outputs,
often has a complex landscape that can trap optimization algorithms in local minima [6]. Stability is another
crucial aspect, as unstable training can lead to erratic updates and poor model performance. Overfitting, where
the model performs well on training data but poorly on unseen data, remains a persistent problem. Existing
solutions include adaptive learning rates and regularization techniques, but they often fall short in ensuring
consistent stability and avoiding overfitting [7]. Our study addresses these issues by proposing a novel approach
that integrates dynamic learning rates with stability principles from control theory.

Our primary contribution is the development of an algorithm that dynamically adjusts the learning rate using
an exponential decay model, integrated with principles from Lyapunov stability [8]. This approach ensures
consistent convergence by maintaining the connectivity of super-level sets of the loss function. We demonstrate
that these super-level sets remain connected under our algorithm, preventing the optimization process from
becoming trapped in poor local minima and ensuring stable descent paths [9]. This connectedness facilitates
smoother transitions across the loss landscape, enhancing training dynamics and generalization capabilities. By
embedding these concepts into our algorithmic framework, we achieve more stable and efficient optimization,
addressing common challenges such as overfitting and instability. This work not only advances theoretical
understanding but also provides a foundation for practical applications in neural network training, paving the
way for further research into dynamic learning rate adjustments and their impact on training stability and efficacy
[10].
In the following sections, we present the mathematical foundations, and further link dynamic learning rates

with the super-level set based loss function, crucial for understanding stability and convergence in neural network
training. We investigate how exponentially decaying learning rates restructure the optimization landscape to
preserve stability. We discuss the stability of using adaptive learning rates with super-level set based loss function
so to solidify our claims.

2 Mathematical Underpinnings
The super-level sets 𝑆𝜆 = {x ∈ R𝑛 : 𝐿(x) ≥ 𝜆} reveal important stability and convergence properties for
gradient-based optimization methods [11]. An Exponentially Decaying Learning Rate, defined by 𝜂 (𝑡) = 𝜂0𝑒−𝛼 (𝑡 ) ,
where 𝜂0 is the initial rate and 𝛼 a positive decay constant, is beneficial. It allows for quick initial progress by
using a higher initial rate, guiding the optimizer towards important areas quickly [12]. As training proceeds, this
rate gradually decreases, allowing for more precise adjustments and preventing common issues like overshooting
minima [13]. This dynamic rate adjustment, when coupled with the structure of super-level sets, offers insights
into the training’s stability by ensuring the optimization path remains connected and stable through the topology
of the landscape [7]. By adopting a Lyapunov function𝑉 (x) that decreases along these paths, we enforce stability
and keep the system’s energy diminishing, keeping the optimization within stable parameter regions [8]. Together,
these elements create a robust framework that deepens our understanding of the dynamics in neural network
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Table 1. Summary of Notations Used Throughout the Paper

Symbol Description

𝜃 Trainable parameters of the neural network
L(𝜃 ) Global Loss function (cross-entropy unless stated)
𝑓 Per-sample loss

𝑉 (𝜃 ) Lyapunov function (set to L(𝜃 ) for analysis)
∇L(𝜃 ) Gradient of loss with respect to parameters
𝛼 (𝑡) Exponentially decaying learning rate at epoch 𝑡
𝜂𝑡 Norm-scaled dynamic learning rate
𝑆𝜆 Superlevel set: {𝜃 : L(𝜃 ) ≥ 𝜆}
𝑔𝑡 Gradient at iteration 𝑡 (i.e., 𝑔𝑡 = ∇𝜃L(𝜃𝑡 ))
𝑥𝑡 Iteration-dependent point in parameter space (used interchangeably with 𝜃𝑡 )
�𝑡 Accumulated shift from reference point 𝑥ref

𝑚𝑡 , 𝑣𝑡 , 𝑟𝑡 First and second moment estimates for gradient, variance, and rate
𝛽 Vector Moment decay
𝜆 Hyperparameter controlling exponential decay

𝑥𝐵𝐴𝑆𝐸 Base model initialization
𝑅robust Robustness-weighted empirical risk incorporating class weights and robustness parameter
𝐽dynamic Time-adaptive dynamic cost function
𝛾 (𝑡) Temporal modulation factor

training and highlights the significance of careful tuning of hyperparameters in managing complex optimization
scenarios [10].

To understand the concept better, consider a ball that rolls down a hilly terrain towards a valley, representing the
minimum of a loss landscape. Initially, the ball is given a strong push (high initial learning rate 𝜂0) allowing it to
quickly descend from higher elevations (higher loss values in super-level sets 𝑆𝜆). Each super-level set corresponds
to a range of elevations where the ball’s potential energy (analogous to the loss value in the neural network)
remains above a certain threshold 𝜆. As the ball descends from higher altitudes to lower ones, it transitions
from one super-level set to another, each with decreasing minimum energy thresholds. As it approaches the
valley, the slope (gradient) lessens and so does the ball’s speed due to the exponential decay of the push force
[𝜂 (𝑡) = 𝜂0𝑒−𝛼 (𝑡 ) ], preventing it from overshooting the valley. This gradual slowing is critical as it ensures that the
ball can finely adjust its path to settle in the deepest part of the valley, analogous to achieving the most optimal
parameters in a neural network training scenario. This model demonstrates how the dynamic learning rate and
the structure of the super-level sets interact, ensuring that the optimization path remains stable and connected
throughout the descent. This is analogous to how the ball consistently follows a path that leads it towards the
valley without getting stuck or veering off course.

3 Fundamental Concepts
The parameter vector 𝜃 has the network’s weights and biases, and is an integral part for the network’s learning,
as it is meticulously adjusted to minimize divergences between predicted outputs and actual targets [14]. This
adjustment process is governed by the learning rate 𝛼 (𝑡), a parameter that determines the step size within the
parameter space during optimization, thus directly influencing convergence quality [15]. The gradient of the loss
function, ∇𝜃L(𝜃 ), serves as the navigational guide for updating parameters, towards optimal solutions [16]. The
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interplay between the learning rate and the gradient is vital for maintaining systematic progression and ensuring
that the training remains on a stable and e�ective path [17]. This setup forms the backbone of our approach to
enhancing neural network training, laying the groundwork for a deeper exploration of optimization dynamics
mathematically [18].

3.1 Mathematical Drawouts
Behind our study is a probabilistic model that views the neural network as an intricate function approximating
the conditional probability distribution%¹. j - ;\ º. In classi�cation tasks, this relationship is mathematically
expressed through the softmax function:

%¹. = 2 j - ;\ º =
exp¹52¹- ;\ ºº

Í �
9=1 exp

�
59¹- ;\ º

� • (1)

where52¹- ;\ º represents the network output for class2, and� denotes the total number of classes [19]. This
formulation is essential in demonstrating how our model probabilistically classi�es input data into de�ned output
classes.

Building on this framework, we derive a likelihood function re�ecting the probability of observing our training
datasetD =

� �
G¹8º•~¹8º � 	 <

8=1 under the model parameters\ :

L¹ \ ; Dº =
<Ö

8=1

%
�
~¹8º j G¹8º ; \

�
” (2)

This likelihood function for quantifying how well the model aligns with empirical data, setting the stage for
parameter optimization via Bayesian inference [20].

Incorporating Bayesian principles, we consider the posterior probability of the parameters\ given the dataD ,
calculated as follows:

%¹\ j Dº / L¹ \ ; Dº %¹\ º• (3)
where%¹\ º denotes the prior distribution over the parameters [21]. This Bayesian framework facilitates a

comprehensive parameter optimization strategy, harmonizing empirical data adaptation with existing parameter
knowledge.

The culmination of this probabilistic modeling leads to the optimization phase within a gradient descent
framework, where our methodology involves iteratively minimizing the negative log-posterior:

� log%¹\ j Dº = � logL¹ \ ; Dº � log%¹\ º ¸ const. (4)
Here, the gradient descent update rule is critical:

\ Ç 1 = \ C � U¹Cºr \ »� log%¹\ C j D º¼• (5)
whereU¹Cº is the learning rate, dynamically adapting to ensure e�cient convergence and stability of the model

[15].
Importantly, the dynamic adjustment ofU¹Cº profoundly impacts the topology of the loss function's super-level

sets( _ = f \ 2 R= : L¹ \ º � _g, which are instrumental in understanding the stability and connectivity of the
optimization landscape [4]. By ensuring that these sets remain connected, the algorithm promotes a smoother and
more stable descent towards the global minima, e�ectively navigating the complex, high-dimensional parameter
spaces typical of deep learning tasks[22].

This integration of probabilistic modeling, Bayesian inference, and gradient optimization leverages the theoret-
ical insights into super-level sets to enhance the practical outcomes of neural network training. This approach
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